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PREFACE 


The preparation of problems for digital computers can be divided into 
phases such as: problem formulation, selection of numerical methods, 
programming and coding, and operation of the computer. The need 
for books presenting various systematic approaches to these interrelated 
phases becomes greater each year with the rapidly expanding use of 
digital computers as a research tool (evaluating solutions for particular 
problems in mathematics, physical and biological sciences, engineering 
and other fields) and as a production tool (in accounting, inventory, and 
the development and testing of equipment designs). Enumeration and 
description of applications in which ^gital computers are used and may 
be used is the subject matter for many books of fact and fiction as well 
as journal articles and short stories. This book, however, is devoted 
primarily to descriptions of some of the methods used in the programming 
and coding phase of computer use. The programming and coding phase 
deals with the development of instructions for the steps the computer is 
to execute automatically in performing the computation desired. Only 
minor consideration is given to problems in the other phases of use of 
computers, although the proper use of digital computers requires that 
appropriate attention be given the important phases of problem formu¬ 
lation, selection of numerical methods, and operation of the computer. 
The methods proposed in this book are based on use of the fiow chart, as 
proposed by John von Neumann, to describe the sequence of the compu¬ 
tation. It is interesting to note that another recently published book, 
“Mathematical Methods for Digital Computers” by Ralston and Wfif, 
also uses the fiow chart as a primary link in describing a computational 
process. If this book satisfies a small part of the need for organized 
approaches to basic programming and coding, the authors will feel 
rewarded for their efforts. 

Basic programming and coding is for the use of the computer in terms 
of the operations it was designed to execute. Automatic programming 
and automatic coding are terms describing methods of using the computer 
by utilizing sets of computer operations. Through basic programnung 
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and coding procedures, efficient operation of the computer can be attained. 
Automatic programming and coding techniques frequently effect sig¬ 
nificant savings in programming effort at the expense of some computer 
efficiency. An understanding of the basic operation of the computer is 
essential for competent use, for only then can the user determine the 
details of faulty computer operation, design efficient computation codes, 
and construct automatic coding procedures. 

Although considerable effort has been expended to make the use of 
digital computers easy by utilizing automatic coding procedures, these 
techniques are still in a development stage. Recently, the Association 
for Computing Machinery, under the direction of John Carr III, has par¬ 
ticipated in the formation of an international committee to determine 
some degree of standardization for the language of automatic computer 
procedures. At present almost all computation facilities use some auto¬ 
matic procedures to facilitate programming and coding, but these pro¬ 
cedures vary from installation to installation. Frequently, users of 
equipment made by the same manufacturer cannot exchange computer 
programs because of differing internal computer operation, computer 
modifications, and input-output modifications. It is hoped that the 
efforts of John Carr III and others to standardize computing languages 
will result in at least the uniformity that now exists in mathematics, and 
that eventually considerable exchange of programs between computer 
installations will be possible. A first major result of this work is the 
publication of computer programs in the language ALGOL by the 
Association for Computing Machinery. ALGOL is becoming a base 
language for the communication of computer programs. Programs 
written in this language can then be translated into the systems for 
particular computers. Successful automatic programming systems, 
although currently incompatible, have been developed by Bendix, Bur¬ 
roughs, Control Data Corporation, IBM, Minneapolis Honejrwell, Philco, 
Remington Rand, and others. The extensive use of automatic pro¬ 
gramming techniques is beginning to affect the internal design of com¬ 
puters. It is very likely that many of the next generation of computers 
will be designed to facilitate these techniques. Chapter 8 of this book 
discusses some aspects of automatic programming and coding techniques. 
Even though they might rapidly become obsolete, several books describ¬ 
ing more of these procedures and their design would be well worth the 
writing at this time. The book-length Chapter 2 (270 pages) of the 
“Handbook of Automation, Computation and Control,” edited by 
Grabbe, and the book “Programming Programme for the B.E.S.M. 
Computer” by Ershov are excellent beginnings for descriptions of the 
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field of automatic programming. The "Handbook of Automation, 
Computation and Control” also contains a glossary of computer termi¬ 
nology that may be helpful to beginning programmers. 

It is assumed that the reader has had some college mathematics and 
intends to learn coding and programming in order to perform or adminis¬ 
ter useful work on automatic digital computers. We believe that the 
book will be useful to people associated with computer installations and 
that it is an appropriate junior-year college text for a course on coding 
and programming. Some chapters outline only general procedures, since 
a detailed discussion requires an intimate knowledge of the particular 
computer to be used; and an attempt has been made to avoid, except for 
demonstrating coding procedures, specific mention of a particular 
computer. 

The internal cross references in the text have been organized on the 
following basis: Sections are double numbered by chapter. The equa¬ 
tions, figures, and tables are triple numbered consecutively within sec¬ 
tions of a chapter; the first number is the chapter number, the second the 
section nromber, and the third that of the equation, figure, or table; for 
example, Eq. (1-4-5) is the fifth equation of the fourth section of Chap. 1. 
The same system is used for text references to figures and tables. 

The writing of this book reflects more than twelve years’ experience 
for each author in the computer field and in allied fields of endeavor. 
Much of this experience was gained through contact, direct and indirect, 
with many persons who have furthered the development of computers 
and computer techniques. To acknowledge all who have contributed to 
the science of programming and coding (and, thus, the authors feel, to 
this book) would require a bibliographical search worthy of separate 
publication. The authors are not undertaking this task. However, not 
to mention a few contributors would be an act of ingratitude. It is 
hoped that those whose names we have omitted will understand that they 
are also acknowledged and will forgive our oversight. 

Our first mention is of John von Neumann, H. H. Goldstine, and A. W. 
Burks whose Princeton reports* were the first integrated analysis of the 
coding, programming, and design requirements for an internally coded 
automatic digital computer. Others who, in our initial association with 
automatic computers, influenced our ways of thinking were D. A. 
Flanders, A. S. Householder, J. H. Alexander, J. C. Chu, and Mrs. Jean 
Hall. Certainly, we have been influenced by the works of M. V. Wikes, 
D. J. Wheeler, S. Gill, J. P. Eckert, J. W. Mauchly, H. H. Aiken, and 
many others who have been lost in our memories. 

The authors would like to make special acknowledgment to T. H. 
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Morrin, General Manager, Engineering, Stanford Research Institute, 
whose continual encouragement made this book possible. We are further 
indebted to R. E. Keirstead, G. P. Wallace, and J. P. Nash for comments 
and suggestions concerning the manuscript; and to Mrs. Patricia Hamil¬ 
ton, Mrs. Elayne Carlson, and particularly Mrs. Jeanne DeWaal for the 
preparation of the manuscript. Finally, the authors are pleased to be 
able to include Chap. 8, ^‘Some Aspects of Automatic Programming, 
which was written for this book by R, E. Keirstead of Stanford Research 
Institute. 

G. W. Evans II 

C. L. Peery 


1 John von Neumann, A. W. Burks, and H. H. Goldstine, '‘Preliminary Discussion 
of the Logical Design of an Electronic Computing Instrument,” part I, vol. I, Contract 
W-36-034-OItD-7481, U.S. Army Ord. Dept., June 28, 1946. John von Neumann 
and H. H. Gk)ldBtine, “Planning and Coding of Problems for an Electronic Computing 
Instrument,” part II, vol. I, tWd., 1947; part II, vols. II and III, ibid., 1948. 

These reports, which have been out of print for almost ten years, are available in 
some libraries. Together with other papers on automata, they are to be printed in 
■AC volume of “The Collected Works of John von Neumann,” to be edited by A. H. 
Taub and published by Pergamon Press. 
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SOME BASIC CONCEPTS IN 
PROGRAMMING AND CODING 


1-1. Introduction 

The modem automatic digital computers with which this book will be 
concerned have the ability to remember and to calculate. The ability to 
remember or preserve information consists of the storage and recall of 
digital information. Of the types of calculations, there are four main 
classes of operations. They are those operations involving additions, 
those involving multiplications, those involving divisions, and those 
involving comparisons. For the class of operations involving additions, 
the computer may have the ability to add a number to another number, to 
add the negative of a number to (subtract a number from) another num¬ 
ber, to add the absolute value of a number to another number, and to 
add the negative of the absolute value (subtract the absolute value) of a 
number to another number. The computer may have the ability to pro¬ 
duce a rounded or an unrounded product and a rounded or an unrounded 
quotient. Its comparison abilities are usually in the form of determining 
which is the larger of two designated numbers and, in accordance with 
this decision, choosing which of two alternative actions to follow. It 
may also distinguish whether or not two numbers are identical and, 
depending upon this result, make an appropriate choice of action to be 
followed. The computer may also perform certain logical operations 
which facilitate the coding of problems, e.g., the extraction of specified 
digits from a number and the substitution of these in another number. 
Often, computers use two types of number representations, fixed point 
and floating point, which will be discussed in detail in Chap. 2, and per¬ 
form the aforementioned operations with either type. Furthermore, 
many computers handle digital codes for alphabetical as well as numerical 
information. 
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2 PROGRAMMING AND CODING FOR AUTOMATIC DIGITAL COMPUTERS 

The tasks that may be assigned to a digital computer are limited by 
the computer's ability to calculate and by its memory capacity, i.e., its 
capacity to store and recall information. At first glance, its limited 
mathematical abilities appear to be a severe limitation. However, when 
we reflect that many of the more sophisticated mathematical operations 
may be approximated to any desired degree of accuracy by a sequence of 
arithmetic operations by the computer, we find the scope of problems 
which may be attacked to be quite large. For example, a definite inte¬ 
gral may be defined in terms of a limit of a sum of products; a derivative 
may be defined in terms of a limit of a ratio, and a vector may be defimed 
by its components. Even though the computer cannot perform a limi t- 
ing process, it may, through competent guidance, approximate these lim¬ 
iting processes. Thus, through appropriate approximations, the compu¬ 
ter will solve particular problems involving partial differential equations, 
systems of ordinary differential equations, integral equations, etc. Here 
the word '‘solve" is used in the practical sense, that is, approximation 
within a known error. 

The basic computer operations are readily adapted for many problems 
involving stochastic (i.e., chance) processes and many of the basic statisti¬ 
cal procedures may be appropriately defined in terms of sequences of the 
computer operations. Computers which handle alphabetical information 
as well as numerical information are used for payroll, inventory, billing, 
and other business applications. 

The programmirig and coding of an automatic high-speed digital com¬ 
puter are the procedures used in the development of sequences of com¬ 
puter operations for the computer; they deal with the processing of infor¬ 
mation and data supplied to a computer in such a manner that it returns 
useful information. Rather than give rigorous definitions for the terms 
programming and coding at this time, we will just say that coding is one 
of the phases of programming. In general, a process for organizing and 
sequencing calculations for a high-speed computer is called programming. 

During the past two decades developments in electronic and electro¬ 
magnetic design have provided means of producing arithmetic calculators 
that have the ability to obtain the sum or difference of two numbers in a 
fraction of a microsecond and the product or quotient of two numbers in 
microseconds. The present-day electromechanical desk calculators can 
produce the sum or difference of two numbers in 0.1 second and the prod¬ 
uct or quotient of two numbers in an average time of 8 seconds. These 
speeds, however, have very little meaning until we state the size of the 
numbers involved. 

For a foundation, let us review some basic definitions. The decimal 
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digits are 0, 1, 2, 3, 4, 6, 6, 7, 8, and 9. A number may be represented 
in the decimal system by a sequence of one or more of these digits. For 
example, the number three thousand two hundred and ninety-nine is 
represented by the four decimal digits 3,299. We now introduce two 
terms which at first might be considered synon 3 rms but which have very 
different meanings. The first of these is the size or length of a number 
representation. By size we will mean the number of digits appearing in 
the representation for the number. The second we will call the magnitude 
of a number which tells us how many units are contained in the number. 
The two numbers 43,270 and 30,472 contain not only the same number of 
digits, but also the same digits, and'each representation is five digits long 
(size). However, 43,270 is larger in magnitude than 30,472 since it con¬ 
tains 12,798 more units. 

In addition to its magnitude, a number may be assigned a sign, plus (-1-) 
or minus (—), which tells whether the number is greater than zero or less 
than zero. We wish to point out that we do not intend at this time to 
give rigorous definitions, but only descriptions, and that the rigorous 
definitions will follow when we speak of number bases. The decimal 
representations for numbers are said to be of base 10. Later we will be 
forced to consider other systems of representing numbers. 

Let us again consider the speeds of performing the arithmetic oper¬ 
ations. The speeds previously stated in the case of the desk calculator, 
as well as the high-speed arithmetic unit of an electronic computer, are 
those for forming the sum or difference of two 10-decimal-digit numlbers; 
multiplying two 10-decimal-digit numbers together to produce, at most, 
a 20-decimal-digit product; and dividing a 20-decimal-digit dividend by 
a 10-decimal-digit divisor to produce, at most, a 10-deciihal-digit quotient 
and a 10-decimal-digit remainder. Considering the 8-second division 
time of a desk calculator, we find this speed only slightly slower than 
the human speed for writing down ten digits, and, since the quotient 
appears serially, digit by digit, the operator can write down the quotient 
as it appears with little wasted time. Thus the human operator and the 
desk calculator are comparable machines timewise, and there is little 
reason to improve the speeds of this type of desk calculator. 

If high-speed computers consisted only of an arithmetic unit and 
registers for displaying resxolts, one would find that the machine is 
260,000 times faster than the human (allowing 4 seconds for the human 
to write down a 10-decimal-digit answer and assuming a computer multi¬ 
plication speed of 15 X 10~* seconds). Thus, the human is too slow to 
be coupled to a high-speed arithmetic unit. Furthermore, in practice, a 
human with a desk calculator makes at least one error per day. For an 
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average of one operation every 4 seconds, this represents an error every 
7,200 operations. The high-speed arithmetic unit can perform 7,200 
multiplications in about 0.108 second. Even if the human operator 
could keep pace ■with the high-speed arithmetic unit and even if he made 
only one mistake for every 66,700 computer operations, this ■would pro¬ 
duce an error every second, or 28,800 errors per 8-hour day. High-speed 
computers perform arithmetic operations for days, some even for weeks, 
■without making a single error. There are, of course, times when they are 
out of order and make errors. It is as much a part of programming and 
coding to determine when the high-speed computers are calculating cor¬ 
rectly as it is to prepare a problem for them. This discussion of speeds 
and errors suggests that the high-speed arithmetic unit should be coupled 
with a de'vice which can keep track of the answers as quickly and as 
efficiently as the arithmetic unit produces them. The high-speed arith¬ 
metic units are expensive and should be kept in continuous operation in 
order to be justified economically. The device which is usually coupled, 
to the arithmetic unit is called the memory of the high-speed computer. 
Memories are of various capacities and designs as will be discussed later. 
For the present, we will only say that the fastest types of memories that 
are in use ha^ve random accessibility and can hold (remember) somewhere 
from one thousand to one hundred thousand 10-decimal-digit numbers. 
A random access memory is one which has equal availability for all num¬ 
bers stored in it. That is, the time for referring to n numbers in the 
memory depends only on n and not on the reference sequence. Reference 
to a random sequence is as fast as any other sequence. 

The word word has become a generic term in the computer field mean¬ 
ing a set of digits, usually of fixed length, e.g., 10-decimal digits and a. 
sign digit. Thus, we may refer to the “number of words” a memory 
holds, or to the “number of words” the computer operates on in a giveix 
time, etc. 

The question of whether problems that require high-speed computa¬ 
tion and storage of large amounts of informa^tion actually exist is only 
natur^. The numerical solution of n simultaneous linear algebraic 
equations requires approximately n* arithmetic operations. The time- 
dependent solution of the hydrodynamical equations in two space varia¬ 
bles, where one desires a solution at only ten positions in each direction 
at each time step, may require 1,000 time steps to carry the solution to 
the point of interest. In such a problem one is solving 100 simultaneouH 
equations at each time step, or one is performing of the order of 10* oper¬ 
ations for the complete problem. At 15 microseconds per operation 
this problem would take 1.5 X 10* seconds, or approximately 4 hourn 
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of computing time. If the same problem were performed without error 
on a desk calculator, it would take 4 X 10* seconds, or approximately 
130 years. Thus, we have not only demonstrated a problem of ample 
size, but one that would have to be left uncomputed if it were not for 
the high-speed computer. We should also point out that these high¬ 
speed computers vary in speeds as well as size of memory, and that a 
computer which runs at a speed 1,000 times slower than the stated speed 
could still produce the answers to the preceding problem in a half-year's 
time. Even such a slow high-speed computer—usually referred to as a 
TnediuTw-speed computer—is too fast to be coupled with a human memory. 

Now that we have justified the need for progranuning and coding of 
automatic digital high-speed computers, let us turn to the problem of 
learning some of the basic rules for this science. One method is to state 
these rules and then try to program and code problems based on the 
rules. Another is to explain the need for the rules by tying them to the 
operation of the computer or to the logic of calculating problems. Still 
another method, the approach which we will follow, is that of constructing 
a computer—in words and pictures, but not physically—and, in so doing, 
fin ding some of the computer requirements placed on programming and 
coding of existing computers. 

1-2. Some Basic Concepts in the Design of a Computer 

As we indicated in the introduction, a high-speed digital computer con¬ 
sists of an arithmetic unit coupled with, at best, a random access memory. 
In block diagram we might show this relationship as in Fig. 1-2-1 where 
the arrows indicate the flow of infor¬ 
mation. Ijet us assume for the pur¬ 
pose of this example that the memory 
will hold 1,000 words, each word con¬ 
taining 10-decimal digits and sign. 

The sign digit of many computers fig. 1-2-1. Coupling of arithmetic unit 
assumes only two values used to repre- and memory, 
sent -H and —. Other computers allow 

additional values and other interpretations for this digit. In our 
description we will allow the sign digit when used in an order word to 
take on the digits 0 through 9 just as any other digit in the word. When 
used with a data word, it will not only indicate whether the word is posi¬ 
tive or negative, but will also indicate whether or not the word contains 
alphabetical characters. We will designate the digits of a word as 

sdi)did2dtd^^tdtd'idtdt ( 1 - 2 - 1 ) 
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The words shall he stored in units of the memory Which are called cells or 
storage registers. Each of the 1,000 memory cells shall be designated by 
a 3-digit serial number which is called the address or location of a cell. 
The 1,000 addresses are 000, 001, 002, . . . , 999. It is important to 
recognize the distinction between the address, or location, of a cell and 
the word stored in that cell. The address specifies the cell location 
(location is frequently used as a synonym for address). The address 
may be considered as the coordinates for the location of a memory cell. 
In Table 1-2-1, fllustrating the addresses and contents for 60 cells of 
memory, cells addressed 000 through 019 contain orders (commands for 
the computer), that is, the information stored in these cells is to be used 
to sequence the operations of the computer. The contents of a memory 
cell may be recalled without being destroyed; however, the storing of a 
new word in a cell destroys its previous contents. 

TABLE 1-2-1. A Partial Memory Chart Showing Address 
and Contents of Memory Cells 


Digits of address 



We next consider automatic control of the arithmetic unit and memory. 
Introducing more symbolism, we let M designate the address of a cell in 
the memory and m the word located at that address, i.e., stored in that 
cell. In the remainder of this text we will, generally, use capital letters 
for addresses and small letters for the words located at those addresses. 
However, we will often find that the alphabet is not sufficient to describe 
the variables of a problem, or that we have need for a capital letter to 
represent something other than an address, or that a small letter is 
needed to represent something other than the contents of a memory cell. 
Thus, we will also use M{x) to represent the address of the word x and 
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C(X), or just (X), to represent the contents of the cell addressed X; i.e., 
X = M(x) and x = (JC) = C(X). The addresses of the memory ceUs 
of the model computer being considered require, at most, three decimal 
digits. For convenience, the address vdU always be considered to have 
three digits where zeros are filled in the high-order digits of the address 
when necessary. This is a requirement of the computer circuitry for the 
selection of a particular cell. Arithmetic operations usually operate on 
two numbers to produce a third. These operations may be described in 
terms of three addresses (Mi, M 2 , and Ms) and an instruction code. For 
example, the memory might send the two words mi and m 2 , the addresses 
of which are Mi and M 2 , to the arithmetic unit. The arithmetic unit is 
then instructed to perform one of the arithmetic operations on mi and m 2 . 
This produces a result ms, which is stored then in memory cell Ms. Let 

Ml be designated by the digits didsds 
Ms be designated by the digits dtdgdi 
Ms be designated by the digits djdadt 

of the expression (1-2-1), then we will have left the digit do and the sign, s, 
to describe the arithmetic operation or computer instruction (or computer 
operation), which is designated by I, 

I is designated by the digits £do 

Thus, digital codes for orders can be stored in the memory of the com¬ 
puter as follows: 

IMiMaM, (1-2-2) 

For the arithmetic operations the expression of (1-2-2) may be inter¬ 
preted as 

J(mi,m2) = ms (1-2-3) 

the operands mi and m 2 when operated on by the instruction 1 produce a 
result ms which is then stored in the memory. As we proceed we will find 
orders involving processes other than the arithmetic operations for which 
Eq. (1-2-3) will not hold. It is evident that either an order or a number 
could be stored in a memory cell. The interpretation of the contents of 
a cell will depend on the context for which it is used in a computation. 

If there is a sufl&cient number of digits in a word, then such a word 
may be used to store more than one instruction and the associated 
addresses. For example, if there are 21 decimal digits, do through dio, 
and a sign digit s, an order word might consist of 

I Ml Mi M, r m; m; m; 
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where Z' is designated by the digits dio and dn. Such an order word is 
said to consist of two commands, IMiMsMb and Most of 

the computers we will discuss will have a single command per order word, 
and command'' and order will be used interchangeably. 

Now that the possibility of storing order words in the memory as well 
as words of data to be operated upon has been demonstrated, the need is 
apparent for adding another unit to the computer. This unit will be 
used to decipher orders and to instruct the memory of the operands to 
be sent to the arithmetic unit, to instruct the arithmetic xmit of the oper¬ 
ation to be performed, and to locate the result in the memory. This 
additional unit is commonly referred to as the “control unit.^' A part 
of the control unit is the control register (abbreviated CR), which is a 
storage register for holding the order being deciphered. If we draw a 

box for the control register, as in 
Fig. 1-2-2, then we see how each 
part of an order word can be sepa¬ 
rated and used for its particular 

^ ^2 ^3 purpose. In addition to the con- 

FIG* 1-2-2. Order word of a three-address trol register, there must be a device 
^omp\}\w. Ij]^at tells which order is to be sent 

from the memory to the control 
register. This device, the control counter (CC), is a 3-digit coxmter which 
increases by 1 in its low-order position each time an order is performed. 
Modification of this sequencing can be accomplished only by an appropri¬ 
ate instruction. The CC and CR are parts of the control unit (CU) 
the function of which is to sequence and coordinate the activity of the 
computer. 

It is instructive to examine how the control unit might sequence the 
operation of the computer. The foUowing sequence starts with the trans¬ 
fer of an order from the memory to the CU. 

1. CU notifies the computer to prepare to read the order from the 
memory cell, the address of which is in CC. 

2. CU notifies memory to send order to CR.f 

3. CU increases CC by one. 

4. CU notifies the arithmetic unit to prepare for the instruction I in CR. 

5. CU notifies the memory to prepare to read from Mi (in CR). 

6. CU notifies memory to send word (the address of which is Mi) to 
arithmetic unit.f 

t As mentioned earlier this transmission does not destroy the contents of the 
memory cell; i.e., words are read from the memory in a nondestructive manner. 
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7. CU notifies the memory to prepare to read from ilf 2 (in CR). 

8. CU notifies memory to send word (the address of which is ilf*) to 
arithmetic unit.f 

9. CU notifies arithmetic unit to execute the arithmetic operation (which 
was indicated by 7). 

10. CU notifies the memory to prepare to read into Mt (still in CR). 

11. Arithmetic unit notifies CU that the arithmetic operation is com¬ 
pleted. (This step is necessary because of the different operation 
times for the arithmetic operations.) 

12. CU notifies arithmetic unit to send result to memory cell addressed 

Mi.t 

13. CU returns to step 1 to automatically start the next command. 

Except for getting words in and out of the computer, and for pro¬ 
visions for human control over the computer, we have covered the basic 
units of our model computer. The equipments used to get orders and 
data in and out of the computer are referred to as the inpitt and oviput 
units. Sometimes these units are combined and are referred to as the 
input-ovipui unit. Again, like most other units of the computer, the 
input and output units function in various ways. For the present, we 
will assume that the input and output unit communicates with the 
memory in a manner which allows us to load Words in the memory, 
and the output unit allows the memory to be read out in some intelligible 
form, say, through a typewriter. 

The communication between human and computer is accomplished 
through the console of the computer. Among the possible functions that 
can be performed at the console, the human should be able to start and 
stop the computer and have some means of manually setting the control 
register and control counter. For speed and error reduction operations 
performed by humans should be kept to a minimum. 

Figure 1-2-1 may now be expanded and our computer considered to be 
basically that of Kg. 1-2-3. Figure 1-2-3 is by no means complete; but 
when we consider the arithmetic operations, it indicates many of the 
basic principles of the computer. For example, it is desirable to have a 
means of input and output located at the console so that the human can 
observe the progress of the problem being computed, so that programs 
can be initially tested, so that the computer can be stopped when errors 
are detected, etc. The solid lines show the paths along which infor- 

t See footnote on page 8. 

t This operation replaces the previous contents of cell Mi by the result for this 
command. 



10 PROGRAMMING AND CODING FOR AUTOMATIC DIGITAL COMPUTERS 

mation flows, and the dotted lines show the control of one unit over 
another. The parts of the computer not shown include all of the switch¬ 
ing circuits that select the information flow paths, the function matrix 

that deciphers the instruction por¬ 
tion of the orders, and the power 
supply that provides the energy at 
the proper rates to run the various 
units of the computer. These 
parts, which we only mention in 
passing, are a substantial part of 
the computer’s physical size. 

1-3. Examples of Orders 

In this section, we shall choose a 
small n\unber of orders which allow 
the solution of a wide variety of 
problems. For the instruction part 
(J) of the order we shall use the fol¬ 
lowing eight symbols: ADD (add), 
SUB (subtract), MLR (multiply), 
DVR (divide), TRA (transfer con¬ 
ditionally), LOD (load), PRT 
(print), and STP (stop). In the description of the orders which follows, 
we will use the symbol => to mean “implies.” 

ADD MiMaMs mi + m 2 = ms; i.e., add the word addressed ikfi to 
the word addressed Af 2 and store the sum in memory 
location Ms. 

SUB mi — ms = ms; i.e., subtract the word addressed Ms 

from the word addressed Mi and store the difference 
in memory location M s. 

MLR MiMsMs mi X ms = ms; i.e., multiply the word addressed Mi 
by the word addressed Ms and store the computer 
product in memory location Ms. 

DVR MiMsMs mi m 2 = ms; i.e., divide the word addressed Mi 
by the word addressed Ms and store the computer 
quotient in memory location Ms. 

TRA. MTiJlif sM^s ==^ if mi > ms, change CC to Ms; i.e., if the word 
addressed ilfi is algebraically greater than or equal to 
the word addressed ilf 2 , change the computer control 
counter contents to the digits didsd^; i.e., to Ms- 




Control unit 


n 



CC 







--- ^ 

UK 


——I 

!——5 



P 


1 

1 



FIG. 1-2-3. Baste units of a three-address 
computer. 
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LOD MiMiMz load Mi words from input unit into memory starting 
at address Mi and, when finished loading, change CC 
to ilfj. 

PRT MiMiMi print from memory Mi words starting at address Mi 
and, when finished printing, change CC to Jfj. 

STP =^8top operation of computer. Ignore Mi. If Jkfi is 

000, ignore Ma) and, if ilfi is 001, change CC to Ma. 

Now let us examine these orders more closely and see what they imply 
about our model computer. For example, the instructions MLR and 
DVR say that the computer product and computer quotient respectively 
are stored m the memory. So far, our computer has been considered to 
behave algebraically. That is, we have considered that arithmetic oper¬ 
ations on two words produce one-word results, and no consideration has 
been given to the placement of the decimal point. We have assumed a 
word length of ten digits and sign. However, the multiplication of two 
10-digit words generally produces a 20-digit product. We will assume 
that the product is approximated by a 10-digit word where the last digit 
to the right has been rounded according to the digits dropped from the 
20-digit product. Similarly, in division the quotient is assumed to be a 
10-digit word with the last digit to the right rounded according to the 
remainder. Finally, in addition and subtraction carries beyond the most 
significant digit are neglected.' 

Next, if we review the 13 CU steps (the subinstructions of the com¬ 
puter), we see that these steps represent the behavior of the computer 
when performing arithmetic operations. However, the list of orders 
includes not only the four arithmetic orders ADD, SUB, MLR, and 
DVR, but also a decision order TRA, a control order STP, and two 
input-output orders LOD and PRT. For the control orders, ilfi is not 
used as a memory address, but is used as a subinstruction of I. Thus, 
the operation of the computer with respect to the CU steps m\ist be 
generalized. This may be accomplished as follows. Replace step 4 by 

4. CU notifies the relevant parts of the computer to prepare for the 
instruction J in CR. 

^ If an intermediate result unknowingly exceeds these representations for results, 
then a gross error would have occurred. In all computations it is of course important 
that the programmer have an intimate knowledge of the procedures he uses and the 
nature of the results. The computer is frequently a useful tool for gaining this 
knowledge. See G. E. Forsythe, The Role of Numerical Analysis in an Under¬ 
graduate Program, Amer. McUh Monthly, vol. 66, no. 8, pp. 661-662, October, 1969. 
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At this point the CU chooses between two sequences. If 7 is an aritb*^ 
metic or decision instruction, then the computer carries out steps 6, 6, 7:^ 
and 8 as previously stated. If 7 is arithmetic, then the computer corx-^ 
tinues as before. If 7 is TEA, then the steps from 9 through 12 
replaced by: 


9- CU notifies arithmetic unit to subtract (i.e., compute mi — m 2 ). 

10. Arithmetic unit notifies CU it has completed operation. 

11. If sign of difference in arithmetic unit is minus, CU skips to step 1 - 
If sign is positive, CU goes to step 12. Here, we assume that th0 
sign of a zero difference is plus. 

12. CU notifies CR to send Mi to CC. 


If, at step 4, 7 had been a control or input-output instruction, then 
following steps would replace 4 through 12 (numbering of steps refers to 
CU timing already chosen, and missing numbers imply that CU skipB 
those steps): 


4. CU notifies relevant parts of computer to prepare for instruction 
IMi in CR. 

7. CU notifies memory of address il72 in CR. 

9. CU notifies CR to send Mi to CC if required. 

11. CU notifies relevant parts of computer to execute IMi instruction 
and, when finished, CU skips to step 13. 


We ym further assume that pushing the stop button on the console or 
a STP instruction stops the computer after CU step 13, but before CXJ 
step 1, and that the start button on the console starts the computer eitlier 
at CU step 1 or CU step 4 as will be explained later. Also, we will assumo 
that when a word is sent to a particular location in memory, any previous 
information in that location is erased when the new word is stored; bu'b 
if a word is read from memory, it is not erased in its original location by 
the reading process. 


The initial loading of the computer memory will now be discussed* 
A LCD mstruction must be in CR in order for the computer to load 
information from input unit into memory. This may be accomplished 
by having a special switch, referred to as the mode of operation ewitch, 
on the console which permits a choice between continuous operation and 
single command operation and by being able to set CR and CC from the 
console. When the switch is set to smgle command operation and the 
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start button is pushed, the computer performs only the command in CR, 
i.e., the computer starts at step 4 and stops after step 13. When the 
switch is set to continuous operation and the start button is pushed, this 
computer operation starts with step 1 of the sequence of computer oper¬ 
ations. Thus, when starting the computer in the continuous mode of 
operation, CC must be preset. It should be set to the address of the 
command to be performed. 

Having completed these preliminaries, in the remaining sections 
of this chapter we introduce two simple problems and some of the 
programming and coding concepts for these problems, saving the details 
for Chap. 3. 


1-4. Examples of Programming Computer Problems 

A simple but typical computer problem is that of forming the sum of a 
set of numbers. Let the set contain n numbers which we designate by 
Oi, Ui, On. The desired sum is 

n 

= + * * • + o» (1-4-1) 

y-1 

In programming such a problem for a computer, the object is to write a 
set of orders which will be modified and repeated by the computer until 
the n numbers have been totaled. 

Next, let us draw a “road map” or diagram for this problem. For 
this purpose the following symbols are used: 

Boxes are used to separate the prob¬ 
lem into its basic parts. 

Circles are used to indicate where the 
problem begins (starts) and ends 
(stops). 

Arrows indicate the sequence of the 
parts of the problem. 

An arrow in a box indicates that the 
quantity at the tail of the arrow 
replaces the quantity at the head 
of the arrow. In this case the new 
value of b is a. 
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Indicates a predetermined compu-b^" 
tional sequence. 


Indicates an alternative compufe^”” 
tional sequence. 


Indicates a merging computatiof*-^^ 
sequence. 


Indicates an iterative computatio»®'^ 
sequence (composed of predet«**“ 
mined, alternative, and mergiWB 
sequences). 


The road map ot fiovo diagram for calculating the sum in Eq. ^ 

shown in Fig. 1-4-1. Flow diagrams are introduced to aid in the 
sition from the mathematical statement of a problem to the coding for t/li® 
problem. This flow diagram has the following interpretation. Initially> 
the sum s is set to zero and the subscript j is set to one in box 0. In lih* 
first pass throu^ box 1, % where j = 1, is added to 8. Thus, on leavii»8 
box 1 for the first time, s = Oi. In box 2, the subscript is increased l>y 
one; and in box 3, a test is performed to see if n > If n ^ j, then lilie 
routine is to return to box 1, and the next a,- of the set is added to «. 
When n = j, the routine is again returned to box 1 and o„ is added, to a; 
one is added to j in box 2; and, in box 3, / = n -H 1. Therefore, the 
routine proceeds to box 4, and the sum is listed at an output unit. 

There are several observations to make concerning the flow diagrazn 
of Fig. 1-4-1. The first is that a box, such as box 3, in which a decision | 
occurs (in which an inequality is written), must have two paths leading j 
from it. One path is marked yes to show that along this path, 'blue 1 
inequality holds; the other path is marked no to show that the inequality i 
does not hold along that path. A question mark is included in the l>ox | 
in which the decision occurs to emphasize that a question is being aslced ^ 
rather than that a fact is being stated. Thus the contents of box 3 shoxxld | 
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be read, “Is n > j7” The second is that any box may have more than 
one path leading to it; e.g., box 1. Finally, we have numbered the boxes. 
We will make use of this numbering in the coding of the problem. 

Another problem is that of finding the square root of a positive number. 
It illustrates many phases of programming and coding. The method to 
be used for find ing the square root is that connnonly referred to as 
Newton’s mdhod. This method is chosen because it is an iterative 
method; that is, the same formula is used repeatedly. Iterative methods 
frequently reduce the coding. The state¬ 


ment of the problem follows: 

Find X = ^/y, given y > 0, by repeated 
use of the formula 

*0 = 1 / (1-4-3) 

X = Xi+i (1-4-4) 

« > (xi+i - aw)* (1-4-5) 

e > 0 is a criterion for the desired accu¬ 
racy of X. 

In words, the method of this problem 
is to let y be an initial approximation for 
X (i.e., a;o = y, i = 0). Next, Eq. (1-4-2) 
is used to obtain an improved approxi¬ 
mation, xn.i, for X, and then the square of 
the difference (xi+i — %)* is checked by 


where 

and 

if 



FIG. 1-4-1. Flow diagram for 


Eq. (1-4-5) to see if the improved approxi- ^ 

mation is adequate. If Eq. (1-4-5) is * ~ 

satisfied, x — -y/y is obtained from Eq. 

(1-4-4); if Eq. (1-4-5) is not satisfied, aw is 

replaced by Xi+i, and Eq. (1-4-2) is again used to obtain another improved 
approximation. By setting a:,+i = Xi = x, Eq. (1-4-2) becomes y — x^ 
or X = -y/y. The smaller 6 is chosen, the better the approximation 
obtained for x. Newton’s square-root routine, Eqs. (1-4-2) through 


(1-4-5), is shown in Fig. 1-4-2. 

Comparing the flow diagram of Fig. 1-4-2 with the problem, we see 
that it describes the mathematical method for the problem. From the 


entry circle and problem loading in box 0 we proceed to box 1 where Xi is 


replaced by y, the initial approximation for x. From box 1 we go to 
box 2 in which an improved approximation, *<+ 1 , is obtained for x. Next, 
in box 3, the difference between the old and new approximations for x is 
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formed; and, in box 4, the square of the difference is formed to obtain a 
positive measure of this difference. In box 5, e is compared with and 
^ ^ ^ then is substituted for x = \/y in box 7, and the problem is 

completed. If e < z^, then Xi is re¬ 
placed by Xi+i in box 6, and we 
return to box 2 to obtain another 
improvement for the approximation 
of X (c/. Sec. 10-7). 


1-5. Coding of Example Computer 
Problems 

A coding sheet for the summation 
problem, Eq. (1-4-1), is presented in 
Table 1-5-1. At first we stress the 
filling * of the columns titled Box; 
J, Ml, M 2 , and Ms of Order Symbols; 
and Branch to Box. To fill in these 
columns of the coding sheet, we place 
the flow diagram of Fig. 1-4-1 in front 
of us. Since the first operation of 
box 0 is to set 5 = 0, we accomplish 
this by adding zero to zero and storing 
the sum in S, the address of the 
memory cell which contains s. Thus, 
in column I, we place ADD, the sym¬ 
bol for the addition instruction; in 
each of the columns Mi and M 2 , we 
place a zero which we interpret as the address of the number 0 stored 
in the memory (if we had meant that the addresses Mi and M 2 
were zero, we would have written 000); and in column Mz, we write 
8n Next we fill in the column headed Box. In this column the box 
number of the flow diagram is given to the left of the decimal point, 
and the command associated with the box is indicated by the num¬ 
ber to the right of the decunal point. Similarly, to set i = 1, one is 
added to zero, and the sum is stored in J, the address of the memory cell 
in which j is stored. Again, columns J, Mi, M 2 , Ms, and box are filled in. 
Similarly, these five columns are filled in for the remaining boxes of the 
flow diagram. In the command for box 1, ai instead of ay is added to s; 
and in the commands for box 2, every time j is incremented by 1, the 
address is increased by one by adding the word d (in this case 



FIG. 1 -4-2. Flow diagram for x = \/y. 
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d = +0 000 001 000) to the command, designated by C'l.o, for box 1. 
This changes the coimnand so that it no longer refers to Ai but to A 2 . 
This procedure is repeated each cycle until A* is reached. We have 
assumed that the a,- are stored in consecutive memory cells. The com¬ 
mand for box 3 is that for determining when the sum is completed. This 
occurs when j = n 4- 1. Whenever n > j, the routine returns to the 


TABLE 1-5-1. Coding Sheet for a = ^ Oj 

i “1 




Order symbol 





Order code 


Box 





Branch 

Memory 





I 

Mx 

Ux 

Ml 

location 

I 

Ml 

Mx 

Ml 



STAET 











0.0 
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01 

200 
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201 

0.1 

ADD 
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01 
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200 

203 

1.0 

ADD 

& 

Ai 

S 


102 

01 

201 

300 

201 

2.0 

ADD 

1 

J 

J 


103 

01 

202 
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203 

2.1 

ADD 

D 

Cud 

CuQ 


104 

01 
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3.0 

TEA 

N 

J 



105 

22 

205 

203 

102 

4.0 

PET 

001 

8 

Cexit 
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42 
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EXIT 

STP 
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command C 1 . 2 , and another a, is added to the sum. Thus, in the column 
headed Branch, we indicate the command to which the routine returns 
and leave column ilfj blank. In this manner we have a positive indi¬ 
cation on the coding sheet of the existence of a loop in the flow diagram. 
A loop is a closed path which indicates a repetition of a part of the flow 
diagram. 

After the order symbols for the commands are completed, a list of the 
constants and variables, except for the a,-, is compiled from the commands; 
and, then, the oj are listed. Next, the memory locations for the orders, 
constants, and variables are assigned. Here, we have chosen addresses 
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for the orders starting at 100, addresses for the constants and variables 
starting at 200, and addresses for the starting at 300 with the assump¬ 
tion that An < 999- _ j t ri a 

Now we are in a position to fill in columns Mi, Mi, and Mt of Order 

Code, which is done as shown in the coding sheet. Before col\imn I of 
Order Code can be filled in, we must assign the digital codes for s and do 
for the commands given in Sec. 1-3. Let the assignments be: ADD = 01, 
SUB = 02, MLR = 03, DVR = 05, TRA = 22, LCD = 41, PRT = 42, 
and STP = 00. The particular digit assignments will become clearer as 
the command list for the computer is expanded to demonstrate other 
facets of programming and coding. Column I of Order Code is filled in 
as drown in the coding sheet. 

At this point, we note that we have instructed the computer to add a 
number to a command. We will assume that, when either Mi or M* is 
the address of an order word, our computer will add only the digits di 
through di and that the digits s and do of the sum will be the same as 
those for the order word. 

Finally, the actual digits of the constants, such as 0, 1, d, n, and the 
Oj are listed. The digits n?, rig, n® of n are those that may be nonzero 
since we have assumed that there are, at most, 700 ay's (Ai = 300 and 
An ^ 999). 

The coding sheet of Table 1-5-1 is by no means presented as being the 
optimum coding for the problem. Also, no provisions have been made 
for loading the routine into the memory of the computer. However, 
should the routine be in memory, we can see that by setting the CC to 
100 and pressing the start button of the computer, the sum will be formed. 
Another objection is that the problem cannot be repeated without reload¬ 
ing the routine, for if we were to reset the CC to 100 and to start the 
problem a second time, the computer would form the sum of C(300 + n) 
through C(300 + 2n - 1) which are not involved in the problem. 
Finally, since Ai and j are both incremented, commands 0.1 and 2.0 
could have been neglected and command 3.0 changed to a test on Ay. 
A more economical coding of this problem using this suggestion wiU be 
developed in later chapters. The purpose of this section is to demon¬ 
strate how one proceeds from the problem to the flow diagram to the 
coding sheet. 

In addition to the flow diagram and coding sheets, the programmer 
often finds constructing a m&moTy chart useful in assigning addresses for 
orders and data and in checking the consistency of these assignments. 
A static memory (or storage) chart is a table indicating the initial assign¬ 
ment of memory cells for the problem. Table 1-2-1 indicated such a 



SOME BASIC CONCEPTS IN PROGRAMMING AND CODING 


19 


chart; however, it was developed to show how the address of a cell might 
be considered as coordinates for the location of that cell. Table 1-5-2 is 
a static memory chart for the problem coded in Table 1-5-1. Also indi¬ 
cated in this chart is the possible location of a load and print routine. 
Memory charts which show the progress of the computation are referred 
to as dynamic memory charts. These are usually constructed from the 


TABLE 1-5-2. Static Memory Chart for Coding of Table 1-5-1 


Digits of address 


fiist Third First 'Third 

and - and - 

secbnd 012346678 9 second 0123456789 



coding sheets and are used to check that no information is destroyed 
before it is used. Such charts are especially useful in checking routines 
for single-address and two-address computers where the contents of the 
accumulator, which may also be destroyed, is also displayed (c/. Sec. 3-5). 

Now let us turn to our second example, that of finding the square root 
of a positive number. Again, we place the flow diagram. Fig. 1-4-2, in 
front of us and proceed to fill in columns J, Mi, Mi, and Ms of Order 
Symbol in Table 1-5-3. To start the problem, we need a load order; so 
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we place LOD in the I coltmm. Columns Mi, Mi, and Ms are not filled 
in at this timfi since Mi represents the number of words to be stored in 
the memory; M* represents the address of the first word in the memory; 
and Ms is the setting of the CC for the first order to be performed. Since 
the first order occurs in box 1,1.0 is placed in the Branch-to-Box colunm 



to remind us that Ms will have the address of the first order of box 1. 
In the next row of the coding sheet 1.0 is placed in the Box column, 
ADD is placed in column I, Y is placed in column Mi, 0 is placed in 
column Ms, and Z,- is placed in column Ms. This order, then, substi¬ 
tutes y for Xi. Similarly, the coding sheet is filled out for boxes 2, 3, 4, 
5, 6, and 7. Since box 6 leads back to box 2 in the flow Hingrnm the 
order 6.1 on the coding sheet must be one that will reset the CC. A 
TEA order was chosen for this purpose. The constants are chosen so 
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that the transfer condition is always satisfied, i.e., the control unit is 
always changed to M 3 . The addresses Z, Ti, and T 2 are for temporary 
storage cells in the memory; i.e., where intermediate results are stored. 
So that the answer, x = will be known, the print order 7.1 is added; 
and, of course, it is desired to stop the computer—order 7.2—when 
computation is completed. Below the coding of orders, the constants 
and variables are listed. 

Let the program for the square-root problem be stored in the memory 
starting at memory address 900. Since the load order need not go into 
the memory, the first memory location (900) is assigned to the order 1.0. 
The column marked Memory Location is now filled in as indicated. 
When this column is completed, we may return to the columns of Order 
Symbol and fill in the blank spaces. For example, in the load order. 
Ml = 022 since there are 22 words, addressed 900 through 921, to be 
stored in the memory. M 2 is the location of the first word, i.e., M 2 = 900; 
and Ms is the address of order 1.0, i.e., M 3 = 900. Similarly, the M 3 por¬ 
tion of orders 5.0, 6.1, and 7.1 are completed. These numbers have been 
circled on the coding sheet to show that they are filled after the memory 
assignments are made. 

The remaining columns may now be filled by placing in column I of 
Order Code the code numbers for the instruction in column I of Order 
Symbol and by placing in columns Mi, M 2 , and M# in Order Code the 
numerical addresses corresponding to Mi, M 2 , and M 3 in Order Symbol. 
These number codes and addresses are filled in between the double lines 
of the coding sheet, and it is this information which is actually placed in 
the input unit of the computer. Thus, the information placed in the 
input unit may be traced to the coding sheet, the coding sheet to the flow 
diagram, and the flow diagram to the problem. Each step in the pro¬ 
gramming and coding of the problem has been set up to reduce the possi¬ 
bility of making errors and to facilitate the location of an error should it 
occur. The load command at the top of the coding sheet may now be 
placed in the CR and the computer set to carry out this instruction. 
When the routine has been entered in the memory, i.e., the LOD instruc¬ 
tion in CR completed, the computer will automatically proceed to the 
first command, address 900, and thence calculate the square root of y. 


1-6. Two-address Decimal Computer 

If our model computer had a memory of between 1,001 and 10,000 
words, each of ten digits and sign, then the minimum number of digits 
required for the address part of an order word is four. Each order word, 



<k 


<h 


I j»/j=Or. oddr. 

HG. 1-6-1. Order word for o two- 
address computer. 
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then, could contain only two such addresses and an instruction of 
dints and men. For such a computer the control register may he subdi 
vided as shown in Fig. 1-6-1. Within this order stmcture, the cornpute^ 

can no longer follow the three-addre^^ 
logic for arithmetic operations given t>3'' 
Eq. (1-2-3). Parts of the compute^ 
and the computer’s order list will haV*^ 
to he reconsidered. In Fig. 1-6-1 
have indicated that Mi is generall>^ 
considered as the memory address <^* 
an operand. By considering Mi as tTo-^ 
address of the neict order to be performed, the control counter (CC) 
be replaced by an address register (AE.) which notifies the memory of 
address of the next order. Also, the second ^dress part of CR could t*® 
used as an address register. An address register is somewhat simpler 
build electronically than a control counter, and the above choice o* 
function of Mi is dictated by a balance of programming and engineerixifiS 
conmderations. In the arithmetic unit the results of arithmetic oper¬ 
ations are stored in a register commonly referred to as the accumulator. 
The abbreviation for the accumulator is A. As will be seen in Chaps- 
and 3, the accumulator is divided into two registers, the upper accuirv'i^"' 
lator, Au, and the lower accumvn 
lator, Al, each of which contains 
one word and may be used in addi¬ 
tion or subtraction. However, the 
full accumulator is used in multi¬ 
plication, division,and other orders. 

The basic units and flow lines for 
information of the new computer 
are diown in Fig. 1-6-2. This com¬ 
puter is referred to as a two-address 
computer. The terms modified szn- 
gle address, cm and one^half address, 
and modified two-address are also 
used in the literature when referring 
to this type of computer. The two- 
address computer we will use for 
coding purposes in this text will be 
slightly different from the one just described in that it will have a contxrol 
counter instead of an address register. Furthermore, we assume tha^t if 
the order address is left blank, the computer reads this as OOOOand in-tor- 



FIG. 1-6-2. 
computer. 


Basic units of o 1wo-addr^s» 
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prets it to mean that the next order is taken sequentially. However, if 
the order address is nonzero, then the next order is taken from that 
memory location. This system prohibits the location of an order word at 
the memory location 0000. This location is used for the permanent 
storage of zero, a frequently used constant. 

The instruction consists of the sign and digits do and di, and we need 
only four characters for the sign digit, + and — to be used with order 
words and numerical data words and a special plus and minus sign, 
© and ©, for data words containing alphanumerical characters. 

A partial list of orders which will be used with this computer foEows: 

CAXJ MiMs (Clear Add Upper) mi—* ou, where au is the contents of 

Act, 0 —* Cl. (Clear the entire accumulator to zero and then 
send mi to Au.) Next order taken from memory location 
Mt if Mt 9^ 0. 

HAU MiMi (Hold Add Upper) => o + mi —> o, where a is the contents 
of A. (Here, mi is being added to A in the Au position, 
and zeros are being added to Al. If mi were added to A in 
the Ai position, it would be indicated by o + 10“‘“ mi —> o.) 
Next order taken from memory location Mtii Mi 0. 

HSU MiMi (Hold Subtract Upper) => a — mi —>■ a; next order taken 
from memory location ilfj if JIfa 0. 

CAQ MiMi (Clear Add Q register) =» mi g, where q is the contents of 
the Q register. (The Q register is a special register in the 
arithmetic imit used with multiplication and division com¬ 
mands.) Next order taken from memory location Ma if 
Mt ^ 0 . 

MLR MiMi (MuLtiply Round) =» gmi—»■ o, where the rounded product 
appears in Au. Next order taken from memory location Mt 
if M% 9^ 0. 

DVR JkfiAfa (Divide Round) =» o/mi—» q, where q is the rounded quo¬ 
tient; next order taken from memory location JIfa if ilfa 0. 
STU jWiikfa (STore Upper) =^au—* mi; next order taken from memory 
location Mtif Mt 9 ^ 0. 

STQ MiMt (STore Q register) ^ g mi; next order taken from memory 

location Mt if Mt 9 ^ 0. 

TAP MiMt (Transfer Accumulator Positive) If o > 0, next order 
taken from Mi; if o < 0, next order taken from Mt if 
Mt 9 ^ 0 . 

UCD Jlfiilfa (UnConDitional transfer) =» Next order taken from memory 
location ilfa- Ignore Mi. 
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LOD M 1 M 2 (LOaD) =» Load Mi words from input unit into consecutive 
memory cells starting at address M 2 , M 2 ^ 0. Next order 
taken sequentially. 

PET If lifer 2 (PRinT) =» Print If 1 words from consecutive memory cells 
starting at address M 2 - Next order taken sequentially. 
STP ilflilif 2 (SToP)=^Stop computing. List ifefi and mi on console 
typewriter; when computing is started again, next com¬ 
mand is taken from memory location ifer 2 if ifef 2 7 *^ 0 . 

In addition to the above list of orders the two-address computer may 
have an Initial Start Button which causes the first word of the input unit 
to be sent to the CE before the computer commences operation. This 
may be used to introduce a load order into the control register. The 
initial start button also causes the next order to be taken from memory 
location M 2 designated in the load command. Thus, if the second word 
in the input unit is not the first order of the routine, then it must be an 
order which will not affect the computation and must be one in which the 
order address M 2 is that of the first order of the routine, e.g., XJCD 0 M 2 . 
Finally, it is seen that if we wish to add two words x and y in the memory 
to produce a sum 2 in a desired location of the memory, the orders shown 
in Table 1-6-1 are necessary; m this table the locations of the orders are 


TABLE 1-6-1 


Memory location 

Order symbol 

I 

Ml 

M, 

L 

CAD 

X 


i + 1 

HAU 

Y 


L + 2 

STU 

Z 

... 


L -b 2. For arithmetic orders, then, the two-address com¬ 
puter may require up to three orders for each order of a three-address 
computer. On the other hand, the ability to designate the next order 
to be performed allows the programmer more independence in coding 
sections of a problem. The flow diagram of Fig. 1-4-2 may again be 
used to code a: = Vy using the orders of the two-address computer. 
Since this process is much the same as that for the three-address com¬ 
puter, it will not be given here. 
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1-7. Remarks 

After discussing number bases and the scaling of numbers, we will con¬ 
sider again the requirements of flow diagrams. In such discussions we 
will introduce the problem flow diagram which describes the computational 
procedure for the problem and the computer flow diagram which describes 
the problem flow diagram in terms of the computer used. Finally, both 
flow diagrams will be replaced by a detailed flow diagram which will be 
tied to the problem in sufficient detail so that one may code from it, but it 
will not be so complete that it specifies the computer to be coded. Thus, 
the detailed flow diagram will allow us to carry through the major efforts 
of programming without referring directly to a particular computer. 

PROBLEMS 

1 -1. Using the flow diagram of Fig. 1-4-1, code 

n 

« = ^ a, 
i-i 

for the two-address computer. 

1-2. Using the flow diagram of Fig. 1-4-2, code x = Vy for the two-address 
computer. 

1-3. The answer x = for x = Vy, 2 / > 0 may be checked by showing 
that \xi^i • — 2/1 ^ Incorporate this check in the flow diagram of 

Fig. 1-4-2. 

1-4. The arithmetic mean & is defined by 

N 

« = ^ 

<■■1 

Assume a set of a;*-, 1 < i < AT, to be given. Draw the flow diagram for the 
computation of the arithmetic mean. 

1-5. Code the flow diagram of Prob. 1-4 for the three-address computer and for 
the two-address computer. 

1-6. The sample variance «»*, is defined by 



Incorporate the flow diagram of Prob. 1-4 in the flow diagram for the sam¬ 
ple variance. 

1-7. Code the flow diagram of Prob. 1-6 for the three-address computer and for 
the two-address computer. 
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NUMBER REPRESENTATIONS, ARITHMETIC 
OPERATIONS, AND SCALING 


2-1. Introduction 

In this chapter some basic concepts such as the representation of a 
numher by a sequence of digits; the methods by which the computer 
performs the arithmetic operations of addition, subtraction, multipli¬ 
cation, and division; and the adaptation of data encountered in a prob¬ 
lem for a computer are discussed. The representation of a number by 
a sequence of digits may be defined in terms of a power series, but a 
power series need not have a number representation. That there is not 
a one-to-one relation between number representation and power series 
leads to a discussion of how arithmetic operations are performed in a 
computer and how the numbers are stored in a computer. Knowing how 
the numbers are stored and operated upon by the computer leads to a 
discussion of how numerical data are scaled so that problems may be 
computed. 


2-2. Number Representations 

The number representations we discuss are constructed with the aid 
of several basic concepts. One of these is the definition of the power of a 
quantity as defined in college algebra texts. Another basic concept is 
that if we choose a positive integer a as a base or radix for a number 
representation then the digits of this representation are o — 1, a — 2, 
a — 3, , . . , a — o = 0. Thus, the ten digits 9, 8, 7, 6, 5, 4, 3, 2, 1, 
and 0 are the digits used for a base-10 representation of a number. The 
smallest base we consider is 2, and numbers represented with this base 
contain only the digits 1 and 0. 
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To represent a number in the base a, let the digit position be desig¬ 
nated by k and the digit by a»; i e., the number 

_n+i • • • O—" " " <*«•—1®"* (2-2-1) 

by definition represents the number 

a_„a» + -f- • . . + a_jai 4 . «oo® -t- aiOT^ + • • ' 

-t- a^iO-"‘+‘ -1- ttmO-” (2-2-2) 

where, as above, each of the digits satisfies the inequality 0 < «» < 
® — 1. For example, the base-10 number representation 2,369.786 means 

2 X 10* H- 3 X 10» 4- 6 X 10^ -b 9 X 10® 

-t- 7 X 10-1 -f 8 X 10-* -f 6 X io-» 

and a negative quantity of this magnitude is represented by —2,369.786 
wliich. means 

— [2 X 10* + 3 X 10* 4- 6 X IQi + 9 X 10® 

4- 7 X 10^1 4- 8 X 10-* 4- 6 X 10-»] = -2 X 10® - 3 X 10» 

— 6 X 10^ — 9 X 10® - 7 X 10-1 - 8 X iq-* - 6 X lO"* 

The digits 10101.0 as the ba8e-2 representation of a number mean 

1 X 2* 4- 0 X 2* 4- 1 X 2® -h 0 X 21 -1- 1 X 2® -I- 0 X 2-1 

and, as the base-10 representation of a niunber, mean 

1 X 10* -f- 0 X 10* 4- 1 X 10* + 0 X 101 + 1 X 10® 4- 0 X 10-* 

The base-10 equivalent of the base-2 number 10101.0 is 

IX 16 4-0X84-1 X44-0X2 

4-1 X 1 4- 0 X 0.5 = 16 4- 4 4- 1 = 21.0 

and we see that it is essential to know the base of the number represen¬ 
tation in order that there will not be confusion as to its magnitude. It 
should be noted that the period {dedmal point for base 10 and binary 
jKyint for base 2 or radix point in general) is used to separate the integral 
part from the fractional part of the number representation. 

We will discuss numbers represented in base 16, base 10, base 8, and 
base 2. Table 2-2-1 shows the equivalent number representations in 
bases 10, 8, and .2 of the sixteen base-16 digits. Here the six letters 
a through / have been used to represent the base-16 digits equivalent to 
the base-10 numbers 10 through 15 respectively. 
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TABLE 2-2-1. Digits of Base-16 Number Representations 


Base-16 

digits 

Equivalent number representation 

Base 10 

Base 8 

Base 2 

0 

00 

00 

0000 

1 

01 

01 

0001 

2 

02 

02 

0010 

3 

03 

03 

0011 

4 

04 

04 

0100 

5 

05 

05 

0101 

6 

06 

06 

0110 

7 

07 

07 

0111 

8 

08 

10 

1000 

9 

09 

11 

1001 

a 

10 

12 

1010 

h 

11 

13 

1011 

c 

12 

14 

1100 

d 

13 

15 

1101 

e 

14 

16 

1110 

. f 

15 

17 

nil 


2-3. Arithmetic Operations 

In this section vre give a simplified discussion of the arithmetic oper¬ 
ations of addition, subtraction, multiplication, and division of two 
numbers. That is, we describe the rules of addition and then describe 
subtraction, multiplication, and division in terms of these rules. The 
discussion is carried out in this fashion because it reduces the number of 
rules that must be memorized and because it represents the actual oper¬ 
ation of many of the high-speed arithmetic units. 

It is common practice to teach the addition of two positive decimal 
digits in the early years of grammar school. This education usually 
begins with obtaining the sum of two digits by starting with one of the 
digits and counting up through the magnitude of the other. The result 
of repeated performances of problems of this type is the memorizing of 
the base-10 addition table. Addition tables for base-2 (binary), base-8 
(octal), base-10 (decimal), and base-16 (hexadecimal or sexadecimal) 
digits are given in Tables 2-3-1, 2-3-2, 2-3-3, and 2-3-4. In each table 
the sum is obtained by entering the table with one digit as a row entry 
and the other digit as a column entry. The sum appears where that 
column and row cross. Thus, if oy is the element in both the zth row 
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and jth column of the baaewi addition table, then 

a« = 0.0 + ttw = (ho + aoi = <hi =“‘’+ 3 
• /, - i D < 4 1 < o — 1- Th®®® tables may also be 

th° rf in ea^ taWe. For a^- 

^bv entering the appropriate table with the subtrahend as a.o (or ao,0 
Ld going along that row (or column) untd one reaches the cm, which 
mSend, then the difference is ao/ (or cuo). Thus, we are 
asking: what number (the difference) when added to the subtrahend 


TABLE 2-3-1. 

Binary TABLE 2-3-2. Octal 
Addition Addition 



0 

1 

2 

3 

4 

5 

6 

7 


1 

2 

3 

4 

5 

6 

7 

10 

0 

1 2 

3 

4 

5 

6 

7 

10 

11 

1 

10 3 

4 

5 

6 

7. 

10 

11 

12 


4 

5 

6 

7 

10 

11 

12 

13 


5 

6 

7 

10 

11 

12 

13 

14 


6 

7 

10 

11 

12 

13 

14 

16 


7 

10 

11 

12 

13 

14 

16 

16 


TABLE 2-3-3. Decimal Addition 


0 

1 

2 

3 

4 

6 

6 

7 

8 

9 

1 

2 

3 

4 

6 

6 

7 

8 

9 

10 

2 

3 

4 

6 

6 

7 

8 

9 

10 

11 

3 

4 

6 

6 

7 

8 

9 

10 

11 

12 

4 

6 

6 

7 

8 

9 

10 

11 

12 

13 


6 

7 

8 

9 

10 

11 

12 

CO 

14 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

7 

8 

9 

10 

11 

12 

13 

14 

16 

16 

8 

9 

10 

11 

12 

13 

14 

16 

16 

17 

9 

10 

11 

12 

13 

14 

16 

16 

17 

18 


Now let us consider the addition of two positive numbers, each of which 
contains one or more digits. Por example, the decimal addition 

3,256.912 
+ 9,563.827 
12,820.739 


is learned as a serial addition of columns of digits starting with the right¬ 
most column and proceeding leftwards colimm by column. Since the 
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Table 2-3>4. Hexadecimal Addition 


0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

a 

h 

c 

d 

e 

f 

1 

2 

3 

4 

5 

6 

7 

8 

9 

a 

b 

c 

d 

e 

f 

10 

2 

3 

4 

5 

6 

7 

8 

9 

a 

b 

c 

d 

e 

f 

10 

11 

3 

4 

5 

6 

7 

8 

9 

a 

h 

c 

d 

e 

f 

10 


12 

4 

5 

6 

7 

8 

9 

a 

b 

c 

d 

e 

f 

10 

11 

12 

13 

5 

6 

7 

8 

9 

a 

b 

c 

d 

e 

f 

10 

11 

12 

13 

14 

6 

7 

8 

9 

a 

b 

c 

d 

e 

/ 

10 

11 

12 

13 

14 

15 

7 

8 

9 

a 

b 

c 

d 

e 

f 

10 

11 

12 

13 

14 

16 

16 

8 

9 

a 

b 

c 

d 

e 

f 

10 

11 

12 

13 

14 

15 

16 

17 

9 

a\ 

b 

c 

d 

e 

f 

10 

11 

12 

13 

14 

15 

16 

17 

18 

a 

b 

c 

d 

e 

f 

10 

11 

12 

13 

14 

16 

16 

17 

18 

19 

b 

c 

d 

e 

i 

10 

11 

12 

13 

14 

16 

16 

17 

18 

19 

la 

c 

d 

e 

/ 

10 

11 

12 

13 

14 

16 

16 

17 

18 

19 

la 

15 

d 

e 

f 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

la 

15 

Ic 

e 

f 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

la 

15 

Ic 

Id 

f 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

la 

15 

Ic 

Id 

le 


augend, 3,256.912, represents the series 

3 X 10« + 2 X 10* + 6 X IQi + 6 X 10® 

+ 9 X 10-‘ + 1 X 10-* + 2 X 10-‘ 

and the addend 9,563.827 represents the series 

9 X 10« + 6 X 10* + 6 X 10* + 3 X 10® 

+ 8 X 10-* + 2 X 10-* + 7 X 10-* 

the sum of these two series is 

12 X 10* + 7 X 10* + 11 X 10* + 9 X 10® 

+ 17 X 10-* + 3 X 10-* + 9 X 10-* (2-3-1) 
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aad the coefficients of the series do not fonn a leghimate number repr^ 
“Ition since the coefficients of 10 - lOS and 10 ' am themselves num¬ 
bers exceeding one^iigit representations. However, the s^ of the two 
numbers [series ( 2 - 3 - 1 )] may be changed to a power 

of which form a legitimate number representation. (Becall that a num¬ 
ber representation may always be interpreted as a power senes, ®' 

the converse may not be true.) Expression (2-3-1) can be chanpd to a 
power series, the coefficients of which have a number representation with 
ffie aid of a simple rule. The rule is: Start with the nghtmost coefficient 
of the power of 10 which has a 2 -digit representation. Replace the coef- 
ficient by its second dipt and add 1 to the coefficient of the next higher 
power of 10. Repeat this process until all two-digit coefficients have 

been removed from the power series. • / u 

For example, when the above rule is applied to expression (2-3-1) the 

result is 

1 X 10* 4- 2 X 10* -4- 8 X 10* + 2 X 10^ + 0 X 

4 - 7 X 10-* 4- 3 X 10-* 4- 9 X lO"* 

which has the base-10 number representation 12,820.739. 

To state algebraically the addition of two positive numbers of the same 
base a, let 

m 

a = ^ = a_»a* -h • • • 4- o-iO* 4* «oO® 4" aiOT^ 

4- • • • 4- 

and 

o' = ^ + * * • + + OL\Cr^ 

r— —n 

+ • • • + 


be the two positive numbers where zero coefl5.cients have been inserted 
where necessary to make the two series contain the same powers of a. 
Let ol" be the sum of a. and a', then 

a + a' = ^ (oEr + = a” = C—^ a/oT^ (2-3-2) 

r-»—n r-—n 

where Cm^i — 0 and 
a'' = a, -i- Of' -I- Cr^i and 

a'' = Off + + Cr+i — O and 


Cr = 0 if ar + 4" Cr+l < a 

(2-3-3) 

Cf = 1 if ar + Off + Cr4-1 ^ Ct 

(2-3-4) 
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and c, is the carry digit from the coefficient of cr^ to the coefficient of 
-pjjat Cr, the carry digit, will never be greater than 1 may be seen by 
examining the largest possible sum in (2-3-4) starting with r = m where 
Cm+i = 0 and continuing the examination with the other coefficients. 

In learning how to subtract one positive number from another, a child 
usually starts with problems in which the minuend and subtrahend are 
positive and the minuend is greater than the subtrahend. Elventually, 
though, he is faced with problems in which the subtrahend is greater than 
the minuend. At first for these problems he is usually taught to start 
with the minuend and count down through the subtrahend reaching a 
negative number, which is the difference. Later he is taught that if he 
subtracts the minuend from the subtrahend and attaches a negative sign 
to the difference, the answer thus obtained is the same as that by the 
previous method. Finally, he is taught the addition of two numbers of 
different signs and is shown the equivalence between subtraction and 
changing the sign of the subtrahend and adding. In designing a high¬ 
speed arithmetic unit one soon realizes that the first rule will involve 
a long counting procedure when the magnitude of the subtrahend is 
large. The second rule for subtraction involves a circular argument; 
that is, one must know how to compare numbers before he can subtract. 
Although the human being can perform these comparisons visually and 
make rapid decisions, he is still performing a mental subtraction and it is 
this subtraction which must be incorporated in the design of the com¬ 
puter before it can be designed to subtract the subtrahend from the 
minuend. Application of the third rule implies that the addition of two 
numbers with different signs can be performed without subtraction. We 
next describe one of several methods by which such an addition can be 
performed. 

To complete our discussion of the addition of two numbers, we find 
there are three cases to be considered. The first, which has already been 
discussed, is the addition of two positive numbers. The second is the 
addition of two negative numbers; and the third is the addition of two 
numbers, one of which is positive and the other is negative. The addi¬ 
tion of two negative numbers is performed by adding their magnitudes 
and attaching a minus sign to the sum; i.e., 

-a + (-«') = -(«-!-«') = -a" 

Thus, our three cases are substantially only two; namely, the adding of 
two numbers with like signs and the adding of two numbers with unlike 
signs. The determination of whether the two numbers have like or unlike 
signs is a simply automated comparison; however, the comparison of two 
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mag^udes is much more complex. This comparison of the magnitude 
<rf two numbers is avoided by the use of a mathematical procedure called 
complementtaion. 

Tie computer addition of two numbers of unlike sign depends upon the 
ability to form from when desired, a digit 0 , such that 

0T = a — Or—1 = (a — 1) — Or ( 2 - 3 - 5 ) 

The digit ft is defined as the (a — 1) complement of or. In some com¬ 
puters the complement is obtained by reversing the mode of digit exami- 
Mtion. The binary computer has the simplest complemen tin g system 
since the complement of 1 is 0 and vice versa. Now, let us consider the 
sum of a -h (—a/) or (—aO "b where as before 


and 


m 

« = X 

n 

1 


n 


(2-3-6) 

(2-3-7) 


(If the indices of the summations appearing in Eqs. (2-3-6) and (2-3-7) 
^ not the same, they are made so by inserting zero coefiBicients in the 
leadmg end or the trailing end or both of one or both numbers.) If the 
SUJQ « + (—a) IS written as 


and if we write 


a -f (o“+‘ — o') — 0"+! 


(2-3-8) 


» 

o-fi = 0 - ^ (a _ 1 )^ = (O - l)a» -1- • • . -I- (a - i)oX 

+ (a-l)a<'-t-(a-l)a-i-l-.. + (2-3-9) 

(Si) o' ao 

= I («-i)a-- I \yr 
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and is called the complement of a'. Here al<n+i) = 0 except when a' = 0 
and then al(n+i) = 1 other = 0. Note that a' is a positive 

number formed from the addition of two positive numbers /3' and a~“. 
If we let a" — a + a', then the quantity a + (o"+^ — «') of the expres¬ 
sion (2-3-8) may be obtained by addition as in Eqs. (2-3-2) to (2-3-4) 
and the expression (2-3-8) becomes 

a -|- (0"+^ — a') — a"+i = a 4 - a' — 0"+* = a" — a"+^ 

m 

= c_„a’‘+^ -f 2) ot'JcT' — o"+* 

rmm —n 

where c_n can be only 1 or 0. If c_„ = 1, then 

m 

a. -1- (o"+^ — a') — a"+^ = 

r- —n 

and in this case a — a' is a positive number. If c_„ = 0, then 

m m 

a -I- (a»+^ — a') — 0"+^ = + X O^r'o^ = ~ («”■'■* “ X 0 ‘r<T~^') 

r«i—n r»«—n 

m 

= — X *^ 0 “'' = -a" 

-n 

a" is the complement of the positive number a 4- (a”+* — a'), and the 
coeflScient a^^cn+D = 0. In this case a — a' is a negative number. Thus, 
the sum of two numbers of unlike signs may be obtained by comple¬ 
menting the negative number and forming the sum of two positive num¬ 
bers : the original positive number and the complemented number. If in 
this sum the carry digit c-» = 1, the result is taken to be the positive 
number obtained by dropping this carry digit; and if c_« = 0, the result is 
obtained by complementing the sum and attaching thereto a minus fflgn. 

For examples of the addition of two numbers of unlike sign, consider 
first the addition of the two base-10 numbers 3,963.200 4- (—0,250.735). 
The complement of 0,260.735 is 

9,749.266 - 9,749.264 4- 0.001 = 10» - 0,260.736 
and 

3,963.200 

4 -9,749.265 

®3,712.465 

In this result c_s => 1, circled, and the result is 

3,712.466 = 3,963.200 4- (-0260.735) 
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obtained by dropping c-t^ As a second example, consider 0,250.735 -|- 
(—3,963.200). The complement of 3,963.200 is 

6,036.800 = 6,036.799 + 0.001 = 10® - 3,963.200 
and 

0,250.735 

+6,036.800 

@6,287.535 

In this result c_i = 0, circled, and the answer is obtained by comple¬ 
menting this result and indicating that the result is negative. The 
complement of 6,287.535 is 3,712.465 and the result is —3,712.465. 

As a third example, consider an addition involving two binary ntim- 
bers which are the equivalent of the base-10 numbers 25.25 and 10.5. 
Since 25.25 = 16 + 8 + l + 3^ = 2« + 2* + 2« + 2“*, then the binary 
representation of 25.25 is 11001.01. Similarly, 

10.5 = 0X2®+1X2» + 0X2* 

+ 1 X 21 + 0 X 2» + 1 X 2-1 + 0 X 2-2 

and its binary representation is 01010.10. To form the sum 11001.01 •+ 
(—01010.10), form the complement of 01010.10, which is 

10101.10 = 10101.01 + .01 = 2 ® - 01010.10 

and then 

11001.01 

+ 10101.10 

(DOlllO.ll 

Since c _4 = 1, circled, then the answer is 1110.11 obtained by dropping 
c _4 in the above result. The base-10 equivalent of this result is, of course , 
14.75. If, however, one forms the sum 01010.10 + (—11001.01), the 
complement of 11001.01 is 

00110.11 = 00110.10 + .01 = 2 ® - 11001.01 

and 01010.10 

+00110.11 

@ 10001.01 

Since c _4 = 0, circled, then the answer desired is obtained by comple¬ 
menting the above result and indicating that the answer is negative. 
Thus the answer is —1110.11 = -(01110.10 + .01). 

For many computers with double-length accumulators it is possible bo 
add a number to either the most significant or the least significant half 
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of the accmnulator. It is essential that the programmer recognize that 
adding to either half of the accumulator may affect the other half. This 
is illustrated in the following example. Consider the addition of —444 
to the upper half Acr of a 6-digit double-length accumulator which con¬ 
tains + 333 333. The complement of —444 is -f- 556. The addition is 

Avr Az, 

-t-333 333 
-1-556 

@889 333 

and, since the highest-order carry is zero (circled) after adding the comple¬ 
ment, the sum must be uncomplemented and indicating that the result is 
negative. The accumulator then contains 

Aiz Az, 

-110 667 

The contents of the lower half Az,of the accumulator has changed to the 
complement 667 of its original contents 333. 

The subtraction of one number from another, whether the two num¬ 
bers have the same sign or have different signs, is defined in terms of 
addition: To svbtract the svbtrahend from the minuevd, change the sign of 
the svbirahend and odd it to the minuend. Thus, subtraction can be 
obtained by a simple modification of the addition process. Figure 2-3-1 
shows a flow diagram for the addition, ot-\- a' — a", or subtraction, 
a — a' — a", of two numbers. The notation for this figure is that 
a = s|al and a' = s'|a'| where s = 1 if a > 0 and s — —lifa<0, and 
similarly s' = 1 if a' > 0 and s' = — 1 if a' < 0. Barred quantities are 
used to represent the complement. 

Most of the existing digital computers use the sign and magnitude 
system described above and a process similar to that shown in Fig. 2-3-1 
to implement the addition and subtraction orders. In some computers 
negative numbers are stored in the complement form just described. In 
these computers the complementing operation indicated by the barred 
quantities in boxes 4, 6, and 9 of Fig. 2-3-1 is not required in the process 
for computing the sum since negative quantities are left in the comple¬ 
ment form selected for the computer. It does not take long for a pro¬ 
grammer or computer user to become adept at recognizing, or obtaining 
by conversion, the magnitude of a number in complement form. Desk 
calculator operators, for example, frequently can convert a result in com¬ 
plement form as fast as they can write. It is customary, however, to 
convert all final results to sign and magnitude form. 
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FIG. 2-3-1. Flow diagram for computer addition and subtraction of two numbers. (A 
barred symbol designates the complement of the corresponding number.) 



N 

FIG, 2-3-2. Flow diagram for Sjv = V 

fc-X 
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Before considering the multiplication of two numbers, represented in 
the sign, and magnitude system, let us consider one of the subprocesses 
involved in the description of multiplication. A generalization of this 
subprocess is that of obtaining the sum of a finite series 
of positive numbers which is basically the problem of 

Eq. (1-4-1). The problem is restated here with differ- 

y 

ent symbols. Let Sn = s. where the superscript 

(fc) is used to differentiate between the iV numbers 

. . . , The superscript is enclosed in paren¬ 
theses to distinguish it from a power. A subscript will be used to indicate 
the digits in the number a<«. Considering the formation of Sy as a com¬ 
puter problem, the flow diagram for the computation of is given in Fig. 
2-3-2. The product of a positive number a by a digit N, 1 < N < a — 1, 
is defined as 

y 

*-i 

where all = a, and as iVa = 0 if IV = 0. Thus, the product Not 
may be computed by the routine given in the flow diagram of Fig. 2-3-2 
by replacing box 2 with box 2' of Fig. 2-3-3. It should be noted in Fig. 
2-3-2 that by placii^ the test, N > k, before the summing operation, 
/?«• + «-♦ Sy, the product Na = 0 for JV = 0 is also obtained. 

The product of two numbers a and a' is positive if a and a' have the 
same sign and is negative if they have different signs. By comparing 
the signs of the multiplier and multiplicand, the sign of the product may 
be determined. The product can be computed by for min g the product 
of the absolute values of the multiplicand and the multiplier and attach¬ 
ing the proper sign to the result. Our discussion is thus confined to the 
product of two positive numbers. Again, let a and a' be defined by 
Eqs. (2-3-6) and (2-3-7) respectively, then 


_2- 

S/f+tr 


FIG. 2-3-3. Change 
to Fig. 2-3-2 pro¬ 
ducing Sjv = Na, 


m m 

aa' <= a 2 = X ai(o'^«) 

r»-n r-i—n 


By defining 


= al„(a»a) + + • • • + a«(a~-a) 


QjC-r+i) _ 


(2-3-10) 

(2-3-11) 


then Eq. (2-3-10) may be rewritten as 


m 

aa' — 5 ) 

r-i —n 


(2-3-12) 
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Let p = aa', then p may be computed by first forming «(“"*> = cr”a by 
shifting a to the right m digits with respect to the radix point. Next, 
set p = 0 and then form ce^a(-”^ by adding to p, times. Then- 
shift a<-") one di^t to the left, producing aex(~”^ = and add- 

o,(-*+i) to times. Continioing in this fashion, the last step is to 

add a<*> to p, al, times, after which p = aa'. The flow diagram for the 
multiplication of two positive numbers by repeated additions and shifts is 
given in Fig. 2-3-4. 



FIG. 2-3-4. Flow diagram for p * aa'. 


For this flow diagram, it is assumed that the coeflScients of thie 
number a' are themselves stored as digits in the arithmetic unit and that 
no infoi^tion is lost by shifting « m digits to the right. In most com¬ 
puters the arithmetic unit has a double-length accumulator for this pxir- 
pose, and multiplication is implemented by an automatic operation 
executed by a process such as that shown in Fig. 2-3-4. 

To program the routine ^ven in the flow diagram of Fig. 2-3-4 by the 
^rw-address computer described in Chap. 1, it is necessary to add to 
tnat computer the following commands r 
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SHL AfiMsAfj =>mi X where a is the base of the number 

representation used in the computer; i.e., shift each 
digit of the word stored in ilfi to the left Ms digit 
positions and store the result in memory location Ma. 

SHR M\MJMa => mi X = m* where a is the base of the number 
representation used in the computer; i.e., shift each 
digit of the word stored in Mi to the right M% digit 
positions and store the result in memory location Ma- 


(As new orders are needed to improve the operation of our computers, 
they will be added in the text. A complete set of orders is given in 
Appendix I for the three-address computer and in Appendix II for the 
two-address computer. Often we will introduce only the three-address 
orders in the text since an adequate description of the corresponding two- 
address order is given in Appendbc II. The reader may find it helpful in 
iiHing the appendices to place a check mark next to the orders in the 
appendices as he learns about them in the text.) 

As an example of multiplication by the flow diagram of Fig. 2-3-4, 
consider the product of the two base-10 numbers 12.6 and 10.5. Let 

a = 12.6 = 1 X IQi + 2 X 10® ■+- 6 X 10"^ 

and = 10.5 = 1 X 10^ + 0 X 10® + 5 X lO-^ 

then for Eq. (2-3-7) o = 10, n = 1, m = 1, «i = 5, oo = 0, a_i = 1, and 

«(-«) = a-»« = 10-Hl X 10^ + 2 X 10® -f- 6 X 10^0 

= 1 X 10® -t- 2 X 10-‘ + 6 X 10-® = 1.26 

The progress of the computation of p = aa! by the flow diagram is shown 
in Table 2-3-6. A table such as Table 2-3-5 is often referred to as a 

TABLE 2-3-5. Partial Dynamic Storage Chart for Multiplication 


n 

— r 

iv « 

k 

otM 

P 

1 

-1 

6 

0 

1.26 

0000.00 

1 


5 

1 

1.26 

0001.26 

1 

-1 

5 

2 

1.26 

0002.52 

1 


5 

3 

1.26 

0003.78 

1 

-1 

5 

4 

1.26 

0005.04 

1 

-1 

5 

5 

1.26 

0006.30 

1 

0 

0 

0 

12.60 

0006.30 

1 

1 

1 

0 

126.00 

0006.30 

1 

1 

1 

1 

126.00 

0132.30 
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vartid storage chart because it shows the contents of a part 
outer. This particular storage chart is referred to as a partja dynamic 
storage chati because it shows how the storage changes each time a speci¬ 
fied set of operations is performed by the computer. The rows la the 
table show the state of the calculation on each pass through box 3 of 
Fig. 2-3-4. The final answer is underlined. 

The computer division procedure determines the structure of the arith¬ 
metic unit to a greater extent than the other arithmetic operations. Since 
the quotient is positive whenever the dividend and the divisor have the 
a*mp ri gn and negative whenever they have different signs, the sign of 
the quotient may be determined by comparing the signs of the dividend 
and divisor. A discussion of the quotient of two positive numbers will 
Bufiioe. Ag ain , assume a and a' are two positive numbers, with a' 0, 
defined by Eqs. (2-3-6) and (2-3-7) respectively. Furthermore, we 
assume ai, > 0. If this were not the case, the digits of the divisor 
eonld be shifted left until the condition was satisfied. This is always 
posmble since o' was assumed to be greater than zero. Let it be desired 
to find a/a' for those positive a and o' such that 0 < oe/ot' < 1. We 
obtain, instead, an approximate quotient 

■ i 

ff=^g.o- = J (2-3-13) 

where each of the g, is one of the digits 0,1, 2, . . . , a— 1. For a given 
number base, the diptal representation of the exact quotient may have 
an infinite sequence of digits. Let 

rW = ar<-« - or q,(r^ = (2-3-14) 

where fW = a and 0 < r<*> < o'; 

, a 

d '^~d~ 
a-*r«) , o-*r«) . 

o' . 


then 


gio-i 

gsa~* 

g»ar-‘ 




IT I ^—#—— 




NUMBER REPRESENTAf/ONS, ARITHMETIC OPERATIONS, AND SCALING 43 


and by adding the above 


t 





(2-3-16) 


From Eq. (2-3-15) it is seen that the difference a/a' — q can be made as 
small as desired by choosing k sufficiently large, since < 1- The 

r<*) are called the remainders and the 


restriction that 0 < < a' indi¬ 

cates how the computer is to carry 
out the division. The procedure 
outlined is called the Euclidean algo¬ 
rithm. Start by subtracting a' from 
oa, and if aa — a' is positive, then 
a' is subtracted from aa — a'. If 
Oa — 2af is positive, then a' is sub¬ 
tracted from oa — 2a', etc. Finally, 
~ (p + !)«' will be negative and 
oa — pa' will be nonnegative for 
some p, p = 0, 1, 2, . . . , o — 1; 
then qi = p and = oa — gia'. 
This process is now repeated with a 
replaced by or<‘^, and q% is similarly 
obtained. This procedure is con¬ 
tinued until qh is obtained. Figure 
2-3-5 shows the flow diagram for the 
division of two positive numbers 
where the only arithmetic operations 
used are subtraction, addition, and 
shifting. In this flow diagram Eq. 
(2-3-14) is considered to be the 
principal equation to be computed. 
In box 0, s is set equal to 1 and 
or<®> is set equal to aa. The oper¬ 
ation of box 6 is that of shifting 
rW one digit position to the left. 
As an example of division, following 
the flow diagram of Fig. 2-3-5, con¬ 
sider the quotient of the two base-10 



FIG. 2-3-5. Flow diagram for the division 
of two positive numbers. 
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numbers 0.359/1.25. Letting fc = 3, the division is shown in Table 2-3-6 
and gives 


« = T = 2 X + 8 X 10-‘ + 7 X 10-‘ = .287 

The rows in Table 2-3-6 show the state of the calculation after execution- 
of the operations of the box indicated in column 1. 


TABLE 2 - 3 - 6 . Partial Dynamic Storage Chart for Division 


Box 

k 

8 

P 

a' 

orf-« 

7 *(*) 


0 

3 

1 


1.25 

3.59 

0.00 


3 

3 

1 

0 

1.25 

2.34 

0.00 


3 

3 

1 

1 

1.25 

1.09 

0.00 


3 

3 

1 

2 

1.25 

-0.16 

0.00 


5 

3 

1 

2 

1.25 

-0.16 

1.09 

2 

7 

3 

1 

2 

1.25 

10.90 

1.09 


3 

3 

2 

0 

1.25 

9.65 

1.09 


3 

3 

2 

1 

1.25 

8.40 

1.09 


3 

3 

2 

2 

1.25 

7.15 

1.09 


3 

3 

2 

3 

1.25 

6.90 

1.09 


3 

3 

2 

4 

1.25 

4.65 

1.09 


3 

3 

2 

5 

1.25 

3.40 

1.09 


3 

3 

2 

6 

1.25 

2.15 

1.09 


3 

1 

3 

2 

7 

1.25 

0.90 

1.09 


3 

3 

2 

8 

1.25 

-0.35 

1.09 


5 

3 

2 

8 ! 

1.25 

-0.35 

0.90 

8 

7 

3 

2 

8 

1.25 

9.00 

0.90 


3 

3 

3 

0 

1.25 

7.75 

0.90 


3 

3 

3 

1 

1.25 

6.50 

0.90 


3 

3 

3 

2 

1.25 

5.25 

0.90 


3 

3 

3 

3 

1,25 

4.00 

0.90 


3 

3 

3 

4 

1,25 

2.75 

0.90 


3 

3 

3 

5 

1.25 

1.50 

0.90 


3 

3 

3 

6 

1.25 

0.25 

0.90 


3 

3 

3 

7 

1.25 

-1.00 

0.90 


5 

3 

3 

7 

1.25 

-1.00 

0.25 

7 

7 

3 

3 

7 

1.25 

2.50 

0.25 

1 


2-4. Scaling of Numbers 

This subject will be introduced in the reverse order of its historical 
introduction to high-speed computers. The “scientific representation" 
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or “scientific notation” for numbers has long been used by chemists, 
physicists, engineers, and others who work with numbers which either 
vary over a wide range or numbers which are extremely large or extremely 
pmall when representing a measure in a desired unit. For example, an 
astronomer may be giving the distance, in light-years, to a distant star. 

If this distance is approximately 1,860,000,000 light-years and this is as 
accurate as it is measured (that is, the digits 1 and 8 are correct and the 
remaining digits are nearer 60,000,000 than they are 50,000,000 or 
70,000,000), it may be preferable to write this distance as 1.86 X 10® 
ligh t-years to conserve effort, space, and ambiguity. Similarly, the 
physicists may give a radius of an atom as 1.6 X 10~® centimeters 
rather than fill the line with zeros. 

A number a, the base of which is o, having m + I digits has the 
scientific representation 

m 

a = (±ao.aiaa • ’ * Om) X o" = ±0” X 

r-O 

where ao > 0; that is, 1 < ao.aia» • • • a™ < a, and the exponent n is 
either a positive or negative integer or is zero. tTsuaUy, in this notation, 
_|. 1 ) is the number of significant digits in a. The restriction ao > 0 
does not allow zero to be written in this form, and common usage has 
been to write a = 0 for zero. 

Let us now adapt the scientific notation to a computer word containing 
ten decimal digits. One representation of such a word is 

± aoaiasaiaoaoaoaragat 

where the digits ar, 0 < r < 7, are referred to as the precision digits, and 
the power or exponent is represented by the digits ag and ag. Since the 
computer word has only one sign digit and since scientific notation 
requires a sign for the precision digits and a sign for the exponent, 
o*/2 == 50 (for base 10) is usually added to the exponent. This restricts 
the range for the exponent to - 50 < n < 49 (i.e., — o®/2 < n < a*/2 — 1) 
and then the modified or pseudo exponent fi = n + 50 (i.e., n -I- oV2) has 
the range 0 < < 99 (i.e., 0 < fl < a® - !)• Thus 

7 

« = ±ao«i • ■ • arasao = ±arO"' (2-4-1) 

where ft = agao. A computer word having the repre^ntation of Ec^ 
(2-4-1) is said to be represented in floating point notation as contrasted 
to the fixed point notation discussed later. A second form for repre¬ 
senting floating point numbers using the first two digits for the pseudo 
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exponent is described at the end of this chapter. This second form has 
a computational advantage over the form described above. The abso¬ 
lute value of the largest number represented in this system is 

9.9999999 X 10« 

and the absolute value of the smallest nonzero number is 


1.0000000 X 10-*“ 

Zero is represented in this system by » = ata» = 00 and 

ao = ai = • • * = a? = 0 

and operations involving zero are given special handling by the computer. 

So that floating point calculations may be conveniently programmed, 
for the three-address computer of Chap. 1, the following exiract command 
is added to that computer. 


XTR MiMiMx=^ Replace the digits of ms, as designated by ms, with tKe 
corresponding digits of mi. If in ms, s or d, (r = O, 
1, . . . , 9) is a zero, the corresponding sign or digi'b 
of ms is not changed^ and if s or dr is a one, the corre— 
ending or digit of ms is replaced by the corre¬ 
sponding s^ or digit of mi. 


The eadract conunand is also useful in many other computation.a.1 
operations. 


As an example of a floating point operation, consider the prodiicfc 
« = Wwhere« > Oanda' > 0. Writings = ao.ai ••• «,, 

5r — a^.a^ • • . an^ then 


a = a X 10“-*“ 
a' = s' X 10*'-*“ 




It is desired to form a" = a" X 10*"-*“; where a" = aj'.a'' ■ « 

^ ® such that a" = ac/ (the approximation 

symbol is used to indicate that the product is rounded and thus may no-fc 
be exaet). Let 


/J — ^0.^1 • • • jSijSsiSs — ff-^aa' 

where /So through A are the leading 10 digits of the product «-W, thion 
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o“‘ < P < a. Set 



i3o.|Si • ■ • jSr if |8o 5^ 0 

jSi.jSa * ■ ■ iSs if ;8o = 0 

fl + fl' - 4S if /So 0 

+ ifi' — 50 if /So = 0 


then a" has the floating point representation, Eq. (2-4-1), and is 
a" = a" X provided 0 < » < 100. K rl > 100, the case is 

called exponent overflow, and the computer is usually programmed to set 
an “alarm”; if ^ < 0, the floating point computer product is made zero. 

Let w = 01000000000 (sign not extracted), z = 11111111100 (sign 
extracted), and y = 00000000011 (sign not extracted) be the extrac¬ 
tors to be used in the product computation; and let the symbol XTR 
(mi,mi) —* mt represent the extract command. The flow diagram for the 
preceding floating point product is given in Fig. 2-4-1. 

In the flow diagram of Fig. 2-4-1 we have assumed that all words are 




FIG. 2-4-1. Flow diagrom for floating point multiplication. 
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stored in the computer in the form ±aoai ‘ ‘ without considering tlx^ 
construction of the arithmetic unit. This flow diagram may be chango^ 
by such considerations. Boxes 10 and 14 are safeguards in the routing 
which cause the computer to correct the product or to set an alarm if tb-^ 
computer is requested to produce a product which does not lie withi^^ 
the range allowable by the floating point representation; that is, a an<^ 
a' may have legitimate floatiug point representations, and a" may no't- 
For example, if a ^ = +1000000076 (a = 1.0000000 X lO*®), the» 

the pseudo exponent of a" is fi" = 76 + 76 — 60 = 102 and 102 > lOO 7 
similarly, if « = a' = +1000000024 (a = 1.0000000 X lO-^e), then tb^ 
pseudo exponent of a" is n" = 24 + 24 — 50 = —02 and —02 < 00. 

This discussion of floating point notation, although carried out in ^ 
general form, has assumed that the base a is decimal. If a = 16, tb^ 
discussion would probably be unchanged and if a = 8, the comput©^ 

words would probably contain 12 digits, a = aoai • * * aioan, andaioan-d 

ail would represent the pseudo exponent. If a = 2, the word size woul^ 
probably be 40 digits (bits) and a 82 * * * ctz 9 would represent the pseud-O 
exponent. The number bases, i.e., 2, 8, 10, and 16, used in existin-g 
computers are even integers, and the digit a/2 may be used for roundixxg 
and may be used for exponent modifications, where p is a positive 
even integer. 

The process of determining the multiplication factors for each variable 
of a problem so that these variables and the result of operations upon 
them will be numbers representable by the computer is the process of 
scaling a problem, and the factors are called the scale factors. The abilitiry 
to scale problems for a computer depends upon the ability to work witili 
inequalities and VL’pon a knowledge of error generation and propagation- 
A knowledge of the physical behavior or mathematical properties of tbe 
problem is often useful in scaling a problem. A later chapter is devotod 
to some of the basic concepts of numerical analysis and contains a bibli¬ 
ography of books and articles on numerical analysis which may be helpful- 
A basic knowledge of inequalities, such as contained in any elementary 
college algebra text, is assumed for the reader. Through examples of 
programming problems and subroutines, many of the methods of scaling 
a problem will be exhibited in this book. In floating point computations 
the computer automatically processes the scale factors. In fixed point 
computations (c/. next paragraph) the programmer provides for, the sca^le 
factor processing. In either case the programmer must be aware of the 
nature of intermediate results and the possibilities for loss of significan.ee 
in the results due to accumulation of rounding errors and cancellation of 
significant digits. 
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For a computer containing words of length, m digits with base a, we 
will represent a number in such a computer as 

m —1 

a = ±.aoai • • • a„_i = ± ^ ctror-^ (2-4-2) 

r-0 

(Note that in this representation ao is the coefficient of a-\ ai is the 
coefficient of o"*, etc., whereas in Eqs. (2-3-6) and (2-4-1), ao is the coef¬ 
ficient of o“, ai is the coefficient of a-^, etc. Both representations are 
used in computer manuals.) Such a representation is referred to as a 
fixed “poini Teprssentciion, and the number for such a representation lies 
in the range — 1 < a < 1. The particular choice of Eq. (2-4-2) for the 
representation of allowable numbers of the computer will be discussed 
after we have described the arithmetic unit of the computer. 

Suppose we add two numbers a and a', of the form of Eq. (2-4-2) 
together—remembering that the sum a" = a + a' must be storable in 
the memory in the form of Eq. (2-4-2)—then we immediately realize that 
a and a' must be such that the sum lies in the range — 1 < a" < 1. 
The register in the arithmetic unit of the computer, in which the results 
of addition, subtraction, multiplication, and the remainder of division 
are formed, is called the accumulator (abbreviated A), and contains the nign 
and the digit positions .4.-1.4.0 • • • Am-iAm ‘ ’ • Asm_i. This accumu¬ 
lator is often divided into two parts: the upper or l^t accumulator (abbre¬ 
viated Au) containing the sign and the digit positions 4._i4.o • ■ • 4.»_i 
and the lower or right accumulator (abbreviated Ax) containing the digit 

positions 4.m * ■ • 4.2m-i. By having the result a" of the addition a-f- 

appear in the upper accumulator, 4.—i may be checked automatically by 
the computer to determine if it contains a one or a zero before a" is stored 
in the memory. If in the addition of two numbers of like sign 4._i con¬ 
tains a one, then co, the carry digit from ao + ai + Ci> is 1 and |a"l > 1. 
If 4.-1 contains a 0, then la"| < 1. Whenever 4_i of the upper accumu¬ 
lator contains a one at the end of an arithmetic operation, an overflow is 
said to have occurred. By having the computer stop before the execution 
of the next order after an overflow, except when the next order contains a 
“transfer on overflow” command, the computer can assist in detecting 
fallacious calculations. A transfer on overflow command for the three- 
address computer of Chap. 1 is as follows: 

OVW JlfiAfsJlf 3 =!> Ignore Mi and M*. If an overflow occurred as the 
result of the preceding order, take the next order from 
memory location Afg. If an overflow did not occur, 
take the next order sequentially. 
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With such a command the result of an addition can be checked, and. 
overflow has occurred, then the computer may take its next order 
from a subroutine^ which, instead of performing a + a\ perform-^ 

a-^(a + a') = + a^W = 

and obtains an answer within 
range used by the computer. For 
example, suppose on a computer for 
which a and m are 10 we wish, 
part of a problem to perform -ttte 
calculation a" = .00035875 (a •+- o:') > 
where — 1 < qj, a' < 1; then, for 
many combinations of a and a', -blxiB 
subroutine could be carried out e*s 
in the flow diagram of Fig. 2-4—2 
where 

P = +.0003587500, 

p' = +.0035875000 

and OVW? implies the command 
OVWikfiMaMg. Since 

a" = .00035876 (a + a') 

)RG. 2-4-2. A flow diagram exhibiting the the answer will be a number within 
use of the QVW order. the computer's range as long as 

and a' are numbers within rango^ 
However, it may be that la + a'j > 1, in which case an overflow will 
occur before a" is obtained. Therefore, in box 2 of Fig. 2-4-2 the addition 
is checked to see if the condition la + a'l < 1 is satisfied. If an ovor- 
fiow has occTirred, then p{a + a') is obtained by forming 

10/3(10“ia + 10-W) = i3'(10-ia + lOrW) 

It may be noted that in the above process, one digit of precision is lost 
during the scaling for the overflow case. 

As previously described, subtraction is carried out in the arithmetic 
unit by changing the sign of the subtrahend and adding. For multipli¬ 
cation and division, another register, which is usually called the quotient 
register (abbreviated Q), is added to the arithmetic unit. This register 
contains a sign and the digits g-i.gogi • • * 

^ A subroutiiie is a part of a computer program. It is usually designed to per¬ 
form one or more computation or input-output tasks, c/. Chapter 6. 
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For the three-address multiply command MLT MMiMt, let the con¬ 
tents of memory location Mi be a and the contents of Mj be a'. For 
such an order, the accumulator is initially set to zero 

(■d—l) = (^o) = • • • = (A2m_i) = 0 

and la'l is sent to Q, the digits «'o through a^i going to go through g«_i 
respectively. The digit position g^-i is tested for zero. If g«_i 5 ^ 0, 
then gm-i is decreased by one, and |a| is added to the upper accumulator 
in digit positions Ao through This procedure is repeated with 

carry digits carrying over into A_i until gm-i = 0. When g^-i = 0, then 
|al has been added to the upper accumulator times. Next, the con¬ 
tents of the accumulator, upper and lower, and the contents of Q are 
shifted right one digit, and a zero is inserted at the left end of A and Q. 
The contents of Q are now the digits Oao«i * • ' “I -2 positions 
gogig* * * • gw-i respectively. The previous process is repeated; that is, 
|a| is added to the accumulator, in digit positions At through Am-i, 
j times. This process of adding ja] to the accumulator times and 
shifting right one digit is continued until la| is added to the upper accumu¬ 
lator a't times. Then the contents of the accumulator, upper and lower, are 
shifted one digit to the right. The digit positions, A 0 • • • A,„_iA„ ■ • * 
Asm-i, of the accumulator now contain the product ua' and A_i contains 
a zero. The most significant digits of aa' are in the upper accumulator, 
and the least significant digits are in the lower accumulator. We note 
that an overflow will not occur since if lal < 1 and ja'I < 1, then jaa'I < 1. 
The sign of the product is inserted in the sign digit of Atr. Since the 
2 m digits of the product are available, we add the multiplication order: 

MLT MxMjM* =» Store the most significant half of the digits of the 
product wiiOTj in memory location M» and the least 
significant half of the digits of wiiwij in memory loca¬ 
tion M» -f 1. The accumulator sign is common to 
Air and At. 

Further, since the product of wii, the word in memory location Mi, and 
w*, the word in memory location M 2 , appears in the digit positions A 0 
A«_iA» • ■ * Aim-i, then, before storing the product in the memoty, 
(o/2)o“*“* may be added to the magnitude in the accumulator, producing 
thereby a rounded possible product in the digit positions Ao ■ ■ ' Am_i. 
Examination of the largest product shows that this process caimot pro- 



52 PROGRAMMING AND CODING FOR AUTOMATIC DIGITAL COMPUTERS 

duce an overflow. The following multiplication command of Clxsbjp- ^ 
called “multiply round” is repeated: 

MLR JfiikfsM8 =» mi X m 2 = ms where ms is the rounded produc*b. 

The function of the accumulator and the quotient register will noW 
exhibited in connection with the division command DIV MiM^Mz for* 'fclre 
three-address computer. Again let a be the word stored in memory^ loca*- 
tion Ml, and a' be the word stored in memory location M 2 . It is deBir^ed 
to compute a" = a/a^ where a and a' are of the form of Eq. (2-4-2) arid 
the result a” is also to be stored in memory in this form. That is, we 
are given \a\ < 1 and |a'| < 1, and it is desired to form a" wherxover 
la"! < 1, i.e., whenever \a\ < |a'|, and to stop the computer (or set tlxe 
overflow toggle at the completion of the division command) if |a:"| ^ 1- 

The division procedure as carried out in the arithmetic unit is to clear 
the accumulator and enter [a| in the upper accumulator in digit positiorts 
Ao through A«_i and then subtract |a'l from the upper accumulator. 
If la[ — \a'\ > 0, then stop the computer (or set the overflow toggle) 
because la| > |of'| and \a^'\ will be greater than or equal to one. It xxxsuy 
be noted that this test will stop the computer whenever the divisor is 
zero, even in the indeterminant case when both dividend and divisor 
are zero. If \a\ — \a*\ < 0, add \a'\ to Au and shift the contents of tlx© 
accumulator left one digit position. The accximulator now contains tlx© 
digits m through 0*^1 in the digit positions A-i through and zoros 
in the digit positions A,n-i through Aim^i. Subtract |a'| from Arz and 
test to see if (A) > 0. If (A) > 0, add = +.00 • • • 01 to Q, sixb- 
tract ja'l from Auj and again test to see if (A) > 0. This proceduir© is 
continued until (A) < 0. When (A) < 0, add \a'\ to Au and shift tlx© 
contents of A and of Q one digit position to the left. This process is 
repeated through m - 1 shifts of Q. After (A) < 0 and |a'| is added to 
Au, but before the mth shift left of one digit position of Q, the division 
process may be stopped. The digits of the quotient a”, i.e., aQ througlx 
now appear in Q in the digit positions go through g^^-i respectively. 
The sign affixed to a'* is plus if the signs of a and ex! are the same, a*xxd it 
is minus if the signs of a. and a! are different. At this time Au coel tains 
the absolute value of the remainder times a”*. The sign to be atta«clxed 
to the remainder is alwa 3 rs the same as that of the dividend a. Sine© 
the quotient and times the remainder are available, the division or dor 
can be changed to: 

DIV MiMJMz Ml -T- m 2 = THz where the quotient is stored in memory 
location Mz and times the remainder is storod in 
memory location Mz + 1. 
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Since the digit position g-i of Q is still available, the mth shift left of Q and 
the (jn + l)th shift left of A of the previous procedure could be performed, 
and the process stopped before the (m + l)th shift of Q takes place. At 
this time Q contains a" through «"_! in the digit positions q-i through 
Qm-i respectively, and the next digit of the quotient in digit position 
By adding a/2 in the digit position gm-i and shifting the contents of Q 
right one digit position, Q contains the roimded quotient of |a|/|a'| in 
digit positions go through gm-i respectively. The sign of the quotient is 
inserted as before. The following division command called “divide 
round” is repeated for the three-address computer of Chap. 1: 

DVR MiJkfjJkfa JHi -r- OTo = mj where m* is the rounded quotient. 

Continuing with the fixed poiid representation of numbers, it can be 
shown that if the length of a base-a computer word is m digits and sign, 
then the computer can distinguish between 2a“ — 1 different numbers. 
The “2” in the preceding number allows distinguishing between positive 
and negative numbers and the “ — 1” exists because we do not wish the 
computer to recognize 4-0 as a different number from —0. The pre¬ 
cision, then, of the computer in differentiating between two numbers is 
one part in (2a"* — 1) parts. Thus, independent of the magnitude of 
the words handled by a computer (the placement of the radix point), the 
precision of the computer remains the same. 

Since the addition of two numbers in a computer is performed by add¬ 
ing, in Av, the m digits of one word to the m digits of the other word, 
the sum of the two words can be carried out correctly only if their radix 
points align. The sum may be stored in memory if an overflow does not 
occur. K two numbers are stored in memory with the radix points in 
different positions then one number must be shifted in the accumulator 
to align the radix points before addition or subtraction can be performed 
correctly by the computer. 

Most computers form the product of two numbers a and a' by a pro¬ 
cedure equivalent to adding |al to Au times, shifting the contents 
of the accumulator one digit to the right, adding la| to Au times, 
and continuing this process until |a| has been added to Au, «o (the left¬ 
most digit of la'I) times, and the contents of the accumiilator is shifted 
one digit position to the right. The sign of the product ««' is assigned 
to the accumulator at the end of the multiplication command. Thus, 
the m most significant digits of aa' appear in Atr and the m least sig' 
nificant digits of aa' appear in Ax,. If s and t are two integers such that 
—1<«, <<m — 1, and if the radix point of a is located between the 
digits a. and and the radix point of a' is located between a't and 
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aifi, thea the radix point of the product aa' is located between digi'^ 
positions At+tn and Ah-h-s of the accunaulator. If s + i = 2m — 2, the^ 
the radix point is located at the right end of A. 

Similarly, in the division of a by a', the location of the radix poiti'^ 
of the quotient of two numbers depends upon the location of the radi^ 
points of the dividend and divisor. With s and t designating, as before 7 
the locations of the radix point in a and a' respectively, the radix poid'*' 
for the quotient is located between and g«_(. 

Thus, it is apparent that we can locate the radix point an3rwhere vv'^ 
wish in a word, but we must be careful in programming problems for tb.® 
computer to keep a record of the location of the radix point before and 
after each arithmetic operation, and the radix points of two words mnsfi 
be lined up before adding one to the other, before subtracting one froKXX 
the other, or comparing one with the other. However, as we hav© 
already demonstrated, by having the words represented as in Eq. (2-4-2 ), 
the radix point may be considered as automatically located at the lefts 
of a* by the computer, and the range of the variables may be handled 
by introducing scale factors into the equations. Thus, in the remainder 
ot this text we wUl assume numbers to have this fixed point representation - 
Let us now return to the example of obtaining the product a.” = aot' 
where a > 0 and o' > 0 and a, a' and a" are in floating point notation. 
However, let us write the pseudo exponent as the first two digits of th.© 
number. In this example we use decimal representation and a 10-digit>- 
and-«ign word length. Let 

« = a.«i.00000000 »'= aJa'i.OOOOOOOO n" = aj aJ'.OOOOOOOO 

and 

P = -fOO.aias • • • 0-9 ^ = -t-OO.ajttJ • • • aj 

= +oo.«"«" •••«;' 

ar^ < fi, P', < 1, a = 10 

9 

then a = = a*^®*/* a^i-r 

r—2 

o' = I (2-4-3) 

r-2 

9 

and a" = = a«"-»vs ^ 

r-2 

Again, the number zero is assumed to have the floating point represen¬ 
tation in which ojo = ai = • • • = By the floating point; 
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representation of Eq. (2-4-3), where the word a contains the ten. digits 
ao through at, the TRA command may be used directly to determine 
which of two floating point numbers is the greater. However, each num¬ 
ber represented by Eq. (2-4-1), in which the pseudo exponent occxirs at 
the right, must be divided into two numbers, one containing the sign of 
the word and the pseudo exponent and the other containing the sign of 
the word and the precision digits, before a comparison of two such num¬ 
bers can be made. If the sign and pseudo exponent of one number are 
algebraically greater than the sign and pseudo exponent of the other, the 
comparison is completed; if they are the same, then the signs and the 
precision digits of the two numbers must also be compared. The float¬ 
ing point representation of Eq. (2-4-1) was included because of its wide 
use in the past. 

Returning to the product a" = aa' where the representation for each 
number is defined by Eq. (2-4-3), we now discuss the computer compu¬ 
tation for products in this form. Let 

7 = a~*j8 = -t-.OOajOs at 

and y' = — -i-.00«ia} • • • 

then 7 and y' are computer words with fixed point representations as 
defined by Eq. (2-4-2). Define 

7" = (a*T)(a70 = .^y'i ‘ - y'i 

where 0, y", y», - ,yt are the leading digits of the product a^yy', then 

aV' = 00.7 ;'y;' • • • Yi' if y" = 0 

07 " = 00.7"y" • • • Ys' ay'i^o 

if 7 " = 0 
fi +a' - 50 if 7 " 5 ^ 0 

Thus, a" = 10""“*®/3" and possesses a floating point representation in the 
form of Eq. (2-4-3) when 0 < ft" < 100. Addition, subtraction, and 
division of numbers in floating point representation can be discussed in a 
similar fashion. 

We add the following floating point arithmetic comnoands to the three- 
address computer: 

FAD ikfiilfsilf j OT» = TOi + m 2 where mi, m 2 , and m 2 are in floating 

point notation. 

FSB MjMiMt m 2 =* mi — m 2 where mi, m 2 , and m 2 are in floating 
point notation. 


= 

and ft" = 
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FME M 1 M 2 M 3 ms = mim 2 where m 3 is the rounded product and mi, 
m 2 , and ms are in floating point notation. 

FDR ilfiJM’sM's =^ms = mi/m 2 where m 3 is the rounded quotient and 
mi, m 2 , and ms are in floating point notation. 


In these orders we assume the floating point notation is that of Eq. (2-4«8). 


2-5. Number Representafion Conversion 

Often data to be processed by a computer are given in a number base 
representation other than that used by the computer. This is especially 
true for binary computers where much of the input data to be processed 
is in the decimal representation. Usually, binary codes are automatically 
assigned to the decimal digits so that the digital information may be read 
into the computer ,vand, then, a computer conversion routine is used to 
convert the hinary-coded decimal data to binary representation. Simi¬ 
larly, the binary representation of computational results obtained by a 
binary computer are often converted (by the binary computer) to a 
binary-coded decimal representation so that they may be examined by 
persons not familiar with the binary representation of numbers. Pro¬ 
cedures for converting a word in one number representation to another 
number representation are outlined in the remainder of this chapter. It 
will be assumed that all number representations have positive integer 
bases greater than one. 

The process of converting input data to the number representation of 
the computer is a relatively simple procedure. Let us assume that a 
number is given in base d as 

N 

« = S (2-5-1) 

n—0 

and t^t the computer uses base 6 arithmetic. Further, we assume that 
there is a umt which automatically codes each digit of the base d word 
as a number in base-& representation. That is, 

p 

«» = X (2-5-2) 

P-0 


w ere Me base -6 digits. Table 2 - 2-1 may be used to code base- 8 , 
K ’ ^ digits. Thus, we have a means of storing the 

base-d digits m the base -6 computer. However, this need not represent 
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the conversion of the base-d word to a base-& word. Consider the num¬ 
ber (0.75)io. The digit 7io = (111)2 and the digit 5io = (101)2,' however 

(0.75)io 5^ (0.111101)2 

Mnce ( 0 . 1111 ^ 01)2 = M H + he-h Ha = (0.953126)io 

On the other hand, as shown in Sec. 3-9, 

(0.76)8 = 7 X 8-1 -h 5 X 8-* 

= H + H-l-H + h6 + H4 = (0.953125)io 

To understand how the conversion may be properly achieved, write Eq 
(2-5-1) as 


JV 

^ =s { . . . [(fi;yd~l + 5jy_i)d~l -1- fijV'-dd-l 


By also having d-i < 1 in base b, i.e., 


+ • ' • + 5o}d-i (2-5-3) 




B 

r-0 


(2-5-4) 


we may substitute Eqs. (2-5-2) and (2-5-4) in Eq. (2-6-3) giving the 
desired conversion formula 


f ^ ^ jP 22 

^ = { • • • [(ElSjrpb^ X X J 

r»«0 f*0 

^ ^ -P 2 J 

+ + • • • + X^Po.pb^} ( 2 - 6 - 6 ) 

Returning to our example, 


(Ko)io = (0.000110011)2 

thus, by Eq. (2-5-6) 

(0.75)io = [(101.0)(0.000110011) + 111.0](0.000110011) 

* (0.10111111)2 = (0.74609375) 10 

with a truncation error of 2-8. Actually, (0.75)io = (H)io = (O.lDj. 
Similarly, 0^)20 = (0.001)* and by Eq. (2-5-5) 

(0.75)* » [(101.0)(0.001) -I- 111.0](0.001) * (O.llllOl)* 

Using a computer to convert results to a number representation with a 
base other than its own implies that the digits of the other representation 
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may be coded in the representation used by the computer. Conversion 
routines are often -written for binary computers -which convert nuro-bers 
in the binaiy representation to a binary-coded decimal representatbion. 
That is, four binaiy digits are used to represent a single decimal digi'b in 
accordance with Table 2-2-1. For example, the binary number O.H 
converted to the number 0000. 0111 0101 in binary-coded decimal. The 
first four digits to the right of the decimal point, 0111, are interpreted 
as 7 and the last four digits are interpreted as 5. Thus, the conversion 
problem from binary to decimal representation may be considered to be 
that of translating from binary representation to binary-coded decimal 
representation. The following discussion, then, is for the conversion from 
a number representation in base b to one in base d; b and d are positi-ve 
integer bases greater than 1, where the conversion is done with base b 
arithmetic. Our discussion depends on the folio-wing lemma and two 
definitions. 

Lemma. If two finite n-umber representations represent the same xx-um- 
ber, their integral parts are equal, and their fractional parts are equal- 

Dbbtoitions. 

1 . For z > 0, [a] represents the largest integer not exceeding x. 

2. (a) = a — [a]. 

The integral part of a is [a], and the fractional part of a is (a). 

We assume that we are given a positive niunber with representa-bioix 

s 

13= X 

rmO 

and we desire the representation 

y 

(/ 3 )d = 8 = X 

n-0 

where the approximation occurs since we desire only a finite nunxbex* of 
digits W in the representation d. Thus, let us write 

^ B 

X 8 „d-(»+« = X ( 2 - 5 - 6 ) 

n«0 r-iO 

and, by multiplying both sides of Eq. (2-6-6) by d, we have 

ir B 

8o -f- X = (d)j X l3rb-('+'^> 

n-1 r-O 


(2-5-7) 
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Applying the lemma, Eq. (2-6-7) gives 

B 

So = [(d)» 2 (2-5-8) 

f—0 ' 

^ R 

= <^(<i)» (2-5-9) 

Next, we repeat the process and multiply both sides of Eq. (2-5-9) by d 
giving 

^ R 

*1 + ^Xg W“"+^ = (d)6 <Qd)t ^ (2-5-10) 

Applying the lemma to Eq, (2-5-10) gives 

B 

Si = [(d)j \(d)i X^;8,6-(«+«^] (2-5-11) 

and X = <^(^)i <C(d)6 X (2-6-12) 

The preceding process is continued until the N coefficients 5„ are obtained. 

Retiiming to our example, consider the binary number (0.11)2 which 
we wish to convert to binary-coded decimal representation. Thus, we 
have ’ 

0 = (l)iX (0.1)2 -I- (1)2 X (0.01)2 
and S = (So)2 X (1010)2-^ + («i)2 X (1010)2-* 

since (10) lo = (1010)2. By Eq. (2-5-8), we have 

(«o)3 = [(1010)2 X (0.11)2] = [(111.1)*] 

- (0111)2 

and thus 5o = 7. Similarly, by Eq. (2-5-11) 

iSi)i = [(1010)2 X <(111.1)2)] = [(1010)2 X (0.1)*] 

= (0101)2 

and Si = 5. Thus, S = 0.75. 


PROBLEMS 


2 -1. Given a and a' in the floating point notation of Eq. (2-4-3), construct a 
flow diagram for the operations of floating point addition and subtraction. 
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2-2. Describe how the multiplication of two positive numbers may be perfomcxed 
by successive additions without the use of the Q register. Suggestion: S&xxd 
the multiplicand to Au and the multiplier to Al. 

2-3. Describe how the division of two positive numbers may be performed 
out the use of the Q register. 

2A. For what range of numbers a and o' will a", in the problem of the flow 
gram of Fig, 2-4-2, be zero? 

2-5. Give a proof for the lemma of Sec. 2-5. 

2-6. Prove ihat the coefficients Sn as acquired by Eqs. (2-5-9), (2-5-11), etc., 
single digits in base-d representation. 

2-7. Develop a procedure for converting from a base-d representation to ^ 
base-& representation for an integer. 
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PROGRAMMING AND CODING 


3-1. Introduction 

In Chap. 1, the reader was introduced to programming and coding 
through a discussion which demonstrated the need for a flow diagram. 
This flow diagram was used to show the organization of a problem and to 
exhibit the sequencing of the parts of the problem so that it might be 
coded for an automatic digital computer. In this chapter, a more 
detailed discussion of the procedures for drawing flow diagrams and the 
deriving of a code from them will be given. At first two types of fiow 
diagrams, the problem flow diagram and the computer flow diagram, will 
be introduced as an aid to learning. In deriving a code from the com¬ 
puter flow diagram, codes for a three-address and a two-address com¬ 
puter will be used. The word size of these computers will be assumed to 
be ten decimal digits and a sign digit. The magnitude of the number 
representations is assumed to be in the range 0 < |tc| < 1. 

After several codes have been written for each computer, we will intro¬ 
duce a detailed flow diagram, the object of which is, insofar as possible, 
to relieve the programmer of drawing both a problem and a computer 
flow diagram. In the last section of this chapter some of the concepts 
of coding for binary computers are introduced. 

Much of the material covered in this chapter stems from the investi¬ 
gations of John von Neumann, H. H. Goldstine, and A. W. Burks as 
given in their U.S. Army Ordnance reports^ and the notes® on lectures 
given by D. A. Flanders at Oak Ridge National Laboratory. 

‘ See footnote 1 to the preface. 

* D. A. Flanders, “Notes on an Introduction to the Programming and Coding of 
Problems for the ORNL Electronic Digital Automatic Computer,’’ Argonne National 
Laboratory, Dec. 3, 1951. 
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3-2. The Problem Flow Diagram 

The problem flow diagram is, as the term indicates, a road ma-P 
flow chart of the problem. The problem, however, should he pror>®^^y 
stated for the computer before such a diagram is drawn. For exanc».P^®> 
the problem of finding the sum s given by Eq. (1-4-1) 

n 

s = X Of (1-4-1) 

J-1 

of Chap. 1 is symbolically described by that equation. But, siid'- 
d^iiption must he enlarged before it is adequate for computation- ’To 
compkte the description for a computer we need to know an upper botznd 
for n, an upper bound for the magnitude of all cy, and the desired accu¬ 
racy for the sum. Suppose these requirements are as follows: 


n<700 
I%1 < 1 


and, mstead of direcHy specif 3 dng the accuracy for the computation of 
the sum s, we stipulate that each a,- may be rounded to the seventh digit 
to tibe ti^t of the decimal point. From these requirements, a will he 
less than 1,000 but may be greater than 100. The scaled problencx for 
the computer, then, is that of calculating 

( 3 - 2 - 1 ) 


« = X ^ = 10~*« 


i-l 


where 

and 


I 10-*(ia-i(y-l-r) 

I 10-*(10-icy - r) 


% > 0 
< 0 


r = 5X10-» 


(3-2-2)i 

(3-2-3) 


Here, r is used to produce a rounded value for each S/. The powers of 10 
are imed to indicate shifts of the digits. Digits shifted out of the wvrord • 
are lost. (If a rounded value for 3/ were produced by adding 6 X lO—® to 
lofl, then an overflow would occur whenever |<*,| > 1 — 5 X 10“®.) Titus, 
s = 10“*s and satisfies the condition 


lsl<l 

which is the restriction on the magnitude of a computer word. Hestaiing: 
our computer problem is that of calculating S by Eqs. (3-2-1), (3-2-2), 

(3-2-3) from a ©ven set of <y. 

‘ This scale and round operation can be performed with one command if the com¬ 
puter has a shift and round operation or if the multiply and round command is 
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FIG. 3-2-1. Fixed connector. 


For the problem flow diagram we will use the symbols introduced in 
Sec. 1-4, except for the arrow within a box. Each box will contain either 
an equation, an inequality, a statement in words, or a combination of 
these. The dynamic nature of computation processes, particularly the 
interactions in a computation, should be kept in mind, i.e., parts may 
undergo modification during the computation, and thus the definition of 
terms may depend on the preceding 
computation steps. The flow dia¬ 
gram illustrates these interactions in 
tile computation. The use of the 
circle in the flow diagram will be 
extended to that of a connector. In 
addition to indicating where a prob¬ 
lem begins or ends, connectors are 
used to show linkage between boxes. 

That is, instead of joining two 

boxes by an extended arrow we may, as shown in Fig. 3-2-1, choose to 
draw an arrow from one box to a circle and draw another arrow from 
another circle to the second box. Each of the two circles contains the 
same identification symbol, usually a number or a Greek letter. . Such 
connectors, which indicate that the flow diagram leaves one box and 
always enters a second, are referred to as fixed connectors. In this figure 

the symbol within the circle was 
chosen to be the box number of the 
second box. Often there will be 
several possible exits from one box, 
the choice being determined by the 
computer in the course of compu¬ 
tation. One may, as shown in Fig. 
3-2-2, attach a generic symbol, e.g., 
oi, as the common exit S 3 nnbol and 
use particular values of i, e.g., ai, 
« 2 , . . . , for the various alternate 
entries. Such an exit connector is 
referred to as a variable connector. 

The problem flow diagram for the problem of Eqs. (3-2-1), (3-2-2), and 
(3-2-3) is given in Fig. 3-2-3. The flow diagram has been divided into 
two parts. The first part, boxes 1 through 6, is for the scaling and round¬ 
ing of the a,-’s using Eqs. (3-2-2) and (3-2-3); and the second part, boxes 
7 through 10, is for the calculation of S from the St^’s using Eq. (3-2-1). 
The problem is split into two parts since in larger problems it is often 



RG. 3-2-2. Variable connector. 
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desirable to do scaling and arranging of input data during the loadLixig 
process. Thus, boxes 1 through 6 might be considered as a part of a. load 
routine. For a simple sum such as this, the sum would normally be 
care of at the time of scaling. In each part, the subscript j is increased 
by one and then compared with n before the calculations are perforncxed. 



Notes; (i)/ = 

/ 

( 2 ) ^ =.2 ^ = ^-+ 9 -, 


FIG. 3-2-3. Problem flow diagram for » = J) 

This sequence of operations is chosen so that the flow chart will ap>x:>ly 
when w = 0 as well as when > 1. (The flow diagram of Fig. 1-4-1 
assumes w > 1.) At first glance, n = 0 appears not only to be a specistl 
but also a trivial case. However, this problem might be a part of 
larger problem in which many sums of this type are being performod* 
Some of the sums may contain no %’s and, rather than separate bliose 
from the rest, one designs the flow diagram so that they are computed in 
the same fashion as those sums containing one or more a/a. The moxi-tlily 
billing of accounts is a problem of this type since some accounts may 








PROGRAMMING AND CODING 


65 


no activity during the month. If there is the requirement to keep track 
of the activity of each account, then all accounts must be examined and 
both n and s recorded. 

In box 3 of the first part of the flow diagram of Fig. 3-2-3, J becomes 
greater than n when j = n + 1, At this time all Oj have been converted 
to the scaled and rounded d/s, and the computer is ready to evaluate the 
sum s. Thus, the ^'yes'' branch of box 3 leads to the second part of the 
flow diagram. Similarly, when j > n in the second part, the sum S has 
been totaled, and the problem completed. Boxes 7 through 10 illustrate 
one of the dynamic aspects of computations. The partial sum s is 
initially set to zero in box 7. The partial sums sy are stored in the same 
cell, M(s), i.e., this cell successively contains s = 0, si = fix, . . . , 

n 

S = S„ = ^ Hj. In each execution of the operation in box 10 a new 
y-i 

term is added to the partial sum. The assertion box (the box coimected 
to the flow chart by the dotted line) has no operational signiflcance and is 
used to assert, at the indicated place in the flow diagram, the values of 
relevent parameters that are defined dynamically in the flow diagram. 


3-3. The Computer Flow Diagram 

A computer flow diagram is a reinterpretation of the problem flow 
diagram for a particular computer. We pointed out in Chap. 1 that 
problems for automatic digital computers frequently involve iterative 
processes. For nonrepetitive problems, the effort expended in obtain¬ 
ing a code for the problem would be equivalent to that for solving the 
problem on a desk calculator, and there would be no saving in human 
effort and time by using a high-speed calculator. The general properties 
of a computer flow diagram for an iterative problem are shown in Fig. 
3-3-1.* The initiation box may include the operations of loading the 
routine and data into the computer and the setting of variables to their 
initial values. In the calculation box, the calculations required for a 
single iteration are performed, and in the interrogation box a test is per¬ 
formed to determine if all iterations have been completed. In the substi¬ 
tution box, the calculation box is prepared to repeat its calculations with 
new data and the progress of the problem is recorded. After all iterations 
have been completed, the routine goes to the termination box which 

^ This is a slightly altered version of the parts of a flow diagram as given in an article 
by Saul Gom, Standardized Programming Methods and Universal Coding, J . Assoc. 
Compvimg Machinery, vol. 4, no. 3, pp. 264-273, July, 1967. 
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includes those paxts of the program responsible for the arrangement of 
results for future use and for the listing and punching of desired results. 
We do not ^h to imply that every computer flow diagram will appear 
as shown in Rg. 3-3-1. The orientation of the boxes need not be the 
same as that of this flow diagram.^ For example, the second part of the 



HG, 3-3-1. Parts of a computer Bow 
^RagnoL 


problem flow diagram of Fig. 3-2-3 
implies the orientation shown in 
Fig. 3-3-2. Also, there may be 
more than one box for each of those 
shown in Fig. 3-3-1. In fact, the 
figure itself may be repeated in 



RG. 3-3-2. A variation of the computer 
flow diagram. 


each of the boxes. Should the problem be that of mfl-Tn-ng a table of 
values lb = where a set of % are given, then the basic iteration is that 
of replacing Xi by a^f i and calculating the next of the sequence. How¬ 
ever, the calculatidn «f* may be done by the Taylor series 



ji=*+*+ii+li+ 


and tto series may also be calculated by an iterative scheme. (We 
remmdae^ert^nl = a-(»-i).(„_ 2 ) • . . 2-lwherenis 
a positive mteger and by definition 01 = 11 = 1.) That is, let the terms 


bol hLfoiTf ^ “ * definite advantage in putting the iaterrogation 

^ Motion box amce such an arrangement permits bypassing the com- 
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to be added be designated as 


then 

where 



and e« = £ 

y-0 

Thus, 'within the calculation box for the basic i'teration scheme on i we 
have an iteration scheme on j which is shown in Fig. 3-3-3. Box 5 is 
used to 'test if the series has con¬ 
verged to e® within a desired accu¬ 
racy as determined by 5 (for a given 
value of 5 the truncation error is a 
function of x). Figure 3-3-3 is not a 
true problem flow diagram since we 
have not considered the problem 
thoroughly enough to determine the 
proper scaling of the variables. 

Similarly, the initiation box may 
contain an iterative scheme. For 
example, it may be necessary to 
locate the data associated with the 
problem in several nonadjacent 
blocks in the memory of the com¬ 
puter. Thus, this data might be 
loaded by designating the beginning 
and end of the first block and filling 
the memory between these locations, 
changing the designations for the 
begmning and end of the block to 
those for the second block and filling 
the memory between these desig- FIG. 3-3-3. Problem flo'w diagram for e®. 
nated locations, etc. Iterative pro¬ 
cedures of this type might also occur in the substitution and termination 
boxes. . The interrogation box may also contain i'terative procedures, 
since there may be more than one test involved in the termination of the 
basic iterative process. 

Consider now the construction of the computer flk>w diagram for the 
fixed point calculation of the sununation problem given in Eqs. (3-2-1), 










68 PROGRAMMING AND CODING fOR AUTOMATIC DIGITAL COMPUTERS 

(3-2-2), and (3-2-3) and outlined in the problem flow diagram of Fig. 

this purpose, we choose the three-address computer, the com¬ 
mand list of which is given in Appendix*!. We will use only those orders 
which have already been discussed and one of the two following. The 
first is that of adding the absolute value of a number to the absolute 
value of another nxunber. The mnemonic instruction code for this order 
is ADA and it is defined as follows: 


ADA => J7J.8 = |mil -t- iTrasl, i.e., add the absolute value of the 

word addressed Mi to the absolute value of the word 
addressed Mi and store the sum in memory location 

Mi. 

Similarly, a command for subtracting the absolute value of a number 
from the absolute value of another number may be defined 

SBA MiMitMz ma = |jni| - |mj|. 


The problem of Eqs. (3-2-1), (3-2-2), and (3-2-3) may be restated by 
replacing Eq. (3-2-2) by 


10-*(10-»i(%| + r) os,- > 0 

, -10-*(10-‘K-i + r) q,- < 0 


(3-3-1) 


and replacing the first part (boxes 1 through 6) of the problem flow dia¬ 
gram of Eig. 3-2-3 by Fig. 3-3-4. The advantage of this flow diagram 
over the one it replaces is that the basic rounding computation, box 3, 
appears only once. 

In drawing computer flow diagrams, we place a single computer oper¬ 
ation in each box. Also, it is often advantageous to begin the construc¬ 
tion of the drawing at a place other than the beginning of the flow 
diagram. We will do this for the preceding problem and explain why 
afterwards. ’We be^n by constructing the computer flow diagram for 
the flow diagram, of Fig. 3-3-4. Box 3 of Fig. 3-3-4 becomes boxes 3.0 
through 3.2 of Eig. 3-3-5. (In the drawing of computer flow diagrams 
we return to the use of arrows within boxes since, in general, the oper¬ 
ation within the box indicates that the contents of a register or memory 
cell is being replaced by the result of a computer operation.) The three- 
address computer does not form the absolute value of a number directly. 
Thus lO-^ai is stored in a temporary location, the contents of which are 
designated by a* (indicated in box 3.0); and, then, the sum of the abso- 
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lute values of a* and r = 5 X 10"* replaces a* as shown in box 3.1. The 


operation of box 3.0 is enclosed in 



Note:/=5x10"® 

FIG. 3-3-4. Alternative problem flow dia¬ 
gram for first part of the flow diagram 
of Fig. 3-2-3, 


braces to indicate that it involves a 
variable, i.e., aj, the address of which 
changes for each iteration. In box 
3.2, a* is shifted right the two re¬ 
maining digit positions. This com¬ 
pletes the rounding process. In 
numbering the boxes of the com¬ 
puter flow diagram two numbers are 
used for each box. The number in 
front of the decimal point is the num¬ 
ber of the problem flow diagram box 
of which the computer flow diagram 
box is a part. The number after 



Note: / = 5xl0“® 

FIG. 3-3-5. Computer flow diagram for box 
3 of Fig. 3-3-4, 


the decimal point indicates the sequence of the boxes of the computer 
flow diagram arising from a particular box of the problem flow diagram. 
Boxes 4, 5, and 6 of Fig. 3-3-4 are easily transformed into a computer 


flow diagram and are shown in Fig. 
3-3-6. In constructing the com¬ 
puter flow diagram for box 1, we 
discover why the computer flow 
diagram for boxes 3, 4, 5, and 6 of 
Fig. 3-3-4 were constructed first. 
Box 1 of the problem flow diagram 
not only implies that j itself is in¬ 
cremented by one for each pass 



FIG. 3-3-6. Computer flow diagram for 
boxes 4, 5, and 6 of Fig. 3-3-4. 
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through that box, but also that the addresses of variables with subscript 
j are modified. Thus, the orders for boxes 3.0, 4.0, 5.0, and 6.0, which 
were enclosed in , braces, will be modified by the operations which -will 
replace box 1 in the problem flow diagram. For this purpose we list the 
commands of boxes 3.0, 4.0, 5.0, and 6.0 as follows: 

Box 3.0: SHE, Aj 001 A* 

Box 4.0: TEA Aj 0 C',.o 

Box 6.0: SUB 0 A* A,- 

Box 6.0: ADD 0 A* Ay 

where 0 is the address of the number zero. A,- is the address of aj, * is 
the address of o* and Ct.o is the address of the order for box 6.0. Again, 
as in Chap. 1, the oy’s are assumed to be stored sequentially in the memory 
with Oi at location 300. To modify the command for box 3.0 we con- 
sfauct three words. The first is di located at Di (address to be dieter- 
mined during coding) where 

di = SHE Ai - 1 001 A* 

The second is dt located at Dt where 

dj = -1-0 001 000 000 

and the Ihird is ji located at /i and initially is 

ji = -f-0 000 000 000 

The order for box 3.0 is manufactured by the computer program. This * 
cmiBtruction is shown in the flow diagram of Fig. 3-3-7. In box 1.0, Jx is - 



^^7. Computer flow diagram for FIG. 3-3-8. Computer flow diagram for 
modifymg the command of box 3.0. modifying the command of box 4.0. 

mcremented; and in box 1.1, the order for box 3.0 is obtained by adding 

Jitodi. j b 

By using a word d, located at D, where 


d8 = TEA Ai-1 0 (7,.o 
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we may construct a flow diagram for the modification of tlie command 
for box 4.0. This is given in Fig. 3-3-8. Similarly, by naing the words 

d4 = SUB 0 A* - 1 

di = -HO 000 000 001 

ji = +0 000 000 000 

d, = ADD 0 A* Ai - 1 

the flow diagram for modifying the orders of boxes 5.0 and 6.0 is con¬ 
structed and is given in Fig. 3-3-9. In each of the words di, ds, di, and ds, 
the address — 1 appears. This is 
necessary since J is incremented before 
the calculations are performed. For 
example, when j = 1, boxes 1.0 
through 1.5 produce the address 
(Ai — 1) -f 1 = for the com¬ 
mands of boxes 3.0, 4.0, 5.0, and 6.0. 

By using another word n', located 
at N', where 


n' = -|-0 000 000 

and n[, n,, and n's are the digits of 
n -t-1, the computer flow diagram for 
box 2 of Fig. 3-3-4 may be constructed and is given in Fig. 3-3-10. Note 
that ji > n' will be satisfied whenever j > n since ji = 10r*j and 
n' = 10“*(» -H 1). The comparison is made as shown in Fig. 3-3-10 



FIG, 3-3-9. Computer flow diagram for 
modifying the commands of boxes 5.0 
and 6.0. 



FIG. 3-3-10. Computer flow diagram for 
box 2 of Fig. 3-3-4. 



FIG. 3-3-11. Computer flow diagram for 
box 0 of Fig. 3-3-4. 


since the three-address computer does not have a test for “greater than'* 
but does for “greater than or equal to.’' The computer flow diagram 
for box 0 of Fig. 3-3-4 is given in Fig. 3-3-11. In boxes 0.0 and 0.1, the 
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counters ji and ja, used for modifying the addresses Aj -with subscript j, 
are set to zero. 

The computer flow diagram for the three-address computer correspond¬ 
ing to the problem flow diagram of Fig. 3-3-4 is obtained by combining 



/>' = lo-«(/?+l) 


r = +0 000 000 050 

TO. to, to tto |.„bl,m to. <llo,ram 


^ md ib m Eg. M-12. t. tU. flow aiw 

through 15 In Chan f • ^ computer as shown in boxes 1.0 
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settings of such commands are lost during computation, the method used 
there causes more operations by the person operating the computer 
should it be desired to restart the problem, as is often required in the 
debugging (testing) of a routine. In the computer flow Hiagram of Fig. 
3-3-12, the initial settings for the commands of boxes 3.0, 4.0, 6.0, and 6.0 
remain at memory locations Di, Z)*, Dj, and Dg, respectively. Thus the 
initial settings are not lost. The method of modif 3 dng commands given in 
this flow diagram contains the basic idea for the construction of 5-boxes 

which is described in the next chapter. 
5-boxes (also called index registers) are 
used to automatically modify commands. 

To complete the computer flow dia¬ 
gram for the summation problem of Eqs. 
(3-2-1), (3-3-1), and (3-2-3), one may 
also draw a computer flow diagram for 
the second part of the flow diagram of 
Fig. 3-2-3. The result of such an effort 
is given in Fig. 3-3-13. The purpose of 
box 7.1 is to set 5 = 0 before the sum¬ 
mation is performed so that the program 
may be restarted without accumulating 


</7 = AD0 4|-I SS 

FIG. 3-3-13. Three-address computer FIG. 3-3-14. Listing of answer for flow diagram of 
flow diagram for second part of Figs. 3-3-12 and 3-3-13 
Fig. 3-2-3. 

to previous sums. It should be further pointed out that Figs. 3-3-12 and 
3-3-13 do not give sufficient information to run the problem on the com¬ 
puter since this flow diagram neither indicates how the code for the pro¬ 
gram is loaded into the computer nor how the answer is outputted after 
the computation is completed. (Later in this chapter we will discuss a 
routine for loading routines and data into the memory of the computer.) 
The answer 5 to this problem may be obtained by replacing the exit 
connector with the print command PRT 001 S M(STP) followed by STP 
(stop) order as shown in Fig. 3-3-14. 
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n 

3-4, Three-address Computer Coding for § = J 

i-l 


Using the flow diagrams of Figs. 3-3-12, 3-3-13, and 3-3-14 and the 
coding sheet of Table 3-4-1, we proceed to code the problem of Eqs. 
(3-2-1), (3-3-1), and (3-2-3) in much the same manner as in Chap. 1. 
That is, we first fill in the columns labeled Box, Order Symbol, and 
Branch. Then the assignment of memory addresses for each order, con¬ 
stant, variable, and datum is made. Again, as in Chap. 1, we will choose 
the addresses for orders to start at 100, for constants and variables to 
start at 200, and for the data a,- to start at 300 (assuming An < 999). 
The first 100 memory cells, addressed 000 through 099, are left open for 
fi^jecial computer routines such as the load routine. It is often advan¬ 
tageous to reserve a block of memory locations for special computer 
routines. These memory locations are avoided by the programmer when 
coding a particular problem. In addition to the load routine, they are 
reserved for debugging routines, memory sum check routines, memory 
dump routines, etc. (routines which are used in conjunction with most 
profatem routines). 

There are two commands on the coding sheet which do not appear 
esplkitly on the computer flow chart. These are the unconditional com- 
maads which follow the commands for boxes 5.0 and 6.0. These com¬ 
mands, however, are implied since the flow diagram indicates a reentry 
to a previous part of the program without a conditional transfer test. 
The words at memory locations 109, 112, 113, and 115 are enclosed in 
braeke^ to show that the computer constructs these orders. However, 
we fill in these words so that there will be the proper number of words in 
the routine and the load command of the three-address computer will 
|»operIy load this routine. 


statement of the problem, the statement of the problem for the 
^puter, the problem flow diagram, the computer flow diagram, and the 
coding r^EHJesent a systematic method for constructing the computer code 
fora problem. We do not wish to imply that the code is constructed by 
y-fitep procedure, i.e., that the statement of the computer 
pi^lem IS gen^ted from the original problem from scaling consider- 
of ^ problem flow diagram is drawn only with the aid 

StlW id .u.t Plowed m iprt. tli, Bqudtiop 

the first part of tp—* m oopppapds were coueidered, epd 

partoftheproblepiflowdiagraiPofPig. 3-2.3 wee redrawp ip 
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n 

TABLE 3-4-1. Coding for 5 = ^ dj 


Order aymbol Order code 
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RG. 3-5-1. Two-address computer 
flow diogram for box 10 of Fig. 


3-2-3. 


Fig. 3-3-4. Similarly, boxes 1.0 
1.5 of the computer flow diagram 
not constructed until we determia^^i 
coding for boxes 3.0, 4.0, 5.0, and 6.0. 
However, we do wish to imply that> 
the code is constructed it may be 
interpreted from the computer flovsr dia¬ 
gram, that the computer flow 
may be directly interpreted froixx the 
problem flow diagram, etc. Thus, we 
have, at worst, devised an itera.tive 
scheme for producing a code which, 


be traced systematically to the statement of the problem. Furtherroore, 
we do not wish to imply that this scheme will produce an error-free code. 
However, it does provide a complete picture so that one may chech for 


coding errors. 


3-5. Two-address Computer Flow Diagram 


Again, let us consider the problem of Eqs. (3-2-1), (3-3-1), and (3-2-8) 
and construct a computer flow diagram for the second part of the flow 
diagram of Fig, 3-2-3. We use the two-address computer of Appendix II 
for the construction of this computer flow 


diagram. Further, we assume that the aj 
have already been calculated and are stored 
in the sequential memory locations Aj 
where the were originally located. The 
contents of the upper and lower accumu¬ 
lator are represented by and cl, respec¬ 
tively. For example, in a flow diagram, 
the expression a? —> ul implies the command 
CAL X Mi and the expression au + y—^ au 
implies" the command HAU Y Mi where in 
these examples Mi is the address of the 
next order. 

Starting with box 10 of Fig. 3-2-3, the 
two-address computer flow diagram is con¬ 
structed as shown in Fig. 3-5-1. Again, 
as for the three-address computer flow dia¬ 
gram, braces are used to enclose commands 
containing variables, and each box contains 



FIG. 3-5-2. Two-address coin- 
puter flow diagram for bo>: 8 of 
Fig. 3-2-3. 
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a single computer operation. For the com¬ 
puter flow diagram of box 8, two words are 
constructed. The first is 

di = HAU Ai- 1 0000 
and the second is 

di = -f-00 0001 0000 

Also, we will assume = 10-*j. The com¬ 
puter flow diagram for box 8 is given in 
Fig. 3-5-2. Since, in box 8.2, the storing of 
the contents of Au does not destroy au, di 
is added to Uv in box 8.3 to create the 
command for box 10.1. The computer 



FIG, 3-5-3. Two-address com¬ 
puter flow diagram for box 9 of 
Fig. 3-2-3. 



FIG. 3-5-4, Two-address computer flow diagram for second part of Fig. 3-2-3. 
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flow diagram for box 9 is to use the number n' = 10^*n, i.e., 

n' = +00 (Oniw^Jii) 0000 

where are the digits of n; the diagram is given in Fig. 3-5-3. i|i 

boxes 9.0 through 9.2, air designates the contents of the upper accusQ|ii 
lator, and a test is performed which is equivalent to that of determinlip 
when j is greater than ». Even though the memory of the two-addnip 
computer may contain more than 1,000 words, n has at most three pp' 
nificant digits since the computer statement of the problem was pomU 
and scaled in this fashion. The complete computer flow diagram for |||S 

second part of the flow diagram of Fig. 3-2-3, boxes 7 through 10, is 
in Fig. 3-5-4. » e* w 



By letting Jkf be the address of the order of box 7.0, the coding for 
columns entitled Box, Order Symbol, Branch, and Memory Loeatiralii' 
given for Fig. 3-5-4 in Table 3-5-1. Is 

3-6. Detailed Flow Diagram I! 

In learning to program and code, the construction of both the problsdi? 
and the coinputer flow diagram is helpful and educational for the 
jammer. It is helpful because it forces the programmer to tbinV throiap- 

the problem, giving him a mental picture of possible arrangements for 4# 
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orders, variables, constants, and data before he codes the problem. It is 
educational since the construction of one part of a computer flow dia¬ 
gram is often dependent on the construction of other parts of the flow 
diagram and this interdependence reveals itself in tying the parts of the 
flow diagram together. For example, in the three-address computer flow 
diagram of Fig. 3-3-12, the construction of boxes 1.0 through 1.5 depends 
on boxes 3.0,4.0, 5.0, and 6.0. However, as the programmer gains experi¬ 
ence he will find a computer flow diagram more detailed than is necessary 
for coding. For example, boxes 10.0, 10.1, and 10.2 of the two-address 
computer flow diagram might just as well be replaced by the box 10.0 of 
the three-address flow diagram where it is assumed that this box requires 
three two-address orders for its code. Other ways of shortening the com¬ 
puter flow diagram become apparent as the programmer progresses. 

As indicated in Sec. 1-5, the programmer (or coder) often paper-cheeks 
the coding of a problem or parts thereof. One such check is the con¬ 
struction of a dynamic memory chart. A dynamic memory chart for the 
coding of Table 3-5-1 is given in Table 3-5-2. In this table, the columns 
indicate the contents of important memory cells and the upper and lower 
accumulator at the end of each computer operation. Only the changes 
in the contents are recorded so that the table may be easily read. The 
computer operations are indicated by the box number corresponding to 
that of the coding sheet. The first row entry of the table indicates the 
contents of the memory cells and the accumulator at the start of the 
routine. Dashes are used to indicate that the contents are not initially 
important to the routine. 

Since one of the tasks of a programmer may be to determine the 
appropriate computer for the solution of a given problem, he will often 
have to analyze the problem through the flow diagram stage before he 
can make the decision. He would then code parts of the problem for 
each of the computers so that he could make comparisons. Thus, he 
prefers to construct a single flow diagram which will serve him while 
coding for each computer. ’ 

A detailed flow diagram is a combination of a problem flow diagram 
and a computer flow diagram in that it describes the problem and makes 
use of the basic properties of most automatic internally coded digital 
computers. The contents of any box of a detailed flow diagram should 
not contain operations which are order dependent. If two operations 
are included in a box, then either can be done first. For example, if the 
variables j and 3 are set to zero in a single box, then the solution of the 
problem will not be changed by setting one to zero before the other. 
However, we can see that placing the two operations 0—*-j and j + 1 i 
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in the «M-TnA box does not possess this property since whichever “ 
performed last sets the value of j. Since one could obviously ® 

rule so that the ordering would be known in such cases, the reason for 
not allowing two such operations has another root for its existence. The 
reentry of a flow diagram to a box containing ordered operations would 
cause confusion, especially if not all operations were to be performed 
when the box was reentered. 


TABLE 3*5-2. Dynamic Memory Chart for Coding of Table 3-5*1 



The det^ed flow chart for the problem of Eqs. (3-2-1), (3-3-1), and 
(3-2-3) which replaces the problem flow diagrams of Fig. 3-3-4 aixci the 
second part of Fig. 3-2-3 and either of the corresponding problem flow 
^gmms is given in Fig. 3-6-1. Boxes 1.0 and 8.0 imply not onlsr that 
j m incremented, but also that commands within following boxes con¬ 
taining variables with subscript j are modified. Box 1.0 is used in, inodi- 
fying the addresses of Oj in boxes 3.0, 4.0, 5.0, and 6.0, and box S.O is 
used m modifying the address of a,- in box 10.0. Had the commaiid of 



















PROGRAMMING AND CODING 


81 


box 10.0 been modified by box 1.0, the address of that command would 
have been corrected by the operations of box 8.0; and, therefore, it is 
dropped from the list of those modi¬ 
fied by box 1.0. The operations of 
boxes 3.0, 4.0, 5.0, 6.0, and 10.0 are 
enclosed in braces to help the pro¬ 
grammer locate the commands to be 
modified when he codes the problem. 

We point out that if the contents of 
boxes 3.1 and 3.2 were replaced by 
10"*(a* + r) —» a*, the coding might 
be done as either a* + r —> a* fol¬ 
lowed by lO-^a* —» a* or as 
10"*a* —> a* followed by 10~V — r* 
and a* -f- r* —> a*. The second 
method would not accomplish the 
desired result since 10“"^ —> r* pro¬ 
duces zero for r* in the computer. 

However the stating of a rule that 
quantities within a parenthesis are 
computed separately would avoid 
this error. Since rules of this type 
are employed in the automatic 
coding schemes, we will not adopt 
them at this stage. We only men¬ 
tion that by generalizing this rule 
to operations involving expressions 
containing parentheses, such opera¬ 
tions must have an even number of 
parentheses and that coding may be Detailed flow diagram for 

performed by sequentially removing . _ 'o . 
the innermost pair. Then, by hav- *"" 
ing a computer which can recognize 

a rather small set of special symbols, a computer could be designed or 
programmed that would write its own program for many problems. 
For example, a routine for evaluation of the expression 

a* - 10-2((i0-i(|a;|)) + r) 
might be coded by the computer.^ 

^ Recently developed programs used for generating computer code from algebraic 
symbols use more sophisticated translation schemes. These programs are called com¬ 
pilers. Compilers are discussed in Chap. 8. 
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In the remainder of this book we will use detailed flow diagrams fat 
descriptions of problems and use computer flow diagrams only to extend 
the explanations for parts of a detailed flow diagram. However, we 
recommend that the beginner continue to construct computer flow dia¬ 
grams to aid in his learning. 

3-7. A Load Routine 

The load routine discussed in this section is assumed to be in a fixed 
location in the memory and is designed to load blocks of words, each . 
block into sequential memory cells, either from instructions at the com^ , 
puter console or from instructions in a problem routine. The load , 
routine, when directed to load a block of information, makes use of a 
header word, A header word contains information concerning the block 
of words to be loaded. It may be supplied to the load routine by a 
problem routine or it may immediately precede the block of words to be P 
loaded. To describe the load routine of this section, we will use the three- 
address computer of Appendix I. The header word will have the form 

Mx N 

where Mx = number of words in block to be loaded 

Mx = first of sequential memory addresses assigned to block of : 
words 

N = special instruction for load routine 
If IV is 000 the routine will, after loading the designated block of words, ? 
read another header word from the input unit and the block of words 
associated with it. If iV is nonzero, the computer will, after the design 
nated block of words has been read, take its next instruction from memory ; 
location N. 

In the flow diagram of Fig. 3-7-1, the notation XTIl(mi,m 2 ) —> m 
represents the three-address XTE command of Appendix I. Similarly, 
LOD Mz represents the three-address LOD of Appendix I. By 

entering the routine at P, the load routine, in box 0, reads one word h 
from the input unit and stores it at iff. In box 1, the routine makes sure 
that the digit positions «, ao, oi, . . . , oe of the test word a to be con¬ 
structed are zero; and in box 2 the last three digits of the header word A, 
which are N, are extracted into a. In box 3, the routine determines 
which action the computer will follow after the routine (in box 5) has 
loaded the designated block of words. Note that the connector X is a 
variable connector. 

As an example of the use of the preceding routine, where we assume 
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the load routine is already in the computer, let us consider the loading 
of the routine in Table 3-4-1. We construct three header words 

hi = 00 026 100 000 

hi = 00 015 200 000 
and Aj = 00 n 300 100 

The arrangement for the words to be read into the input unit is hi followed 
by order words to be read into memory cells addressed 100 through 125, 
hi followed by the constants and 
variables to be read into memory 
cells addressed 200 through 214, 
and As followed by the data to be 
read into memory cells addressed 
300 through 299 + n. To load, we 
enter P from the console into OC 
(the control counter) and press the 
computer start button. In this 
manner the computer starts the 
load routine at P, loads hi in loca¬ 
tion H which instructs the com¬ 
puter to load the next 26 words 
into memory locations 100 through 
125 and returns the computer to P 
in the load routine. The routine 
then loads As in location H which 
instructs the computer to load the 
next 16 words into memory loca¬ 
tions 200 through 214 and again 
returns the computer to P in the 

load routine. Next, the routine hg. 3-7-1. How diogrcm for a load routSne. 
loads As in location H which in¬ 
structs the computer to load the last n words into memory locations 300 
through 299 -t- n and informs the computer to take its next instruction 
from memory location 100 which is the first order in the routine for 

If in the previous example the load routine were not already located 
in the memory, then the 14 words of the load routine (assumed addressed 
Oil through 024) are placed in front of hi. These 14 words are the eight 
order words for boxes 0 through 6 and the UCD command from box, 6 to 
box 4 and the six variables and constants A, a, 0, di, dt, and p. The 
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computer mode of operation switch is switched from “continuotis” to 
“single operation” which permits the computer to perform only on® 

ation when the start button is pushed. The command SWL M" x -- 

where Mi designates the input unit to be used, is placed in OR (*11® con¬ 
trol register) and the start button pushed. The result of this action is 
to connect the desired input unit to the computer. Next, tlie order 
LOD 014 011 Oil is placed in CR, the computer mode of operation swritch 
is placed in the “continuous” position, and the start button is pushed. 
These actions cause the computer to load the load routine into naemory 
locations Oil through 024 and then to enter the load routine at 
which, in turn, causes the problem routine to be loaded as before. 

n 

Now, suppose we wish to use the routine for § = ^ to ca^lculate 
several such sums. That is, we wish to calculate a set of S* wnere 

nk 

= X i® accomplished by replacing the STP order addressed 

j-i 

125 in Table 3-4-1 by UCD 000 000 011, and instead of hi and tfa-e date 
cards now existing in the input words, we have sequences of data* the 
form hi, ni, hi, Ofe’s where 

hi= 00 001 209 OOO 
K = -f-0 000 000 (n* -f- 1) 
and hi= 00 >t 300 100 

These sequences are followed by two words N and t where 

h' = 00 001 126 126 
and t = 00 000 000 000 

which cause the computer to stop. 

If, in a problem routine, it is desired to use the load routine *0 load 
n words into memory cells addressed R through R n — 1 and return 
to the problem routine at location T, then the problem routin© "would 
construct the Word 

h = QO n R T 

load it into location H of the load routine, and transfer control "fco (sets 
CCto)M. 

3-8. Detailed Flow Diagram for x = s/y 

In Chap. 1 we considered the problem of obtaining x = -s/y without 
considering whether the given word y and its square root x are computer 
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words, or if any of the operations in obtaining x cause a computer over¬ 
flow, Let us now consider the problem of finding the square roots Xj for 
a given set of yj > 0, where i = 1,2, . . . , ra < 400, using fixed point 
computer operations^ Since the magnitude of the largest word the 
computer will recognize is 1 - 10-‘» and the square of this number is 
1 — 2 • 10-*® + 10-*® (which the computer will recognize as 1 — 2 • 10-*®), 
we will restrict the j/y to those which satisfy ’ 

J// < 1 - 2 • 10-*® 

Also, since the square of 10'® is 10-*®, we will assume yy = 0 if 0 < j/y < 
10-1®. Thus, the range for j/y is 


10-*® < yy < 1 - 2 • 10-*® (3-8-1) 

Furthermore, we will compute only the positive square roots Xj > 0. 
Had we desired fy = where ry did not satisfy the inequality (3-8-1), 
then nj would be multiplied by a scale factor py where py is so chosen that 
Vi — Pfti satisfies (3-8-1). The desired answer would be 


V Py V Pi 

where the computer computes x/. For example, suppose 10® < ns < 10», 
then by choosing py = 10-®, yy =i= lO-^y will satisfy condition (3-8-1) and 

fy = 10®*y. 

The problem may now be stated as: find each ay = a; > 0, where 
® = Vy, for the set y = yy, y = 1, 2, . . . , n < 400, by repeated use 
of the formula 


lOi+l 


(Newton’s method) where 






and the approximation for the square root is 

X = Wi+i 

for the smallest i such that 


(3-8-2) 

(3-8-3) 

(3-8-4) 


|wi+i - to.1 < « e > 10-*® (3-8-5) 

The preceding is not a computer statement of the problem since we 
have not prescribed the order in which the operations of Eq. (3-8-2) are 
to be performed. To determine this order we look at possible operations 
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whicli may cause a computer overflow. It may be shown that if 
operations are performed exactly 

0 < y < y/y ^ «’<+! ^ w’*- < 1 (3 

for t = 0, 1, 2, , when y satisfies the condition (3-8-1) for tta|. 

If the initial approximation wo is determined by Eq. (3-S-3) anl; 
y>}4, then 


and the quantity 


H <-< 1 

Wi 




of Eq. (3-8-2) will be greater than 1. Thus, the right side of Eq. ( 
caimot be calculated by calculating the quantity within the parent! 
first. If we rewrite this equation as 



to<+i 




Wi 


then, even though 0 < y < w.- < 1 for exact representations of the 
tities y and lOj, by using rounded operations an overflow may 
Since = 1 — 10"*“ when y = 1 — 2 • 10"*®, yfwo — 1 — lO""*® aa 
rounded operation 0.5 (1 — 10"*“) = 0.5, andioi = = 1- Ho 

if we write Eq. (3-8-2) as 

+ O.bWi C 


Wi^l 


Wi 



(i.e., first multiply y by 0.5, divide by w,-, and then add 0.5^l><)> 'WlJ 
not get an overflow when using rounded operations. We note thl^i 
(3-8-7) does not produce an overflow when unrounded operations aw « 
and H is used as the multiplicative constant 0.5. 

We now state the computer problem as; find each Xj — x > 0, 

* = Vy> for the set y = y,-, where each yj satisfies the condition (8 
and j = 1, 2, . . . , » < 400, by repeated use of the formula 


where 

and 

when 


wtn = ^ + awi 
Wi 

o = -1-5 000 000 000 
Wa — aay 

» = Wi+i 

t = |io^j - Wi\<e 6 > 10^*“ 
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The detailed flow diagram for this 
problem is given in Fig. 3-8-1. It is 
assumed that yj are stored in sequen¬ 
tial memory locations, and the ozj 
when computed are also stored in 
sequential memory locations. In 
general, the flow diagram is self- 
explanatory. However, we point 
out that z, as calculated in box 9, 
is |w,-+i — Wil since io< > Also, 

since i is not recorded and there are 
only the two locations W^.! and Wt 
for iCf+i and W 4 respectively, i is 
automatically incremented when, in 
box 11, Wi is replaced by Since 
z is formed in box 9 and not used 
after box 10 until reformed, the 
location Z might just as well be 
used for the location W indicated in 
the flow diagram. Finally, a list of 
square roots x,- is not very useful 
u^ess one knows the numbers from 
which they are obtained; so boxes 
16 and 17 are used to list the Xj and 
the Vi in pairs. 

The load routine of the preceding 
section can be used for loading the 
routine of Fig. 3-8-1. Should n ex¬ 
ceed 400, then the y,- cotild be divided 
into groups of less than 400, each 
group having header cards. Then, 
by having the exit connector of Fig. 
3-8-1 go to the connector P in the 
load routine, the Xj may be calcu¬ 
lated in groups of 400 or less. 



FIG. 3-8^. Detailed flow diagram for 
Xj *%/yy by Newton's method. Note; 
Boxes 16 and 17 may be included be¬ 
tween boxes 12 and 13 thereby elimi¬ 
nating boxes 15,18, and 19. The present 
flow diagram, with a slight modification, 
wouid allow printing more than one set of 
values Yf and Xy. This may increase the 
speed of printing. 


Another way of calculating x = Vli by Newton’s method is to calcu¬ 
late Avf 4 = Wi — Wi+i where the equation for is obtained by sub¬ 
tracting Wi+i as defined in Eq. (3-8-2) from w,-, i.e., 


Awi = Wi — Wi+i <= Wi 
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The advantage of this equation is that the operations within the bracket 
may be performed first, thereby reducing the number of multiplications 
in the square root routine. The square root is given by 

I 

X = Wo -- 5 ) (3-8-15) 

t-O 

where / is the smallest value of i for which 

AWi < € 


3-9. Binary, Octal, and Hexadecimal Computers 

Prom the point of view of computer design, the binary computer is the 
easiest type to construct since the base 2 contains only the two digits 
0 and 1. The operations of the arithmetic unit, the complementing of 
numbers, and the storing of information is greatly simplified electronically 
by the use of such a simple number base. A 10-digit decimal word allows 
the representation of 10^° different magnitudes for numbers. The equiv¬ 
alent word size for numbers represented by a binary base is obtained from 
the equation 2^ = 10^° and the word size is y = 10/log 2 or approximately 
33.219 bits (binary digits). However, since the base-10 digits are usually 
represented in a high-speed digital computer by some form of binary 
coding and the simplest such code is the hinary-cod^ decimal digit where 
each decimal digit is represented by four bits, i.e., 

0 • 2 « + 0 • 2 * + 0 • 21 + 0 • 2 ° - 0000 

0 • 2* -h 0 • 22 + 0 • 21 -f 1 • 2° = 0001 

0 • 2» -H 0 • 22 + 1 • 21 + 0 • 20 = 0010 

0 • 2* + 0 • 22 + 1 • 21 + 1 • 20 = 0011 


\9 = 1 • 2» + 0 • 22 + 0 • 21 + 1 • 20 = 1001 

a 10-decimal digit word may be considered as equivalent to 40 inefldciently 
used bits. That is, four bits may be used to represent 16 different con¬ 
figurations of which only ten are used in a base-10 computer. In actu¬ 
ality, most binary computers in use have word sizes which vary between 
28 and 48 bits. For order words, the binary computers are usually con¬ 
sidered to fall into two general classes: (1) the single-address command 
with two commands per order word, and (2) the one-, two-, or three- 
address command with a single command per order word. Before dis¬ 
cussing these types of computers, let us consider the means of getting 
information in and out of them. 


binary code 


Decimal digit 
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Since a binary word containing in the neighborhood of 40 bits con¬ 
sumes considerable space on a written page, is hard to commit to memory, 
and is tedious to write, it is desirable to shorten its representation. This 
is commonly done by giving its equivalent octal or hexadecimal number 
representation. Let e be a number of magnitude less than 1 and 

n 

e = X (3-9-1) 

where the are integers such that 0 < e,- < 7, be the octal represen¬ 
tation of the magnitude of a number (here i runs from 1 to n instead of 
0 to n — 1, so that simpler expressions are used in our explanation). Let 

3n 

e = X (3-9-2) 

where the hj are either the bit 1 or 0, be the binary representation of the 
same magnitude. Then, equating Eqs. (3-9-1) and (3-9-2) gives 

n n 371 

X = X = X 

<-1 t -1 

n n 7» 

= X + X -b X 

n 

= X («»8.-22* -t- 6,.-12* -I- 6 m2«)2-« 

<•■1 

Thus, by equating coefficients, one obtains 

Ci = &„_22* H- 68 <-i 2‘ + bw2<' (3-9-3) 

Since the coefficients hu-i, bw-i, and bu are either 1 or 0, the right-hand 
side of Eq. (3-9-3) can assume only one of the values 0, 1, 2, 3, 4, 5, 6, 
or 7, which are exactly the digits of the base-8 number representation. 
Thus, grouping the binary bits of a binary number representation in con¬ 
secutive groups of three, each group can be assigned its equivalent base-8 
representation. For example, the binary number 

.101010101 = M -f- -l- Visa “H Mi2 

when grouped as .101 010 101 has the base-8 representation 
.525 ^ + Hi + Hi2 

However, H = H + H, HiH 2 , and H 12 = Hss + Hi2- and the 
two representations .101010101 in binary, and .525 in octal, are different 
representations of the same magnitude. Thus, if the binary-word size is 
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3ii bits, by a simple code (Table 2-2-1), the input and output of the com¬ 
puter may be in the form of words with n digits in octal representation. 
S imila rly, let h be the base-16 representation of the magnitude of a 
number; i.e., 

n 

h = fc<(16)-- (3-9-4) 

where each of the hi are one of the base-16 digits 0,1, 2. 3. 4. 5, 6, 7, 8,9, 
a, I, c, d, e, and /; and let 

4n 

h = X (3-9-5) 

y-1 

where the by are either 0 or 1, be the binary representation of the same 
magnitude. Then from Eqs. (3-9-4) and (3-9-6) one obtains 

hi = 64i-s2« + + b4<2o (3-9-6) 

and the right-hand side of Eq. (3-9-6) may be used as a binary code for 
t^ 16 digits of the hexadecimal representation. Grouping the bits of a 
binary representation in consecutive groups of four, each group can be 
assipied its hexadecimal equivalent. For example, the hexadecimal 
equivalent of .1110 0100 1010 1000 is .e4a8. Thus, if the binary word 
size^ is in bits, the input and output of the computer may be in hexa-^ 
decimal representation. 


+ 


3 



0 


^7 


E 

^10 

^11 

^12 

'—,—''-- --^ 






1st op. Ist.address End op. End oddress 


1 St command End command 

HG. 3-9-1. Octal order word with two single-address commands. 

The preceding discussion implies that the principal difference between 
the binary, octal, and hexadecimal computers is in the representation 
of the words as they pass into or out of the input or output units. Th.e 
arithmetic unit and internal memory unit of each type of computer treats 
the information^ in the binary representation. If the word length is 
36 bits and a sign digit, an order word may contain two commands, 
each having an operand and an address. The number representation 
used by the programmer is octal with two octal digits for the operation 
and four octal (hgits for the address. The configuration of such an order 
word is shown in Fig, 3-9-1. The normal operation of a computer with. 
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such En order word fonTxat is to perfomx the first comiiiaiid of & word; 
next, the second command, of the same word; then the first command of 
the next word, etc. A data word contains a sign digit and 12 octal digits. 
The codes and input information are usually compiled in octal represen¬ 
tation; however, routines are constructed for such computers which allow 
them to accept binary-coded decimal information and convert it to equiv¬ 
alent binary information. Since the address of such a computer com¬ 
mand contains four octal digits, the internal memory may be as large as 
8* “ 4,096 words. 

If the word length of the binary computer is 40 hits, each order word 
may contain two single-address commands. However, in this case, the 




0 

0 

0 


k 

0 


0 

^10 


1st Op. Istoddress 2nd op. 2nd address 


1 st command 2nd command 

FIG. 3-9-2. Hexadecimal order word containing two single-address commands. 


0 


‘l 1 

A 

0 

h 

0 

0 

0 

^10 

^11 


0 

^14 


Op. 1st address 2nd address 3rd address 

FIG. 3-9-3. Three-address order for an octal computer. 


commands are represented by hexadecimal digits: the operand contain¬ 
ing two hexadecimal digits and the address containing three hexadecimal 
digits. The configuration for such an order word is shown in Fig. 3-9-2. 
Since such a command has three hexadecimal digits for the address, the 
internal ixiemory may be as large as 16® = 4,096 words. 

The preceding two-order word configurations classify the computer as 
being single-address with two commands per order word.” Should the 
memory be larger than 4,096 words, the format of the order words would 
have to be changed and a possible configuration would be the two-address 
computer similar to the two-address decimal computer already discussed. 

If the word length of the binary computer is 42 bits, the order word 
could be of the form of a three-address computer with octal represen¬ 
tation of numbers and commands. The word length would be 14 octal 
digits, allowing two digits for the operation and four digits for each of the 
three addresses as shown in Fig. 3-9-3. Again, such a compu^r may 
have an internal memory as large as 4,096 words. Similarly, if the word 
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size of the binary computer is 48 binary bits, the order word could be 
of the form of a three-address computer with hexadecimal representation. 
In such a case, the operand could be represented by two hexadecimal 
digits and each of the three addresses by three hexadecimal digits. The 
extra hexadecimal digit might be used as part of the operand or might be 
used as a special indicator such as indicating that one or more of the 
addresses refers to an auxiliary memory instead of the main memory, 
that the order word is to be treated as two single-address commands 
instead of a single three-address command, that the order is altered by a 
B-box, or that the command implies a floating point operation instead of 
the normal arithmetic operation. 

Thus, except for converting the data from decimal to octal or hexa¬ 
decimal, which may be done by a special routine within the computer, or 
done manually before being put in the computer, the methods of pro¬ 
gramming and coding a binary computer possess no major departures 
from those of the decimal computer.^ 

PROBLEMS 

3-1. Construct a two-address computer flow diagram for the problem flow diar 
gram of Fig. 3-3-4. 

3-2. Using the result of Prob. 3-1 and Fig. 3-5-4, construct a two-address code for 

n 

s = X a# 

i»l 

3-3. Construct a code for a two-address load routine. 

3-4. Construct a three-address computer flow diagram and code for the flow dia¬ 
gram of Fig, 3-8-1. 

3-5. Construct a two-address computer flow diagram and code for the flow dia¬ 
gram of Fig. 3-8-1. 

3-6. A routine check sum is a number which may be used as a partial check for 
the loading of a routine. It is acquired by adding together all commands 
and constants of the routine. Since this process usually causes overflows, 
the overflows are neglected. Construct a routine which will sum aU the 
words between two designated locations in the memory (neglecting over¬ 
flows), compare this sum with a given number, and either transfer computer 
control to a designated location if sum and designated number are the same 
or list the sum and designated number and stop the computation if they are 
different. 

1 There are programming systems for most computers, called assembly systems, 
which are designed automatically to convert the orders expressed with mnemonic sym¬ 
bols for order symbols and addresses and decimal representations of constants and 
data into a corresponding code for the computer. These systems are described in 
Chap. 8. 
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CODING WITH B-BOXES 


4-1. Introduction 

A large portion of the programming and coding effort for a problem is 
expended in bookkeeping; that is, in keeping track of the amount and 
location of data already processed and that yet to be processed. Com¬ 
mands which reduce the amount of bookkeeping are often incorporated in 
computers. Commands associated with j5-boxes, a British invention, 
fall into this category. B-boxes are used for address modification, for 
counting and for some other logical operations. Synon 3 nmis for the term 
B-box are index register, step register, and address modification register. 
In the next section we will program and code a simple problem and then 
use this problem in the description of the B-box commands. 

4-2. The Sum of o Set of Numbers 

Let us reconstruct the simple routine of Chaps. 1 and 3 which forms 
the sum s of a set of n numbers Ui, a.. a„, i.e., 

s = V Oi (4-2-1) 

By letting 

3 

«/ = 2 Oi 
1-1 

for 1 < i < 71, and so = 0, then we may write 

Sy = 0# -H sy_i 

and for j <= n, s = Sy. The flow chart for this problem is given in Fig. 
4-2-1. In constructing the flow chart it is assumed that ti is a variable 
depending upon the number of terms, oy, to be summed, except that ti is 
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FIG. 4-2-1, Flow diagram for 



assumed greater than or equal to onS) 
but does not exceed a number N detef 
mined by the availability of space iJi 
the main memory for the storage of tb® 
munbers o/. Using the three-addrefl^ 
code of Appendix I, a coding for thi^ 
routine is given in Table 4-2-1. Ifi 
coding the routine, it is assumed tha^ 
the oy are scaled such that |qf| < 1 an^ 
Is, I < 1 for all j, 1 <J <n. It is fuJ' 
ther assumed that before entering th® 
routine the o/ have been loaded int® 
their proper memory cells and n ha® 
been stored in the memory cell 014 
n' = 10“’ n. The subscript j of s,- i® 
dropped since only one memory ceft 
is required for this variable, i.e., s,- ^ 
stored in the same cell where Sj-i waS- 
In the coding of Table 4-2-1, the order 


TABLE 4-2-1. Three-address Code for Flow Diagram of Fig. 4-2-1 


Box 

no. 

Order 83 rmb 61 . 

Branch’ 

Memory 

location 

Order code 

Oper¬ 

ation 

Afi 

Mt 

ATa 

Oper¬ 

ation 

Ux, 

Afa 

Mt 


^- 


— 0- 

->. 


000 

+0 

000 

000 

000 


ADD 

0 


S 

Enter 

001 

01 

000 

000 

010 


ADD 

Da 

0 

r 


002 

01 

018 

000 

oil 


ADD 

Dx 


Cx .0 


008. 

01 

012 

000 

004 ' 


tADD 

S 


5} 


004 

{01 

010 

015 

010) 


ADD 

J' 

Di 

r 


005 

01 

Oil 

018 

oil 

2.1 

ADD 

Ci.o 

J' 

Ci.g 


006 

01 

004 


004 

3.0 

TBA 

N' 

J' 

Cx .0 

X.O 

007 

22 

014 



4.0 

PUT 


8 

jrcsTP) 


008 

42 

001 




BTP 

0 




009 


000 









oin 




_^ 1 




-a' 









- 


- dx — 

-^ 


UIX 

012 

01 


• » XU ^3- 

015 

mm 




“ oa 

- 



013 

A 

HI 


001 

El 







U14 
ni R 



• n' M XO 

59 







uxo 
rti A 







m 




uxo 

• 











• 



. 





H 



• 



• 



n + 14 
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TABLE 4 ~ 2 - 2 , Alternate Three-address Code for Flow Diagram of Rg. 4-2-1 



0.2, the order ADD 0 Di C'l.o is for presetting the variable second 
address in the command 1.0. The word di is the order ADD S Ai 3. 
This allows the routine to be reused after the Ai address hn a been modi¬ 
fied. Thus, the routine may be reentered after a new set of a/ has been 
loaded in the memory without reloading the routine. The order 2.1, 
ADD Ci-o J' Ci.o, changes the command l.O so that successive o,- are added 
to «. The value of / is chosen to be f = 10“’^ j and the address of Oj is 
modified after oj is added to a. The braces around the order 1.0 indi¬ 
cate that the order is modified by the program. The conunand 2.0, 
ADD J' Di J’, where d* = 10~^, is used for the equivalent of increment¬ 
ing y by 1. The order 3.0 asks if n' > /, which is equivalent to asking if 
n > j. Similarly, the order 0.1, ADD Dz 0 J', initially sets f to 10“^, 
which is equivalent to initially setting j to one. The ejdt order for this 
routine is a stop command; however, such an exit command may be 
replaced by an unconditional transfer to another routine. 

The computer running time for the preceding program may be 
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decreased by reducing the number of commands in box 2 of the flow 
diagram. This may be done by using the address of a,- in the order 1.0 
as a counter instead of having a separate counter for j. The coding is 
shown in Table 4-2-2. The test of the order 3.0 is that of testing the 
command Ci.o, 

{ADD SAjS} 

against the number ds = ADD S An S, where ds is created in the order 0.1. 
The operations for box 1 have been expanded to include the setting of 
the upper limit for the comparison test, c/. command Co.i. 


4-3. Expanded Word Structure for the Three-address Computer 

It is assumed that the sign of each word is represented by a binary- 
coded hexadecimal digit. The operation code for order words consists of 
the two digits s and do with the permissible values for s (for order words) 


TABLE 4-3-1. Partial Table of the Operation Codes 
for Three-address Commands 



Operation 


Operation 


Operation 


Operation 


code 


code 


code 


code 






Symbol 







8 

do 

s 

do 

8 

do 

8 

do 

Sp 

ecial 


D 

ogical 


Ope 

ration) 

d 

Float 

arit 

ing po 
ihmeti 

int 

c 

STP 

KBi 


TJCD 

2 

1 

LOD 

4 

1 

FAD 

8 

1 


TRA 

2 

2 

PRT 

4 

2 

FSU 

8 

2 

ADD 

0 

1 


2 

3 


4 

3 

FMR 

8 

3 

SUB 

0 

2 

XTR 

2 

4 


4 

4 

FDR 

8 

5 

MLR 

0 

3 

SHR 

2 

6 

BKP 

4 

5 

FAA 

8 

7 

MLT 

0 

4 

SHL 

2 

6 







DVR 

0 

5 










DIV 

0 

6 










ABA 

0 

7 










SBA 

0 

8 











being the digits 0 through 9 (binary representations 0000 through 1001). 
For data words the binary representation 1010 is used for s to indicate 
that the word is a data word and is positive, and the binary represen¬ 
tation 1011 is used for 8 to indicate that the data word.is negative. In 
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this manner s may be used to distinguish between data words and order 
words. Table 4-3-1 gives the operation codes for the three-address orders 
of Appendix I except for the S-box commands introduced in this chapter. 
In this table, the orders are arranged in groups. The operational orders 
are separated from the logical orders since each operational order may 
require an action by the computer operator such as the loading of a deck 
of cards in an input or output unit, the setting of a console switch, etc. 
Except for the data being in floating point notation, the description of 
floating point commands (for which « = 8) follows the description of the 
corresponding fixed point equivalents in which s = 0. The operation 
codes having 8 = 6 are reserved for the magnetic-tape commands dis¬ 
cussed in a later chapter, and those having odd digits for s will be dis¬ 
cussed in the following section. 


4-4. jB-boxes (Index Registers) 

A S-box is a register used in the modification of addresses during 
execution of an order without changing the order as stored in the memory. 
For example, in the problem of this chapter, the address for oi in the 
order 1.0 of Table 4-2-1 might be modified by a B-hox to the successive 
addresses of the numbers Of. J3-boxes and B-box commands vary in 
design and operation from one computer to another. Here we will dis¬ 
cuss a possible arrangement for the three-address computer of Appendix I. 
B-boxes for other computers operate in the same general manner but may 
differ in detail, particularly in the physical location of the registers and 
the method of tagging the address to be modified. Many computers 
have separate B-boxes and do not use the main memory for this purpose. 

Except for the location 000, any main memory location of the three- 
address computer may be used as a B-box. Thus, the programmer may 
have as many B-boxes as required for a routine within the limits of avail¬ 
able memory locations. Each B-box is designated by its memory loca¬ 
tion. Associated with the operation of the B-boxes are three orders: 
a SET command, an INC (increment and test) command, and a DEC 
(decrement and test) command. These orders are given in Table 4-4-1 
where the contents 6 of a B-box is assumed to be a data word with digits 
designated as 

-j-bobib^ibtbsbebTbsit 

In the INC and DEC commands, the terminology “N(mod 1,000),” 
which is read as N modulo one thousand, is used. The definition of this 
terminology is given in Chap. 6 on parallel and serial modes of computer 
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TABLE 4-4-1. Three-address B-box Commands 


Symbol 

Operation 

code 

MiMsMa 

Explanation 

8 

do 



SET 

2 

7 

MiMsMa 

Set B-box with initial value Mi and final value ikfi 
where the address of the B-box is Jlf j » diddt 
This order causes * A for i = 1, 2, 3, 7, 8, and 
9, fcc “ hi =s feg ■■ he ■" 0 and i.e., the 

contents of the B-box addressed ilf a is set equal 
to -f 0 Ml 000 Ms. 

INC 

2 

8 

MiMsMs 

Increment B-box (addressed Af j « dididt) by the 
amount Mi. This causes [bibshz + didsdt] (mod 
1 , 000 ) bibsbz. Next, test to see if bibjbi < 
b7bzht. If bibibz < bjhzbi, the next order is taken 
from memory location Af 8 = Wadg. If hihghi > 
hr&ghg, the next order is taken sequentially. 
Note that if b^bzbt — 000 , then the next com7 
mand is taken in sequence. 

DEC 

2 

9 

MiMsMz 

Decrement B-box (addressed M% = didgda) by the 
amount Jkfi. This causes ^ibsbz + ( 1,000 - 
didsdt)] (mod 1 , 000 ) hxbsbz. Next, test to see 
if bibsbt > hbabi. If 616263 > bib^s, the next 
order is taken from memory location Afi =» 
drdsdg. If 616263 < 676362, the next order is taken 
sequentially. Note that if 676369 » 999 , the next 
command is taken in sequence. 


Note 1 . Ml consists of the digits di, di, and ds; ilfa consists of the digits di, ds, and 
de; and Ms consists of the digits dr, dg, and dg; the contents of B-box Ms are 

+6e bi&s&t bibsbt bjbsbi. 


Note 2 , Using an increment of 999 (the modulo equivalent of — 1) would cause a 
downward count in the B-box. Similarly a decrement of 998 would cause an upwswcd. 
count of 2, Thus, the principal difference in the use of INC and DEC commands is 
in the branching condition. 


operation. Here it suffices to say that if 0 ^ iV < 1,000, then N‘ is not 
altered; but it 1,000 < JV < 2,000, then N is replaced hy N - 1,000. 

An order, an address of which is to be modified by a B-box, is tagged in 
the following way. The operation-code digit s is replaced by s + 1; 
tlmt is, a B-boxed fixed point arithmetic order has s = 1, a B-boxed 
logical order has 8 = 3, a B-boxed operational order has s = 5, a B-boxed 
magnetic-tape order has 8 = 7, and a B-boxed floating point arithmetic 
order has 8 = 9. Whenever s is an odd number in an order word the 
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computer considers the next sequential word in memory as a part of that 
order. Let L be the address of the S-boxed order 

sdo dididt didsdf djdsdt 

op Ml Mi Mt 
where s is an odd digit, then the word 

sdo didjdg dididt did^di 
Bui Bjti Bit, 

with address L + 1, gives the following interpretation to the order 
addressed L. The address Mi is modified by the B-box addressed Bmu 
the address M» is modified by the J5-box addressed But, and the address 
Mg is modified by the jfi-box addressed Buf Each of these addresses is 
modified when the order is transmitted from memory to the control regis¬ 
ter by adding the number of the designated B-box to the address 
and placing the sum in its proper address location in the control register. 
Should the modified address exceed 999, then the modified address (mod 
1,000) is placed in the control register, that is, the overflow digit is 
dropped. Thus, the control register contains the order with modified 
addresses and the memory retains the order with unmodified addresses. 
Since the command in memory is unchanged, the address does not need to 
be reset to its original value for subsequent use. By having the memory 
location 000 contain -f0 000 000 000, its address may be used for Bui, 
Bit,, or Bu, whenever one of the addresses Mi, Mg, or Mg is not to be 
modified but at least one of the others is. By setting s = do = 0 in the 
word addressed L + 1, the computer will stop if this word enters the con¬ 
trol register. However, these digits in the second word of a B-boxed 
command may be left to the discretion of the programmer. A similar 
construction of B-box commands for a two-address computer is assumed 
in the description for these commands in Appendix II. 

Assuming the use of B-boxes, the coding for the flow diagram of Fig. 
4-2-1 is given in Table 4-4-2. In coding this routine, it is again assumed 
that the a# are stored in their proper successive memory locations before 
the routine is used, and n is now stored as = 10~^®». In boxes 0.0, 0.1, 
and 0.2, s is set to zero before starting the sum; n is extracted into the 
third address of the B-box SET command; and this SET command sets 
the limits of the B-box so that j' = j — 1 runs between the values 0 and 
n — 1, inclusive. In box 1.0, the address of ai is incremented by the 
B-box so that the aj are added in sequence to 8. In box 2.0, the B-box is 
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TABLE 4-4-2. Three-address Code for Flow Diagram of 
Fig, 4-2-1 Using j5-box Commands 


Box 

no. 

Order symbol 

Branch 

Memory 

location 

Order code 

Oper¬ 

ation 

Ml 


Mz 

Oper¬ 

ation 

Ml 

Mjt 

Mt 


<- 


B 

- 






000 

0.0 

ADD 

0 

0 

s 

Enter 

001 

01 



009 

0.1 

XTE 


Di 

c.., 


002 

24 



003 

0.2 

SET 

000 

B 

(1^1 


003 

27 

000 

012 

Ri ijl 

1.0 

/ADD 

jS 

Ai 

s 


004 

11 

009 

013 




000 

B 



005 


000 

012 

mill 

2.0 

INC 


B 

Cl., 

1.0 

006 

28 

001 

012 

ii!|| 

4.0 

PRT 



M(STP) 


007 

42 

001 

009 

K14 


STP 





008 


000 

000 

mill 




8 — 

_ 


nno 






- 


- di- 

- 



Kl 

000 

. 5 i— 

000 

111 



-« 



ni 1 







— TiJhrw Ti _^ 


U1J. 

012 


T> 

[• n — 

>- 







- 

- j£>-D( 

JtS “ 





L ai ~ 



012 








r ^ 

L Ao 



ni4 



- ai - 

>- 



1 

1 



^ “h 12 

- 

1 

- a2 - 




. 






- CLn- 



incremented by one, and a test'is performed to see if the incremented 
value indicates that the sum is completed. 

The preceding problem could have been coded using the DEC command 
by having n prestored as n = 10-% and by having di = +0 111 000 000. 
By changing the two-word command of box 1.0 to 

fADD S Ao S 

1 00 000 B 000 

where Ao is one less than the address of oi, and by changing the SET 
command of box 0.2 to 

SET N B 000 

Then the command 

DEC 001 B Ci.o 

would be used in place of the INC command of box 2.0. Such a coding 
of the problem would sum the a,- in reverse order. 

This simple example shows how a B-box may be used in modifying 
addresses in an order. Since there is only one address modified, the 
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saving of effort in programming and coding is not too apparent. How¬ 
ever, the saving is more evident in a calculation such as 

s = X (4-4-1) 

where one B-box may be used to increment three addresses in two 
commands. 

By letting so = 0 and 

3 

Sj= X 
i-1 

for 1 < i < n, it follows that 

Sj = Cj + Ojhj -b sj-i 

and for j = n, 8j = s. By assuming that the o,-, the hj, and the c, are 
stored in three sequences in the main memory and by changing box 1 of 
the flow diagram of Fig. 4-2-1 to that of 
Fig. 4-4-1, the flow diagram for this 
problem is obtained. In coding, the 
orders involving variables with subscripts 
are B-box tagged by adding one to the 
first digit of the instruction, and a second 
word ^ving the appropriate B-box ad¬ 
dresses is added to the order. The in¬ 
crementing and testing of the subscript 
(in the B-box) is performed by a single 
order. The coding of arithmetic com¬ 
mands to increment the address of com¬ 
mands involving variables with subscripts 
is eliminated. The net result of using 
B-boxes is not only a savings in coding effort, but a savings in memory 
space required for the routine and a reduction in the number of coding 
errors. 

The problem of Eq. (4-2-1), if enlarged to that of findi n g a set of sums 
where 

* ft 

Bjb — X dhi 

and 1 < fc < AT 

may be coded using two B-boxes where a command for one B-box is 
modified by the other B-box. Let us assume that the om are stored in 
memory in sequence; that is, the aw are .stored in successive cells in the 



FIG. 4-4-1. Change of Fig. 4-2-1 

n 

to form 5 — ^ (c< + o»bt). 
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FIG. 4-4-2. Flow diagram for 

n 


order an, Ou, . . . , ctyn, <isi, ojj, . . . , 
din., • ■ • , clyi, flws, • . • , d^n- We re¬ 
designate this sequence as the sequence, 
with a new notation, 

{<%•} 1 < i < 

l.e., Oi, d 2 , , On, On+l, An+S, . . . , 

Oan, • . . , OcW-l)n+l, d(N-l)n+t, • • • , OWn- 

Thus 

(i'+l)n-l 

«» = 2, df+i 

i'-hfn 

where k' = k — 1 and j' = j — 1. The 
flow diagram for this routine is given in 
Fig. 4-4-2 where it is assumed that N 
and n are predetermined constants. 
The coding of interest is that concerned 
with boxes 0, 2, and 6. In box 0, B-box 
Bi is set with initial value 0 and final 
value Nn; i.e., the code is 

27 OOO Bi Nn 

In box 2, B-box Bi is set with initial 
value 0 and final value n, and this com¬ 
mand is modified by B-box Bjj i.e., 

1 37 000 Bi ft 
loo Bs 000 Bi 


In box 6, B-box Bj is incremented by the amount nj i.e., 

28 ft Bi Ci.o 


4-5. Indirect Addressing 

The address modification scheme described in this chapter is a vari¬ 
ation of systems that are used in some computers. A general descriptipn 
of address modification may be found in the article “Programming for a 
Machine with an Bonded Address Calculational Mechanism.’”- 

The address modification scheme may be used for indirect addressing j 
that is, for designating an address which is the location of the operands 

1 Hemz &heoher (translated by John W. Carr IH), Programnung for a Machine 
^th m Estoded Address Caloulational Mechanism, Commun. Asaoc. CompvHng 
Maehtntry, toL 2, no. 6, pp. 32-38, June, 1959. 
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or connector address. This is indicated by the following example 

I 32 Ml Jkfa 000 
1 00 000 000 L 

This J5-modified TRA order designates a transfer if the condition is met, 
i.e., if C(Mi) > C(Ms). The transfer is to the cell the address of which 
is the first address in location L. Two of the many uses of indirect 
addressing are for designating the location of a return address for exit 
from a subroutine to the main program or for designating other variable 
connector addresses obtainable by reference to a table of connector 
addresses. 

4-6. Remarks 

It is often of interest to the programmer to know the fimction of the 
digits and bits within a digit of a word. When s is represented by a 
binary-coded hexadecimal digit, we have already pointed out that two 
configurations of bits for s not recognizable as binary-coded decimal digits 
are used for the plus and minus sign. Thus, the computer may use the 
sign digit to distinguish between order words and data words and, if 
desired, may be constructed to set an alarm whenever a data word enters 
the control register. Let s be represented by 

8 

X or SaSsSiSo 

where the Si are bits; then $ is the sign of a data word (or a word is a 
data word) if «» = Si = 1 since + (plus) is represented by 1010 and 
— (minus) is represented by 1011. For data words, the word is positive 
if «o = 0 and negative if so ■= 1. Thus, 8 o may be considered as the sign 
toggle for data words. Noting that 82 is not used so far in data words, 
we may make use of it and expand the meaning of data words. For 
example, if 82 » 0, the digits do, di, . . . , do are interpreted as decimal 
digits; and if 82 = 1, the digits are paired so that doidoi+i for i = 0,1, 2, 3, 
and 4 represent a single character allowing the storing of alphabetical, 
numerical, and special characters in the computer which may be recog¬ 
nized by the input and output units. Thus, the binary representation 
8 = 1010 may be used for ■+• for a positive digital data word, the binary 
representation s = 1011 may be used for — for a negative digital data 
word, the binary representation s = 1110 may be used for 0 for a positive 
data word containing characters, and the binary representation s =» 1111 
may be used for © for a negative data word containing characters. For 
order words, either Sg = 1 and 82 = si = 0, or 8 g = 0. Also, for order 
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words, So = 0 means that the command is not modified by a J?-box, and 
So = 1 means that the command is modified by a 5-box. Thus, 3o may 
be considered as a B-box toggle for order words. Similarly, ss may be 
considered as the floating point toggle for arithmetic order words. 

Often in the programming and coding of a routine it is desirable to 
have a counter which keeps track of the number of times an operation 
or a sequence of operations is performed. A B-box may be used for such 
a counter. The SET command is used to place the initial and final value 
(if used) in the counter; the INC or DEC command is used for counting 
(up or down) and for testing (if desired) to see when the count is com¬ 
pleted. That is, in some cases' one desires to know how many times the 
computer performs a sequence of operations, and in other cases it is 
desired that the computer perform a sequence of operations a fixed num¬ 
ber of times. Such uses of a B-box need not involve the modifying of 
addresses in order words. 

By increasing the word length of a three-address computer to a sign 
digit and 13 decimal digits, the main memory may be increased to 10,000 
words without changing the basic order word structure and the type of 
B-box used. That is, for order words,.a and da would represent the oper¬ 
ation code, and the remaining 12 digits would be used for the three 
4-digit addresses. 

In general, in the following chapters the detailed flow chart will not 
indicate whether or not a B-box is to be used. For example, the flow 
diagram of Fig. 4-2-1 has been considered as an adequate description of 
the problem when a B-box is used. However, when programming and 
coding a complicated routine for a computer with B-boxes, it may be 
desirable to replace parts of the detailed flow diagram with computer flow 
diagrams indicating the B-box operations to be coded, as in Fig. 4-4-2. 

PROBLEMS 

4-1. Recode Prob. 3-4 using B-boxes (a) for the three-address computer and (6) 
for the two-address computer. 

4-2. Recode Prob. 3-6 using B-boxes (a) for the three-address computer and (6) 
for the two-address computer. 

4-3. Code Prob. 1-4 using B-boxes (a) for the three-address computer and (6) 
for the two-address computer. 

4-4. Code Prob. 1-6 using B-boxes (a) for the three-address computer and (6) for 
the two-address computer. 

4-5. Develop a dynamic memory chart for a program for Fig. 4-4-2. Show the 
contents of the memory cells assigned as the index registers Bi and Ba after 
each pass throu^ the flow chart boxes 0, 2, 4, and 6. Also show the con¬ 
tents of the control registerVhenit contains the modified command for box 2. 



5 

SUBROUTINES 


5-1. Introduction 

Many computer routines have considerable complexity. For such 
routines it is advantageous to separate the parts which are essentially 
independent of one another. The remainder of the routine then con¬ 
tains the part which is concerned with the organization of the inde¬ 
pendent parts into a unified routine. The independent parts of the 
routine are called subroutinesj and the organizational part of the routine 
is called the main routine. 

The principal advantage for this approach is that in designing the main 
routine the inner structure of the subroutine may be considered irrelevant. 
The subroutine is to be viewed from its functional characteristics alone. 
Further, in the detection of coding errors the subroutines can be tested 
independently. 

The independent nature of subroutines contributes to their general 
applicability. The existence of subroutines for standard processes can 
be an important factor in the economics of automatic computation. For 
many computations, savings of over half of the coding effort required 
can be effected by the incorporation of previously written and tested 
subroutines. This has led computer users to develop collections of sub¬ 
routines which have been written for general applicability and are thor¬ 
oughly tested to assure fault-free operation. These collections are called 
subroutine libraries. One of the first groups to develop a library of sub¬ 
routines was the staff of the Mathematical Laboratory, University of 
Cambridge. The book entitled ‘'The Preparation of Programs for an 
Electronic Digital Computer’^ by Wilkes, 'V^eeler, and Gill^ is mainly a 

1 M. V. Wilkes, D. S. Wheeler, and S, Gill, “The Preparation of Programs for an 
Electronic Digital Computer,*' 2d ed., Addison and Wesley, Inc., Cambridge, Mass., 
1967. 


105 



106 PROGRAMMING AND CODING FOR AUTOMATIC DIGITAL COMPUTERS 

description of the subroutine library developed for their computer, the 
EDSAC. Their book is the first book solely on programming for digital 
computers and also contains much useful information on the design and 
testing of routines. 

In this chapter the techniques of design and use of the subroutines 
are considered. Emphasis is placed on procedures for incorporating a 
subroutine into a code, i.e., the procedures for linking the subroutines 
to the rest of the program. The term calling sequence has been coined as 
a generic term for the sequence of orders, addresses, and parameters con¬ 
tained in the main routine which are required to form the linkage with the 
subroutine. The term executive routine is sometimes used as a synonym 
for main routine. The use of the term subroutine has become diluted and 
is sometimes used to refer to any well-defined part of a program. 

5-2. Subroutines for the Evaluation of a Function of One Variable 

Si^routines for the determination of a number, the value of which is 
determined by another number, occur frequently in computer applica¬ 
tions. Let y = /(x) denote this functional relation. In addition to the 
calculation of the function, programming considerations for such sub¬ 
routines include: determination of a procedure for supplying the sub¬ 
routine with the input vsuiable x (alternately the memory location of x 
or tike memory location of the location of x could be supplied); determi- 
natirm cf a procedure for incorporation of the result y in subsequent 
calculation; and determination of procedures for transfer of control to 
the sulm>utine and traasl® of control from the subroutine to the subse¬ 
quent pr(^ram. These considerations constitute the procedures for 
incorporating a subroutine in a routine. Subroutines designed for gen¬ 
eral {qmlication should be as convenient to use as is consistent with 
general computation requirements. That is, a subroutine which is sim¬ 
ple to incorporate in a program may take more computer time than one 
which requires a longer linking code in the main routine. In such event, 
two or more versions of the subroutine may be put in the library. 

5-3. Open Subroutines 

A subroutine which is to be fitted into a routine so that no transfer of 
conteol is necessary is called an open subroutine, A flow diagram for a 
single-address computer routine using an open subroutine to calculate 
y = /(®) is illustrated in Eig. 6-3-1. 
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As is shown in this flow diagram, the upper accumulator Au (or lower 
accumulator Al) of a single-address computer can be used for temporary 
storage of the input variable and subsequently the result. This use of 
stanc^d locations for the subroutine variables facilitates their design 
and use. Since open subroutines are incorporated directly into the 
routine (without transfer commands to and 
from the rest of the program), their use in 
more than one part of the routine generally 
requires duplication of the subroutine. 

To minimize the chance for error, subroutines 
frequently include safety features. These may 
involve saving and restoring the contents of 
arithmetic and index registers. Subroutines 
may also check for consistency in input data 
and may have computation checks. In such 
cases the subroutine may initiate printing of an 
error message indicating the illegal subroutine 
use or computational error involved. 

Some computer groups use the term sub¬ 
routine library to refer to subroutines stored in 
a magnetic tape or other form of auxiliary memory. Program library is 
then used to describe the collection of less frequently used subroutines. 

5-4. Location of Subroutines 

In most subroutines some of the commands will refer to numbers or 
commands contained in the subroutine. Thus the addresses in these 
commands are related to the location of the subroutine in the memory. 
For general application it is important that the subroutines be written 
in a form suitable for relocation in an arbitrary part of the memory. 
The modification of the subroutine for such relocation is usually accom¬ 
plished by a computer routine. Routines which perform the relocation 
required for subroutines are discussed in Chap. 8 entitled Some Aspects 
of Automatic Programming. 

5-5. Subroutine Parameters 

Parameter values used by the subroutine which are fixed during pro¬ 
gram assembly and not changed during the computations are called 
preset parameters. There may be a requirement to occasionally change 
a parameter value during the computation and for the computation 
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FIG. 5-3-1. Flow diagram 
of an open subroutine for 
the evaluation of a function 
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routine to supply the subroutine with the values of these particular 
parameters. Such parameters supplied by the main routine are called 
program parameters for the subroutine. 


5-6. Closed Subroutines 

Subroutines which are incorporated in a routine by the use of transfer 
commands are called closed subroutines. A flow Hi n gram for a three- 
address computer of Appendix I, illustrating the incorporation of a closed 


Main routine Subroutine 



RG. 5-6 1. illustration showing the incorporation of a closed subroutine in a main routine. 

subroufee for evaluating y = f{x), is shown in Fig. 5-6-1. This figure 
Illustrates the use of one subroutine for computation oiy = f(x) to com¬ 
pute 2/1 — f(xi) and 2/2 = fixi) in two different parts of the routine. 
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In this flow diagram the addresses of xi, xa, j/i, and ya are Xi, Xa, Yi, 
and Fj, respectively for the two uses. The addresses for the next com¬ 
mand in the main routine are designated by i = 1, 2, where is 

the variable connector. Main roviine refers to the part of the compu¬ 
tation routine which does not include the subroutine (or subroutines). 
In this flow diagram, the command for the variable connector a< is desig¬ 
nated by Cat, and the command for the jth box in the subroutine is 
designated by Cj. The extract command XTR MiMaMa is shown in the 
flow diagram as XTR(mi,TO 2 ) —> mt. Also, (999) represents the contents 
of the memory cell addressed 999. Preceding the entry to the subroutine, 
a word with the three addresses Xi, F,, and required by the sub¬ 

routine is placed in a standard location (in this case cell 999). The first 
digit of this word is not used and is represented in the preparation box 
by a zero. The subroutine separates the required addresses and places 
them in the appropriate commands within the subroutine; that is, in 
box 1 the return address to the main routine is extracted from the con¬ 
tents of cell 999 using the extractor word designated as di and placed in 
the Jkf j address of the UCD command for the variable connector ai at the 
end of box 7. In box 2 the address for Xi is extracted from the contents 
of cell 999 and placed in the Mi address of the command for box 5. In 
boxes 3 and 4 the contents of cell 999 are shifted three digits to the right 
and re-stored there, and then the shifted address for yi is extracted into 
the Mi address of the ADD command for box 7. One of the principal 
advantages of this system is that it allows the incorporation of (a single 
copy of) the subroutine at several places in the main routine. 

If a subroutine is to be used at only one place in a routine, then an 
open subroutine is more economical for this application than a closed 
subroutine as computer time and memory are required for the transfer 
commands linking the closed subroutine to the main routine. In other 
applications the closed subroutine may be more econoixucal because of a 
saving in memory requirement. 


5-7. Automatic Return to the Main Routine 

Because of the large number of components in an automatically 
sequenced computer and the prodigious technical diflSiculties encountered 
in the construction and test of the first computers, emphasis was first 
placed on the development of computers with a minimum number of 
automatic features. Some of these early computers did not even per¬ 
form multiplication and division automatically. These operations were 
accomplished through the use of closed subroutines. In many applica- 
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tions control is returned from a closed subroutine to the command foB@# 
ing the command which transfers control to the subroutine. That |||: 
if the transfer command from the main routine is in cell n, control 
returned from the subroutine to cell n + 1. In several of the computf^ 
designed after 1950, provision was made to save the address of the prevl* 
ous command in a special register. The first command of the subroutii^ 
may then save this address for the location of the return to the mala 
program. This makes the process for returning to the noain routte 
automatic. B registers can also be used for the same effect, one of the. 
computer’s B registers being set to the address for return to the ma^ 
routine before the transfer to the subroutine is made. 


5-8. Interpretive Subroutines 

An early discovery in the use of automatic digital computers, parti^ 
larly in scientific applications, was that the cost of programming a eoihf 
putation might exceed the cost for performing the calculations on 
computer. For this reason early consideration was given to means if 
reducing programming costs. One method for effecting a reduction lit 
programming effort at the expense of an increase in computer time 
a computer subroutine designed to simulate the operation of a comi^l^ 
with operatioxxal features not contained in the basic computer. To 
end a subroutine is used which decodes (interprets) computer words 
perhaps sets of more than one word) as commands and numbers itt 
expanded order code. For example, a single-address computer with 
point arithmetic could be used to simulate a three-address computer Tf|l^ 
both fixed and floating point arithmetic. 1},-; 

An interpretive subrouiine is a subroutine whose operation is contrcSiiK 
by a sequence of computer words (or perhaps sequences of sets ; 
than one word). 

A flow chart for an interpretive subroutine is shown in Fig. 

This flow chart illustrates the basic features of most interpretive sii^ 
routines. The boxes of the subroutine are numbered serially from I 
L -1- 3. The box in the main routine which precedes box 2 of the 
routine ^ecifies the location N of the initial word in the sequence^ 
computer words to be decoded. The memory cell M acts as a 
counter for the interpretive subroutine. Thus, when control is trti|^ 
ferred to the subroutine from the main routine, the first word interpre^l^ 
is fetched from cell N. In box 3 the word to be decoded is 
pseudo command to differentiate it from the computer commands, 
exit from box 3 is a variable exit. This variable exit transfers contrdi. ink 
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one of the L operations (boxes 4, 5, 6, . . L + 2, L + 3) performed 
by the interpretive subroutine. If the addresses for the first command 
of each of the L operations is a simple function of the pseudo-command 
code, then the address for this transfer can be computed. In other cases 
it is generally advisable to store the addresses in a table in the sequence 


Main routine 



FIG. 5-8-1. Flow chart for an interpretive subroutine. 


corresponding to that of the pseudo-command codes or to use a table of 
transfer commands. 

The operation shown in box L + 3is included to allow a change back 
to coding in the basic computer operations. After one of the other oper¬ 
ations, i.e., box 4, 5, 6, . . . , or L + 2, the next step is the preparation 
of the address for the next word to be decoded. This is shown as box 1 
in the flow chart. For some interpretive subroutines it is advisable to 
include provision to change the decoding sequence. This can be accom- 
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plished by having one of the operations change the value of the address 
contained in cell M. It is also frequently advantageous to include pro¬ 
vision for other pseudo commands of a logical nature. For example^ 
iterative computational procedures require logical operations. If logical 
pseudo commands are included in the interpretive routine then it is not 
necessary to transfer back to normal command coding to accomplish 
these operations. Several interpretive subroutines have been written 
with the intent that all of the coding for a problem be done with pseudo 
commands. 


5-9. Subroutines for More than One Process 

It sometimes happens that parts of the codes for two or more calcu¬ 
lations are the same. A savings in memory requirements may result 
when the codes for these processes are combined. For example, one sub¬ 
routine may be used to calculate either cos x or sin x. In this case the 
mathematical identity cos y = sin. (ir/2 — y) may be used to establish 
the common part of the code. The flow chart which follows illustrates 
how a multiple entry system could be used for such a sine-cosine sub-* 
routine. The use of multiple entries can, of course, be extended to more 
complicated overlapping processes. 

Other schemes for combining some computations in a common routine 
are also feasible. Variable connectors can be used to prepare the routine 
for one of the computations it is designed to execute. The section on 
interpretive routines illustrated one such use of variable connectors. In 

another approach, parameters are used to 
particularize the calculations of a multi¬ 
purpose subroutine. Here the function 
evaluated by the subroutine is determined 
by specific values of the parameters in¬ 
stead of by different transfer paths to or 
within the subroutine or both. In the 
sine-cosine calculations a routine which 
evaluates sin (x -f b) could be used. 
Specific values for the parameters would 
then determine whether the sine, cosine, 
or a linear combination of the two is evaluated. Atta and Sangren^ have 
used this parameter approach in the formulation of a subroutine which 
can be used to evaluate Bessel functions, gamma functions, Laguerre 

^ E. E. Atta, and W. C. Sangr^, Calculation of Generalized Hypergeometrio 
Series, J. Assoc, Comyviing M(u:hinery, vol. 1, pp, 170-172, 1964. 



FIG. 5-9-1. Example of a multiple- 
entry subroutine. 
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polynomials, and some other special functions of generalized hyner- 
geometric type. 


5-10. Levels of Subroutines 

In some applications it is advantageous to have subroutines which 
i^er to other subroutines. Consider, for example, a calculation for 
which the arccosine function is required. The approximation 

B = cos-^ a: = (oo -1- oi® -b ajz* -I- • • . + ajx’) VT^ 0 < ® < 1 

developed by 0. Hastings^ provides an elementary procedure for deter¬ 
mining e with an error less than 3 X 10-». Many routines requiring the 
arccosine function also require the square-root function. In such cases 
there will be a savings in memory requirement if the arccosine routine 
utilizes the square-root routine as a separate subroutine. Then the 
square-root subroutine may also be used as required in the rest of the 
computations. 

A subroutine which does not refer to another subroutine is called a 
subroutine of level 1. Similarly, a subroutine is said to be of level n -|- 1 
if it refers directly to one or more subroutines of level n and perhaps sub¬ 
routines of level less than n. Applications using subroutines of level 5 
are not uncommon.* 

The two basic considerations for incorporation of a multilevel sub¬ 
routine into a program are those of linkage commands and temporary 
storage requirements. The commands linking the subroutines together 
require either direct or indirect (such as location of a location) specifi¬ 
cation of the location of the subroutines. Assembly of a routine written 
as several parts requires the generation of the appropriate linlfing com¬ 
mands. Assembly routines to facilitate this linking are described in 
Chap. 8. These assembly routines use relative addressing and free 
addressing systems to automatically construct the linkage. The sub¬ 
routines are written with free or relative addresses which may refer to 
other subroutines. The assembly routine then uses a cross-reference 
table to determine the actual address used in the linkage commands. 

Since a subroutine of level 1 does not refer to any other subroutine, 
there is no restriction on the use of the temporary storage required for 
the subroutine by other subroutines. A subroutine of level 2 may require 
temporary storage that may not be used by the subroutine to which it 

* C. Hastings, “Approximations for Digital Computers,” Princeton University 
Press, Princeton, N.J., 1966. 

* See Wilkes et al., op. cit. 



114 PROGRAMMING AND CODING FOR AUTOMATIC DIGITAL COMPUTERS 

refers. Thus in the description for a multilevel subroutine it may 
desirable that the temporary storage requirement for the subroutine h 
categorized into levels of availability. Reservation of the raaximtm 
temporary storage specified for each category of the subroutines usedia 
a computation would provide enough temporary storage. This simpb 
rule in some cases will specify more storage than is necessary. Instead, 
the miningfl.1 temporary storage requirement for a routine should be 
mined from an examination of all the possible interrelations of temporajy 
storage requirements for the interdependent parts of a routine. 

5-11. Subroutine Library 

The subroutines for a computer are usually organized into a collectioii 
called the subroutine library. The subroutine library may consist of 
following: cross-referenced listings of the subroutine titles and identify^ 

TABLE 5-11-1. Possible Subroutine Categories for an 
Engineering Computation Centerf 

1. Utility routines 

a. Assembly 

5. Compiler 

c. Program error detection 

2. Data processing 

a. Collation, sorting 

b. Output 

c. Tape handling 

3. Inteipretiye routines 

4. Mathematical functions: elementary and special 

5. Matrix programs 

6. Differential and integral equations 

7. Fourier analysis 

8. Statistics, Monte Carlo 

9. Other mathematical programs 

10. Engineering applications 

11. Maintenance routines > 

t A more complete list is given by W, L. Frank, Mathematical Subroutmes for & 
Univac Scientific Computer—^A Survey, Confutation and Automation^ vol. 6, no» I 
September, 1957, 

■ 

nuinber, abstracts for the subroutines, detailed descriptions of the 
routines, master copies of the subroutine code on tapes or cards for ©cfflElt 
puter input, and duplicates of these tapes or cards for actual use 
computer. ^ 

A programmer needing a subroutine jBrst examines the subroutine 8# 
ings to find the subroutines that seem to meet the requirements for & 
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computation. Examination of the abstracts provides additional infor¬ 
mation such as storage requirements, the amount of computer time used 
by the routine, accuracy, etc. These abstracts are usually adequate for 
the programmer to determine whether the subroutine is appropriate. 

Master copies of the subroutine tapes, cards or other input media are 
only used in a duplicator to prepare copies for use on the computer. 
Since it is usually diflBlcult or time-consuming to obtain an error-free copy 
of the routine by manual methods, some computation laboratories keep 
the master copies in a locked file to ensure against loss or destruction of 
all the error-free copies. 

A list of tjrpes of subroutines that might be used in an engineering 
computation center is shown in Table 5-11-1. 

The value of a subroutine library is determined by the standards set 
for the preparation, test, and description of the subroutines. The 
repeated use of the subroutines makes it economical for the programmer 
to consider several alternate computation methods or coding sequences 
to determine efiBlcient routines. For an elementary function such as e*, 
the computation methods examined might include series expansions, 
recursion relations, Chebychev polsmomial approximation, continued 
fraction expansion,^ and table look-up, the method used for the sub¬ 
routine being chosen from practical consideration of accuracy, compu¬ 
tation time, and memory requirement. For each of the computation 
methods the accuracy, speed, and space will depend to some extent on 
the coding sequence. An error in a subroutine contained in the sub¬ 
routine library can cause a large waste of computer time as well as pro¬ 
grammer consternation. In general, the most economical testing of a 
routine is done by the writer testing the routine soon after the program 
has been written. Thus, only thoroughly checked subroutines should be 
put in the library. The library should contain a detailed description for 
each of the subroutines with sufiicient information for programmers to 
imderstand the operation and analysis for the subroutine, and when 
required, to modify the subroutine. Such detailed descriptions may con¬ 
tain the title, purpose, range, accuracy, restrictions, storage requirements, 
speed, entry, exit, and other procedures for using the subroutine, equip¬ 
ment specifications (e.g., subroutine uses two tape units), mathematical 
analysis, flow chart, code and a description of how the subroutine was 
tested. Programmers should be continually encouraged to add to the 
subroutine library whenever they have written a program that has general 
applications. 

‘N. Macon, A Continued Fraction for e*, “Math. Tables Aids Compui.” vol. 9, 
no. 52, pp. 194-196, October, 1956. 
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Subroutine libraries vary with the computer used. Most computation 
groups develop extensive libraries of subroutines and complete prograuis. 
Many of these programs are very useful and contain complex and 
difl&cult-to-program computation algorithms. Thus a change in the 
computer may involve extensive and costly modification of the library 
of programs. DiflSiculties also occur in exchanging programs between 
different user groups. Such changes and difi&culties are minimized when 
computer-independent programming methods are used.^ The Asso¬ 
ciation for Computing Machinery has adopted ALGOL® (International 
Algorithmic Oriented Language) as a machine-independent programming 
language for scientific applications. In March, 1960, the ACM started 
publication of ALGOL Procedures. These procedures are general-purpose 
subroutines. Although some of the initially published routines contained 
errors, recent issues of the Communications contain tested procedure^ 
which are very useful and have excellent computation algorithms. 


5-12. Subroutine Descriptions 

This section contains a description of a subroutine for illustration of 
considerations which are of interest to the subroutine user. The descrip¬ 
tion starts with the frequently needed details listed in a standard sub¬ 
routine description heading. The title of the subroutine is as descripidwe 
as is practical and may contain brief statements about the restrictions ^ 
the computation. The identity number is used for indexing the descrip¬ 
tions and may be used by an assembly routine which automaticalljf 
retrieves subroutines from a magnetic-tape file (auxiliary memory)* 
When an identity number or symbol is used in this manner it is refenredt 
to as the calling number. In the identity number of the following 
routine description the 5 refers to matrix programs, .01 to vectors, aoiui 
.02 to the subnumber for this routine (c/. Table 5-11-1). The desor%»* 
tion contains a flow diagram, Pig. 5-12-1, and code, Table 5-12-1, for 
in modifying the subroutine, detection of transcription errors or locates® 
computer malfunction. In computing the running times for the sub¬ 
routine, all commands except FMR are assumed to take 0.16 milliseco3adb 
(msec). The FMR command is assumed to take 0.08(1 4* 250 
seconds where Sm is the sum of the digits in the multiplier. By lettin® 

1 Cf. Saul Gom, Standardized Programming Methods and Universal Godmg;^ Jf. 
Assoc. Computing Machinery^ vol. 4, no. 3, July, 1957. 

* Peter Naur et al., Report on the Algorithmic Language ALGOL 60 
Assoc. Computing Machineryj vol. 3, no. 5, May, 1960. 



TITLE IDENT. NO. 

Scalar Product of Two Vectors (Floating Point Arith- 6.01.02 
n COMPUTER 

methio) « “ ^ ^iVii 1 < ^ 957 Two-address 

♦ (Appendix II) 


NO. OF TEMP. AVERAGE AVERAGE 

CELLS STOR. TIME (Entry 1) TIME (Entry 3) 


ACCURACY 



0.96 -j- 6.80n msec 3.68 -f 6.80n msec < 5n • 10“® - 

maxla;<2/,-l 


ENTRY EXIT 

1. To compute scalar product for preset values of Result left in Au 
M(,xi)t M(yi)j and n, place +00 0000 EXIT in Au and and control re¬ 
transfer to “ENTRY 1,” i.e., first word of subroutine, turned to com- 

2. To change M(,xi) «« XXXX^ « YYYY and not mand in main 

change n, put +00 0000 EXIT in Ai; and +00 XXXX routine desig- 
YYYY in Q and transfer to “ENTRY 2,” i.e., 16th nated by EXIT, 
word of subroutine. 

3. To change M(xi)f M(x 2 )f and n “ NNNNy put +00 
NNNN EXIT in Au and +00 XXXX YYYY in Q and 
transfer to “ENTRY 3,’* i.e., 28th word of subroutine. 

Restrictionsx 

The subroutine is coded so n must be greater than zero. (Modification of 
boxes 2, 3, and 4 would allow the case n = 0.) 

Input Format* 

Subroutine is available on cards or tape for assembly by any of the assem¬ 
bly routines. 

Equipment: 

No auxiliary equipment is used. Subroutine uses one B-box. 

Preset Parameters: 

The values for M{xi), M(yi), and n may be assigned as preset parameters 
either in the assembly of the routine or in the preceding computations; cf, 
description for additional details. 

Program Parameten: 

The values of EXIT, M{xi), and/or n may be changed as described 

in the heading above; cf. description for additional details. 

Description: 

This closed subroutine can be used in three ways to compute Xiy* from 
the values ai, X 2 j • • • fXn and j/i, ya, . . . , yn stored in two sets of successive 
memory colls, the addresses of which are mIxi), M(xi) + 1, . . . and M{yi)j 
M(yi) + 1, . . . , respectively. 

Moating point arithmetic is used and the values of a;< and yi must be in 
floating point notation. 

• The addresses Mixt), Miyi) and EXIT and the integer n are used as pro¬ 
gram parameters in the subroutine. If the subroutine is entered at ENTRY 1, 
the last four digits of Ay arc placed in the EXIT connector of the subroutine. 
If the subroutine is entered at ENTRY 2, the last four digits of Ay arc placed 
in the EXIT connector of the subroutine; and the next to last group of four 
digits, XXXX, of Q are substituted for M(.xi), and the last group of four 
digits, YYYY, of Q are substituted for M(yi). If the subroutine is entered 
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at ENTRY 3, the next to last group of four digits, NNNN, of Au are sub^ 
stituted for the final value n in R-box J5, and the last group of four digits are 
placed in the EXIT connector; and the next to last group of four digits in Q 
are substituted for M{xi)j and the last group of four digits in Q are substi¬ 
tuted for il!f(yi). 

Time: 

This subroutine operates most quickly when M(yi), and n are not 

changed; i.e., for entry at ENTRY 1 of subroutine. The change of M(xi)j 
^(yi)t and n takes 2.72 milliseconds (msec). The computation time increases 
linearly with n and the sum 2 of the precision digits in the multipliers yij y%t 
• ^ • ,yn^ 

Accuracy: 

Errors are produced in the evaluation by the floating point multiplica¬ 
tions and additions. The rounding error in each product does not exceed 
5 * unless floating point exponent overflow occurs. The error in 
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TABLE 5-12-1, Coding Sheets for s = V (Actual Digital Code Omitted 
from This Sample Description) 
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be the sum of the digits in yi and 2 = V (Sm®, then the time required 
for the n multiplications by the yt’a is * 

n 

X 0.08(1 + = o.08(n + 2S) 

4-1 

If the digits of the numbers are assumed to be uniformly distributed 
(with eight precision digits in the floating point representation), this time 
estimate for the multiplication would be 0.08(1 + 2 X 4.5 X 8)n = 5.8471 
milliseconds. 


PROBLEMS 

6-1. Using the power-series expansions 




e“* = 1 - 


sin X = a; — 


n-O 

n—0 

5!4.£! _V 

31^61 4 (2»+ 1)1 


n-0 


and 


cos X = 1 — 


—z<-«- 


n—0 


(2n)! 


construct a flow diagram for a subroutine which can be used for evaluating 

^ * where 0 < a; < t/ 4. Use the convergence criterion 

that the absolute value of the Tith term be less than d. 

5-2, Using the identities 


and 



eT/4+V « 


e-<T/4+y) ^ g-T/4g-v 


construct a flow diagram for a second-level subroutine which can be used 
for ey^uating e*, e-*, ^ x, or cos x for the enlarged interval 0 < a: < ir/2. 

onsi er e , e > sin ir/A — cos ir/4 = 1/to be known constants. 
Incorporate the subroutme of Prob. 6-1 as part of this flow diagram. 



6 

PARALLEL AND SERIAL MODES OF 
COMPUTER OPERATION AND 
OPTIMUM CODING 


6-1. Introduction 

Digital computers are classified by their modes of operation as ■well as 
by the number base in which the arithmetic operations are performed 
and in which the words are represented. The basic modes of operation 
are serial and parallel. These terms describe the manner in which the 
computer words are transmitted from one unit of the computer to another; 
e.g., from the memory to the arithmetic unit, and the manner in which the 
arithmetic unit operates on its operands. If there is a single transmission 
line over which a computer word travels, then the digits of the word are 
transmitted sequentially, the least significant digit first and the most sig¬ 
nificant digit last. Generally, when the digits of a word are transmitted 
serially, the arithmetic unit performs its operations serially digit by digit. 
For example, in the addition operation the sum digit and the carry bit 
from the addition of the least significant digit of the augend and the least 
significant digit of the addend are first formed; then the sum digit and 
the carry bit from the addition of the next least significant digit of the 
augend, the next least significant digit of the addend, and the carry bit 
from the least significant digit position are formed, etc. Similarly, the 
digits of a word are transmitted from the memory with the least sig¬ 
nificant digit first. Such a computer is referred to as a completely serial 
computer. 

If all of the bits of a word are transmitted simultaneously from one 
unit of a computer to another (i.e., a distinct transmission line between 
units of the computer exists for each bit), and if the arithmetic unit per- 
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forms, insofar as is practicable, its operations on all bits simultaneously, 
the computer is said to have a parallel mode of operation. 

Figure 9-6-17 in Chap. 9, Mathematical Aid for Programming and 
Computer Design, is an example of a logical design of part of a parallel 
adder. However, either for mathematical or electronic reasons, the suo- 
cessive carry bits are not added simultaneously as they are formed, but 
are added either sequentially or by successive parallel additions to the 
sum digits of the addend.^ 

Some computers combine both modes of operation. For example, a 
binary-coded decimal computer may operate on the decimal digits in Idle 
serial mode; and the bits, forming the code for the decimal digits, may be 
transmitted or operated upon in a parallel mode. In designing a comr* 
puter, the choice between parallel or serial mode of operation is me4e 
as a compromise between obtaining a high-speed computer and obtain?* , 
ing a less expensive computer. A parallel computer may be made 
operate at higher speeds than a serial computer since, in general, it p«>- 
forms its operations on all digits of a word simultaneously, whereas a? 
serial computer operates on each digit sequentially. The ratio of spesSli 
of a parallel computer to a serial computer may be almost the ratio of 
the number of bits per word to one. On the other hand, the number fll, 
component parts and transiiaission lines between units of a parallel o<SR^'' 
puter is greatly increased over that number required for a serial COBIH 
puter. However, it should be noted that the registers and the memoir 
of a serial computer must also store aU digits. 

■■ 

6r2. Memories of Parallel Computers a;- 

In order that each digit of a word may be withdrawn and entered ia#f» 
the memory of a parallel computer simultaneously, memories are 
structed with equal accessibility for all digits of all words. These 
. ries are referred to as random access memories. That is, a word mayi||^? 
withdrawn from or entered into any memory cell with equal access? tilBfc 
so that the memory look-up time for a random sequence of a given 
ber of words is the same as for the look-up time in any other orde? 
look-up. At the time of this writing, most high-speed, random-aosp# 
memories are being constructed of magnetic cores. A magnetic core if 
small ring-shaped electromagnet made of ferromagnetic material. 

^ There is a procedure for simultaueous additions of intermediate carrieB that 
mits somewhat faster operation than the procedure in which carries are perforsfilf 
sequentially. This procedure is described by B. V. Bowden, “Faster than Thou^ilS^ 
Sir Isaac Htman & Sons, Ltd., London, 1963. 
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direction of magnetic polarization of the magnet is used to indicate the 
bit stored. In such a memory a magnetic core is used for each bit of each 
word whether the word consists of coded decimal digits or is a straight 
binary word. The cores are physically arranged in a three-dimensional 
array with two of the dimensions used to determine the address of the 
word and the third dimension provides the bit location within the word. 

Another random access memory presently in use is called the Williams^ 
tube or electrostatic memory. Such a memory is constructed either of 
standard cathode-ray tubes, which have been properly adapted for the 
purpose, or of special cathode-ray tubes designed for memories. Bits 
are stored as electric charges at designated locations on the inside surface 
of the front of the cathode-ray tube. The bit location may be charged 
with two different patterns allowing the representation of one or zero. 
The sensing and writing of a bit in a location is accomplished by position¬ 
ing the electron beam to that location and performing a series of electronic 
operations which will accomplish the desired operation. If n bits may be 
stored on the face of a particular Williams tube, then by having m tubes, 
the basic module of memory is n words of m bits each. For parallel oper¬ 
ation, one tube contains the first bits of all words, another tube contains 
the second bits of all words, etc., and the transmitting of a word from or 
to memory is accomplished by positioning the beam of each tube to the 
same bit position. In this manner the digits of a word nnay be entered or 
withdrawn in a parallel mode of operation. 

Eandom access or parallel memories, when properly constructed, pre¬ 
sent no new problems in programming or coding beyond those already 
discussed in the general techniques of Chap. 3. 

d-3. Memories of Serial Computers 

There are two types of main memory, the magndic drurn^ and the 
delay line, presently used with serial computers. The principal parts of 
a magnetic-drum memory are a magnetic drum and reading and writing 
heads. A magnetic drum is a cylindrical drum, the surface of which is 
composed of magnetic material. The reading and writing heads are 
small electromagnets shaped so that there is a small gap between the 
poles of the magnet. Often a single electromagnet is used for both read¬ 
ing and writing and is referred to as a read-write head. For our pur- 

* S. B. Williams, "Digital Computing Systems,” McGraw-Hill Book Company, Inc., 
New York, 1969. 

* Magnetic-disk memories are not discussed here since their operation is the same 
in principle as that of magnetic-drum memories. 
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poses, we can assume that the read-write heads are mounted along a 
straight line parallel to the asds of rotation of the drum with the gap 
near the surface of the drum as shown in Fig. 6-3-1 (c/. Fig. 7-1-1). By 
having the drum rotate, the electrical pulse representing a bit can be 
transformed by the read-write head into a small magnetized area in the 
magnetic surface. Conversely, a small magnetized area passing directly 
under the gap of the electromagnet will cause the read-write head to 

emit an electrical signal. That part of 
the surface of the drum which passes 
under a read-write head is referred to 
as a track. Words, digits of the words, 
and often bits of coded digits are stored 
serially in the same track of the drum. 

Lengths of most drums are between 
about 2 and 24 inches, and their diam-’ 
eters are between 2 and 14 inches. The 
rotation speed of drums is between 
1,000 and 100,000 rpm. By storing 200 
words in each track, a drum with 20 
tracks will have a memory capacity 
4,000 words. If the words are ten 
binary-coded decimal digits, using four 
bits for each digit, and a sign digit, then each word has at least 41 bits, and 
a track would contain 8,200 bits. Such a drum rotating at 3,600 rpm. or 
60 rps would cause a magnetized area representing a bit to pass under f. 
read-write head every 2.03 microseconds (2.03 X 10“® seconds). Sinoe 
there may be space between each bit, the pulse time for a single bit would 
be nearer 1 microsecond. If the drum diameter is 10 inches, then the din* 
tance between centers of the magnetized areas for bits is 0.003834 inohj, 
and the gap between poles of the electromagnet of a read-write head 
would be considerably smaller, say 0.0003 inch. The size of the gap and 
the length of the magnetized areas for such a drum can be increasdd 
without changing the memory diameter by recording the bits of each 
decimal digit in parallel; e.g., by recording the bits in a set of four tracks. 
Then, each subtrack will contain 200 X H = 2,200 bits and will cause a 
bit to pass under a read-write head every 7.68 /»sec (microseconds). In. 
addition to the memory tracks, there are one or more timing tracks on 
the drum. One such track may be reserved for a pulse to locate the first 
word (i.e., the word with the smallest address) in each track. Another is 
used to designate the word positions; a third to designate the digit loca¬ 
tions within the words; and a fourth, if the drum is completely serial, to 



FIG* 6-3-1. Basic parts of a magnetic 
drum memory. 
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show the location of the bits within a digit. These timing tracks may be 
used either as the pulse timer for the entire computer or for synchronizing 
the drum with the rest of the computer. Usually the read-write heads 
are not placed in line as shown in Fig. 6-3-1, but are staggered around 
the drum so that there will be a minimum of interference, physical and 
electromagnetic, between the heads. This spacing is irrelevant in either 
the use or internal operation of the computer. 

For the 4,000-word drum described above, there are 200 words in each 
track. Using four digits for the address of a word, the first two may be 
used to designate the location of the half of the track containing the word 
and the second two digits for the word location within the half of the 
track. 

The average access time (the time to locate a desired word from 
memory assu m i n g the drum location is arbitrary at the start of the 
look-up) for the preceding magnetic drum is approximately one-half of a 
drum revolution or H 20 of a second, approximately 8.33 msec (milli¬ 
seconds) or 8.33 X 10“* second. Since it takes 

^ X ^ sec = 0.0833 msec 

to read one word from the drum and not more than eight word times to 
perform a CAU or HAU order on a single or two-address computer and 
since most of the orders require about this amount of time for execution, 
the major portion of the computation time of a drum computer may be 
consumed in waiting for words to appear under the read-write heads. 
The operation of a drum computer is usually improved; that is, the ratio 
of average access time to average computation time is decreased in one of 
two ways. The first is by the construction of a small, fast memory (fre¬ 
quently called a buffer memory as it may also be used in the transfer of 
blocks of computer words and as a timing buffer in input and output 
operations) in the computer, and the second is by use of coding tech¬ 
niques referred to as minimum access or optimum coding. 

A buffer memory may be added to a drum memory by adding another 
track on the drum and forming a delay line as follows. Separate read 
and write heads are associated with this track, and, in the direction of 
rotation of the drum, the read head is displaced around the track from 
the write head by the number of words to be stored in the buffer memory. 
Thus a position on the track first appears under the write head and then, 
through the rotation of the drum, appears under the read head as shown 
in Fig. 6-3-2. The quotient of the number of words contained in a 
memory track divided by the number of words contained in a buffer 
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memory is usually chosen to be an integer. For a memory track eoife- 
taming 200 words, a buffer memory might contain 20 words. The opeC"- 
ation of the read and write heads is as follows: The words desired in the 
buffer are entered through the write head. After the 20th word has been 
entered, the first word appears under the read head and by the cross- 

connection of the read and write 
heads, the 20 words will again be 
written in the next 20 locations of 
the track. By leaving the read and 
write heads cross-connected, a wottd 
in the buffer is read ten times fear 
every revolution of the drum. Tbfe 
procedure reduces the average aooeas 
time to approximately 0.833 miW*- 
second or ten word times, a %wm 
which is of the same order of maged^ 
tude as that for an addition. 

Usually a computer utilizing Hr 
drum buffer memory as described ha® 
several buffers so that one or more may be used to hold instruction wop^ 
and one or more may be used to hold information words. These buSsT 
memories are also used for transferring blocks of words (in the case hI 
the drum buffer described, a block consists of 20 words) from one part # 
the memory to another, for transferring blocks of words to memory 
an input unit, and for transferring blocks of words from the memory to 
an output unit. Locations within the drum buffer memory are assipms^ 
addresses as are other memory locations. For the drum memo^ 
described, the addresses of the buffer locations of the first buffer memosj^ 
might be 4,000 to 4,019, locations of the second buffer memory ixxigjati 
6,000 to 5,019, etc. Instructions associated with the buffer memc^^to 
include block transfer orders such as: (1) transfer the block of 20 
secutive words from memory, location of the first of these words being 
to buffer starting at buffer address N ; and (2) block transfer from bu®to, 
starting at address N, 20 words to consecutive memory locations, tito 
location of the fibrst word being memory location Af. For most coa** 
puters with drum buffer memories there is a restriction on the addresQto 
M and JV, i.e., M and N must have the same remainders when divided 
by the number of words in the buffer. This restriction is to ensure thirt 
the corresponding memory locations may appear simultaneously undw 
the reading heads. 

Another principle used in constructing a delay line is that of oirtiub** 
lating compression waves through a medium. For example, an electric 



FIG. 6-3-2. A drum buffer memory. 
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cal pulse is used to initiate a compression wave at one end of a column 
of mercury. This compression wave travels down the column of mer¬ 
cury to the other end where it is converted to an electrical pulse which is 
then used to gate a new electrical pulse initiating a repeat of the com¬ 
pression wave (thereby completing the delay repetition process). Since a 
compression wave travels 1 inch in mercury in approximately 17.5 micro¬ 
seconds; about 17 compression waves may be packed in every inch of 
mercury delay line assuming an electrical pulse length of 0.5 microsecond 
separated by 0.5 microsecond. Thus, ten words of 41 bits each may be 
packed into a mercury delay line which is approximately 24 inches long. 
A 1,000-word memory would consist of 100 such delay lines. A timing 
device would be associated ^th these delay lines to keep track of positions 
for compression waves, and the presence or absence of a compression wave 
at a given time would indicate whether the bit is a one or a zero. Using 
a three-decimal digit address for the location of a word in such a memory, 
the first two digits are used to designate the delay line, and the third digit 
to select the timed position of the word within the delay line. A new 
word is stored in the memory by using the bits of the word to gate the 
electrical pulses which initiate the compression wave in the proper delay 
line at the proper time (for the location of the word at the start of the 
mercury column) instead of using the pulses generated by the compression 
waves of the word previously stored. The average access time for a word 
(half of the time of travel of a word from one end to the other of a delay 
line) in such a delay line is approximately 

12 X 17.5 Msec = 0.21 msec 

or five word times, which is of the same order of magnitude as the time 
for an addition operation in the existing computers of this type. 

Delay lines, using the principle of compression waves, have also been 
constructed of a magnesium alloy and of fused quartz. These delay lines 
suffer from the fact that the speed of the compression wave depends upon 
the temperature of the medium, and the temperature of the medium must 
be carefully regulated to keep the compression waves in phase with the 
timing equipment. Delay lines are also used in the arithmetic and con¬ 
trol units of the computer to delay pulses. Delay lines for these pur¬ 
poses are usually lump constant delay lines which are made of electronic 
components, 

6-4. Minimum Access or Optimum Coding 

Let us consider a drum memory, as described in the preceding section, 
without buffer tracks, for the main memory of a two-address computer 
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where the first address JIfi is an operand or data address, and the second 
address Mi is the address of the next instruction. The object of optimum 
coding, for such a computer, is to minimize the waiting times for each 
instruction, for each operand called from memory, and for each result 
sent to memory. The waiting time is the time required for the desired 
memory location to rotate to a position under its read-write head. 

In order to discuss optimum coding more easily, let us assign word 
locations on the srurface of the drum. Let the drum have 20 tracks of 
200 words each and assign the drum angle 0 ° to the drum position when 
the first word of each track is under its respective read-write head. The 
remaining word locations are placed every 1 . 8 ° around the track. Thus, 
when the drum is at 0 °, word locations addressed 200p, 0 < p < 19, 
are under the read-write heads of the tracks niimbered 0 through 19, 
respectively. When the drum has rotated through 1 . 8 °, word locations 
addressed 200p -f 1 are under the read head, etc. Now, let us assume 
that an order word containing an addition operation is located at address 
M and that three word times after it is called from memory, the arith¬ 
metic unit is ready for the operand. Thus, the optimum location of M i, 
the data address of the addend, would be M -f 3. Assuming that it 
takes four more word times after reading the addend to complete the 
addition, the computer is ready to receive the next instruction from word 
location Mi + 5, and the optimum mstruction address within the order 
located at M should be 


Mi = Mi + 5 = M + 8 

Reflecting back on what we have already said, the address Mi need not 
be M -H 3, but might be any similarly located address of another track, 
say M 3 ± 200p; and, similarly, the address Mi might also be Mi -t- 
5 ± 2001: where p and k are any integers in the range 0 < p, & < 19, 
for which 

0 < M -f 3 ± 200p, Ml -I- 5 ± 2001: < 3,999 (6-4-1) 

Another way of expressing the possible address assignments of Mi and 
M 2 is acquired with the concept of congruent integers. If two integers 
Si and Si, when divided by the integer d, have remainders ri and rt whiohi 
are the same, i.e., 

Ti = Si — dqi = Si — dQi = Ti 

then Si and s, are said to be congruent modulo d; and this statement is 
written as 


81 s 82 (mod d) 
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For example, aU odd integers are congruent modulo 2, 

l = 3s5 = 7 = 9 (mod 2) s • • • 
gjnce 1 = 1 — 2 • 0 

1=3-21 
1 = 6 - 2-2 
1 = 7 - 2 • 3 etc. 

Let {a: > 0} be the set of all nonnegative integers x such that 

a: = s (mod d) 

then X - dqx + r and s = dq, + r 

•where is an integer depending upon x; and 

min [aj s s (mod d)] = r(s,d) (6-4r-2) 

{»SO) 

The integer r{s,d) is called the remainder or residue of s modulo d and 
0 < r(s,d) < d. 

Returning to the possible addresses of Mi and Mt, let 



= t(M ’4" 3, 200) 

(6-4-3) 

and 

ra = r(Mi -|- 6, 200) 

(6-4-4) 

then 

Ml = + 200p 

(6-4-5) 

and 

M 2 ” ^*2 *4* 200/fc 

(6-4-6) 


where 0 < p, fc < 19. Should none of the locations Mi as defined by 
Eq. (6-4-5) be available, then the next best choice for Mi would be 

Ml = 1 + n + 200p 

for some integer p in the increased set — 1 ^ p ^ 19. In general, the 
best choice for Mi is given by 

Ml = t -|- ri ■+• 200p (6-4-7) 

where t is the smallest integer which for some p, — 1 < p < 19, produces 
the address of an available location. Similarly, the best available loca¬ 
tion for M a is 

Ma = u -|- ra + 200ft (6-4-8) 

It is probably apparent to the reader that optimum coding requires a 
table which for each order gives the number of word times d required by 
the computer to read and decode an order and the number of word times i 
to execute the operation. Such a table is often referred to as an opHmum 
coding chart or timing chart, and an example of such a chart is given in 
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Table 6-4-1. In addition to having an optimum coding chart, the pta- 
grammer will have to construct a memory assignment chart showing the 
memory location assignments as they are made during the process of 
optimum coding. 

The abbreviations used in the optimum coding chart are those used for 
the two-address computer of Appendix II. For the operations MLR and 
MLT, Sm represents the sum of the digits of the multiplier; for the oper¬ 
ations DVR and DIV, S, represents the sum of the digits of the quotient; 
and for the operations SHR and SHL, n represents the number of di^t 
positions the. contents of the accumulator is shifted. Equations (6-4-3) 
and (6-4-4) may be extended to the operations of Table 6-4-1 and become 

ri = r(M -|- d, 200) (6-44) 

and rs = rCATi-I-e, 200) (6-4-10) 


TABLE 6-4-1. Optimum Coding Chart for Two-address Computer of 
Appendix II 


Operation 

d 

i 

CAU, HATI, CMXJ, HMU, CSU, HSU 
GAL, HAL, CML, HML, C8L, HSL 

3 

6 

CAQ, CMQ, C8Q 

3 

3 

MLR 

3 

25 + Sin < 116 

MLT 

3 

20 + 8m < no 

DVR 

3 

68 + iS, < 168 

DIV 

3 

50 + St < 150 

STU, STL, STQ 

5 

3 

TAP, TAN, TAZ, 0 W 

4 

4# 

SHIl,SHL 

— 

10 -H 2n # 

XTE 

5 

5 


By using Table 6-4-1 and Eqs. (6-4-9) and (6-4-7), the optimum address 
for Ml of each order may be assigned; and by using the table and Eqs, 
(6-4-10) and (6-4-8), the optimum adless Mi (and the location of thg 
n^ order word) may be assigned. A # symbol in column i means 1hat 
If replaces Mi in Eq. (6-4-10). In these cases Mi is not a data addiessi 
So far, we have discussed optimum programming as though there were 
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no interplay between orders, as though we had complete freedom in the 
location of data in the memory, and as though there were no restrictions 
on the scattering of orders throughout the memory. Before discussing 
the influence of these restraints on optimum coding, we tshould point out 
that if one knows S„ the sum of the quotient digits, then one usually 
knows the quotient digits and the division operation was not necessary. 
Thus, i might be chosen to be 150 = 60 + 10 X 9 for the DIV operation 
and 158 for the DVR operation, which 
are the maximum values of i, for these 
operations. Since 60 < i < 150 for the 
DIV operation and 68 < i < 158 for the 
DVR operation, a more optimum choice 
of i in each case would be a value which 
minimizes the average waiting time for 
the expected distribution of the /S*’s. 

Often the multiplier is a known con¬ 
stant, and i for the operations MLR and 
MLT may be determined. However, if 
the multiplier is a variable, determined 
by other calculations, then the choice of 
i might be such that 20 < i < 110 for 
the MLT operation and such that 25 < 
i < 115 for the MLR operation where 
the exact choice of i, in each of the two oases, would be the value which 
minimizes the average waiting time for the expected distribution of 
the SmB. 

In optimum programming one does not always have complete freedom 
in assigning locations for the data. For example, if we desire to obtain 

n 

8 = X, 

) “1 

in a program, the oy’s would be stored in sequence so that a simple pro¬ 
gram as shown in Fig. 6-4-1 might be used. If this program is optimized 
with respect to Ui, then it will be less optimized with respect to Oa and 
even less optimized with respect to oj. For box 1 it is necessary to have 
the Oj in sequence so that the required modification of addresses can be 
performed which, of course, precludes optimizing box 3 for all j. Figure 
6-4-1 also demonstrates the interplay between orders. Since the ikfa 
address of the last order for box 3 is fixed (it is the address of the first 
order in box 1), it will not, in general, be optimized. 

An important use for optimum coding is in the construction of codes 



FIG. 5-4-1. Flow chart for * = ^ ay. 

j-i 
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for frequently used subroutines. Generally, subroutines calculate the 
value of dependent variable y = f(xi, xi, , x„) from the independent 
variables a^, i = 1, 2, . . . ,n, where the number n of independent varia¬ 
bles is small. An example of a subroutine is the calculation of y = sin a: 
where x is the independent variable supplied to the routine. The require¬ 
ments of a subroutine are that its computation time be as small as possi¬ 
ble, that the number of memory locations required for the routine be as 
few as possible, and that these locations be as compact as possible. The 
requirement on computation time implies optimum coding insofar as is 
practicable. Minimizing the number of locations requires using the same 
orders over when iterative schemes are used. Compacting memory loca¬ 
tions means that there should be a minimum of unused memory cells 
between the first and last locations used in the subroutine. The la^ 
requirement results from the use of several subroutines in programming 
a problem. If the words of a subroutine were scattered throughout the 
memory, then there would be the task of interlacing the memory locations 
of several subroutines which, in addition to being difficult, might not be 
attainable. The requirements for optimized subroutines are, of coursej 
desirable for the coding of any program where optimum coding may be 
employed. 

Another way to obtain an optimized program compiled mainly of sub¬ 
routines is by having a subroutine library comprised of sequentially coded 
subroutines with indices that identify the relocatable addresses in the 
subroutine. The subroutines are incorporated in the program and then 
the entire program is optimized. Often a subroutine library for a com¬ 
puter which requires optimized coding will have both compact optimized 
and sequential subroutines. In the long run, programs comprised of tihe 
former type of subroutines require less optimizing effort since the major 
effort is made once during the construction of the subroutmes, whereas 
programs comprised of the latter type of subroutines which are then 
optimized may obtain a higher degree of optimization since there usually 
are not as stringent requirements upon the utilization of memory space. 

The programmer’s extra effort involved in the optimum coding of a 
short problem is often more costly than the increased computer cost of 
running the problem without optimizing techniques. In these cases semi- 
optunizing or machine optinoizing techniques are often used. One type 
of semioptimizing technique may be developed by noting in the optimum 
coding chart of Table 6-4-1, that i and d are less than or equal to 5 except 
for the sis operations where i is variable. By assigning in order those 
addresses which are to be optimized as 200p + r(5g,199) for 2 = 0, 1, 
2, . . . , 198 and 200p -i- g for g = 199 for a given p, memory locations 




PARALLEL AND SERIAL COMPUTERS AND OPTIMUM CODING 


133 


are filled in blocks of 200 locations. If p = 0, then g = 0,1, 2, . . . ,39 
assigns locations addressed 0000, 0006, 0010, . . . , 0195; g = 40, 41, 
42, . . . , 79 assigns locations addressed 0001, 0006, 0011, . . . , 0196, 
etc. Thus, if the first-order word is located at 0000, its data address will 
be 0005, which will be the location of that data word, and its instruction 
address will be 0010 and the second order will be located there. If the 
data for the order word addressed 0000 was prelocated (or the data 
address was not to be optimized), then the instruction address would be 
0005. The result of semioptimized coding is, except for the six orders 
already mentioned, that the waiting time for either senoioptinoized data 
or order words is never greater than three^ word times. Two advantages 
of semioptimum coding are that it is easily performed and that it pro¬ 
duces a reasonably fast and compact code. 

The optimized coding previously discussed may be made into a com¬ 
puter routine.* For such a routine, one requires that a coded program 
for a problem has already been developed in some form. The optimizing 
routine is to produce from this original code an optimized code. Let the 
original coded program be contained in an input deck of cards where each 
card contains the following information for each word of the program: 


1. L', the memory location of the word as used in the original code 

2. Contents of the word at location L'. (If the contents represent an 
order, then the sign and the first two digits represent the operation, 
the next four digits represent the data address M'l, and the last four 
digits represent the instruction address ilfg.) 

3. A one-digit location index x 

4. A one-digit data address index y 

5. A one-digit instruction address index z 



then L' 


then Af i 


then M\ 


j is fixed 

(is to be optimized 
is fixed 

is to be optimized 
, is not an address 
is fixed 

is to be optimized 
, is not an address 


* This maximum waiting time occurs for d — 3 or f >» 3 when tho pairs of semi- 
optimized addresses differ by six locations; e.g., 0196 to 0001, 0196 to 0002, etc. 

• The computer routine described here is essentially that of Barry Gordon, An 

Optimizing Program for the IBM 650, J. Assoc. Compviing Machinery, vol. 3, pp. 3-6, 
1956. . 
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Each input card contains one word of the original program and the 
essential information for optimization of that word. For order words 
the infonnation indicates whether the digits of the data address repre¬ 
sent a data address or a subinstruction (as in a shift order). 

The object of the optimizing routine is to generate a new deck of input 
cards in which L', M'^, and ilfj are replaced by their optimized values 
L, M 1 , and ilf s as indicated by the indices. For this purpose, let the first 
2,000 words of memory, 0000 <M< 1999, be used as an assignment toMs 
for the optimizing routine, and let the memory locations 2,000 throu^ 
3,999 be used for the orders of the optimizing routine. The assignm^o* 
table is used in the following way: The first four digits, do, di, d*, and d« 
in the contents of location M of the assignment table designate the 
address in the optimized program for a word in the original program, 
address M' of which was equal to M, 0000 < M' = M < 1999; and 
four digits do, do, dr, and do in location M of the assignment table 
the new address in the optimized program for the word the previous 
address M' of which had the value M' — M 2000,2000 <M'< 

If the digit do in the location M in the assignment table equals 1, 
location M has been used in compiling the optimized program; andj if 


do = 0, the location M has not been used. If dj in the location M in fha 
assignment table equals 1, the location M 4- 2000 has been used in 
ating the optiraized program; and, if d» = 0, the location M + 20CK) fe»S 
not been used. This table, then, provides the optimizing routine vviljh 
the optimized address assignments for the words of the original prc^pipQ. 
and an indication of the memory locations which have been used by ^ 
are available for the optimizing routine. 

The operation of the optimizing routine is as follows: First, the origte*! 
input deck is read into the computer and the optimizing routine recow^fe 
in the assignment table all fixed addresses. That is, if L', 0000 ^ 

1999, is fixed (® = 0), then the digits do, di, dt, and dg of location M 
of the assignment table are set equal to L', and the digit dg is set eqinii 
to 1; or if 2000 <L'< 3999, then the digits dg, d#, d?, and dg of locati^ 
,M = L' — 2000 of the assignment table are set equal to L' and the digit 
do is set equal to 1. Similarly, the fixed addresses M'l and ilf j are recorded 
in the assignment table. After all fixed addresses have been recorded^ 
the original input deck of cards is again read into the computer. Afbsr 
each card is read into the computer, the optimizing subroutine cheoltB 
with the assignment table to see if L' has already been given an optimindd 
address; and, if not, L' is optimized and so recorded in the assignneMSmt 
table. The contents of the word addressed L are then checked by lib® 
routine to see if the addresses M[ and are to be optimized and, if s©> 
Ml and Mt are recorded in the assignment table. Next, the optimiad®^ 
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routine punches a new card containing L and its contents and calls for 
the next card of the original input deck. If M[ and M'^ are to be opti¬ 
mized and have not been given previous assignments, Mi and M» are 
calculated by Eqs. (6-4-7), (6-4-8), (6-4-9), and (6-4-10) where d and i are 
determined by having the optimum coding chart stored in the memory. 
If L has not been given a previous assignment, then L is determined by 

L = min [L' -t- p] 

p 

where p is a positive integer, which produces a previously unassigned 
location. The location 0000 (zeros in the assignment table are used to 
indicate that no assignment has been made) is prohibited in the opti¬ 
mized program by the subroutine. With an optimizing subroutine such 
as that described above, the presetting of the digits di and d» may be 
used to restrict the optimized program to or from specified locations of 
the drum. These special locations could be reserved for subroutines or 
tabular data requiring sequential locations. 

Some drum memories may have the angular position of words within 
tracks assigned according to the desires of the programmer. For exam¬ 
ple, first address may be assigned the first angular position within each 
track, the second might be assigned the seventh angular position, etc. 
These positions, then, may be assigned addresses so that serial addressing 
of words of a routine produces a semioptimized code. Consider a com¬ 
puter, the execution time of which is shown in the chart of Table 6-4-1, 
with a 2,000-word memory having 40 tracks with each track containing 
50 words. If each of the sequential angular positions L within track t 
has the address A, the relation 

L = r[7(A - 600, 60] (6-4rll) 

for 50{ < A < 60(< -t- 1), produces a semioptimized code when the words 
of the program are serially addressed. The maximum waiting time for 
an optimized data word or the next optimized order word, except for the 
six orders in which i is a variable, is four word times. From Eq. (6-4-11) 
we may see that 

A(L,t + l) = 50 +A{L,t) 

that is, the address for angular position L of track f -4-1 is 60 greater than 
that for L in track t, and a single address track suffices for the entire drum. 
Figure 6-4-2 shows the addresses for track positions on track < = 0. 

Additional information on optimization procedures will be found in 
J. W. Carr III, Handbook of Aviomaiion Compniation and Control, vol. 2, 
chap. 2, John Wiley & Sons, Inc., New York, 1969. 
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FIG. 6-4-2. Address assignment for a semioptimized drum memory. 

PROBLEMS 

6-1. Using the optimum, coding chart of Table 6-4-1 and the orders for the two- 
address computer of Appendix II, construct an optimum code and memory 
chart for Prob. 3-2. 

6-2. Often in taking statistical data, several variables are measured for each of a 
number of elements. For example, one might be measuring the height an 
and the weight yi of the ith person of a group of N people, and one migiht 
want to know if there is a correlation between these variables. A meastcra 
of this correlation is given by the simple correlation coefficient r, where 

f i»L. 

The covariance Sxy is given by 

1 ^ 

«.»= ifzii ^ - S) 

is defined in Prob. 1-6, s* - | Vs?|j and 5 is defined in Prob. 1-4. Foar 
N < 300, draw a detailed flow diagram which will allow one to obtain any 
of the quantities 5, s®*, and r. That is, the routine for obtaining f 
should be equally usable for one desiring only 5, or ^ and s®*, or i and oaf 
5, and sj^. 

6-3. Using the three-address code of Appendix I and floating point arithmetic 
operations, construct a code for the flow diagram of Prob. 6-2. Assume ih^ 
Xi and yi are in floating point notation. 

6-4. Using the two-address code of Appendix II, floating point arithmetic opa^^ 
ations, and the optimum coding chart of Table 6-4-1 where floating point 
operations are assumed to have the same timing as their corresponding fixed 
point equivalents, construct an optimum code for the computation of 
as described in the flow diagram of Prob. 6-2. 
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AAAGNETIC-TAPE UNITS AND 
PROGRAMMING 


7-1. Introduction 

Magnetic-tape units may be used for auxiliary memories and for input 
and output units. The storage capacity of magnetic-tape units is usu¬ 
ally at least an order of magnitude larger than that of the main memory. 
Tape units are often used in applications involving large amoimts of data 
or intermediate results. They are also used for storage of frequently 
used programs and subroutines. The magnetic-tape unit may be con¬ 
sidered to be composed of a magnetic tape, a read-write head, two tape 
reels or baskets, and a control unit. The magnetic tapes are usually 
made of either a plastic or steel base with a magnetizable surface. They 
are approximately 0.002 inch thick and vary in width, depending upon 
the tape unit, from to 2 inches. Tapes vary in length, depending 
upon the computer and the purpose of computation. The control unit, 
responding to commands from the computer, controls the motion of the 
tape, the reading and writing of information on the tape, and the trans¬ 
fer of information between the computer and the tape unit. The tape 
passes, from a reel or a basket, by the read-write head, which is capable 
of reaing or writing bits on each track (c/. Pig. 7-1-1) of the tape, to 
another reel or basket. The reels or baskets of tape are usually replace¬ 
able so that the tapes can conveniently be used for temporary or perma¬ 
nent files. The linear speed for a tape is of the order of 100 inches per 
second, and the density of magnetic pulses representing bits within a 
track is of the order of 100 pulses per inch. Since the word time for a 
tape may be considerably longer than the computer word time, the infor¬ 
mation transferred between tape and computer generally passes through 
a buffer storage register capable of accepting information at either the 
computer or tape rate. 
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The manner in which information is recorded on a tape is to a large ^ 
extent determined by the mode of computer operation. For example, I 
consider a serial-parallel computer for which the words are composed of 
a sign digit and ten binary-coded decimal digits and where the sign and 
decimal digits are operated upon serially and the four coded bite for each 
digit are operated upon in parallel. A word on the tape may be recorded 
in four tracks with the bits of each digit recorded, one bit per track, in a 
row across the tape. For example, the word -1-0123456789 is shown in 

Fig. 7-1-1 as it might be recorded on 
a tape. The fifth track is for check 
bits which are formed as follows: 
Let 

d = b,2» + 622* -+- 6i2 -1- 60 

where d is the decimal digit and h la 
the bit in the (i + l)th track. The 
9- 0123456789+ check bit bi is zero if the sum 

Motion of tope during 60 "b H" "b odd, and 1^4 m l 

reading or writing if this sum is even. That is, the fifth. 

fIG. 7-1.1. Difltt recording on a magnetic bit is determined SO that the BU^ 

tape. the bits across the tape IS odd. Titos 

reliability of the information piu®^ 
essed by tape units is not as high as that processed by other comp#^ 
units and checks on this information, such as the parity check feifc 
described above, are incorporated so that a large percentage of ta^ 
reading errors will be detected.^ There are also some coding system# 
that use the redxmdant bits to correct errors. One of these systems uses 
check bits in each row and in each column of a block of information on 
tape. These bits are used to locate the row and column of the ineelfe 
rectly read bit. In many of the present tape units, with exposed miSp* 
netic material, the read-write heads collect magnetic oxide dust from 3^1# 
tapes, causing errors in reading of the digits on the tape. 

The speed of the magnetic-tape unit is slower than that of the am i# .-, 
memory and faster than that of card or paper-tape input-output unitok 
Also, for a given amount of information, tape files are less bulky tlwM S 
paper-tape or card fiOLes. Tapes have another advantage in beittg; 
reusable. 

The order of storing the digits on the tape shown in Fig. 7-1-1 is ttee 
same order in which they are transmitted between units of a sesial^ 

^ For other checking schemes, see R. K. Richard, “Arithmetic Operations in IHgiSad 
Computers,” pp. 187-192, D. Van Nostrand Company, Inc., Princeton, NJ., 19S5* 
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parallel computer having a single decimtil digit adder and a one-word 
buffer. The first digit read of each word on the tape is the sign digit. 
If the sign digit of the word is 1010, the word is positive; and if the sign 
digit is 1011, the word is negative. The remaining digits are read in the 
order from least significant (9 in Fig. 7-1-1) to most significant (0 in 
Fig. 7-1-1). 

In Fig. 7-1-1, a space equal to that required for recording two charac¬ 
ters has been left between the words. This space is equivalent to a time 
which is greater than or equal to the time used to transfer the word from 
the tape buffer to the computer. 

Let us consider a simple procedure for the transfer of information 
from a magnetic tape, as in Fig. 7-1-1, to a magnetic-drum memory of a 
serial-parallel computer. For the tape unit, let the tape speed be 100 
inches per second and the pulse density be 60 pulses per inch. The time <r 
required to read one word (11 characters) from tape is 11/(60 X 100) sec¬ 
ond ot tr = 1.833 . . . milliseconds; and the time ts between words is 
2/(60 X 100) second or ta = 0.33 . . . millisecond; i.e., two tape digit 
Let the drum memory have main memory tracks containing 200 
words each and at least one buffer memory track of 20 words, and let the 
drum speed be 3,600 rpm; then the time tc required to read one word 
from the drum memory, that is the word time within the computer, is 
1/(60 X 200) second or ta = 0.0833 . . , millisecond. The longest 
waiting time for access to a desired location in the 20-word drum bv^er 
memory (DBM) is 20 tc or 1.66 . . . milliseconds. By adding a one- 
word tape buffer register (TBR) and by assuming (1) that the contents 
of TBR may be transferred to the upper accumulator Au in two com¬ 
puter word times and (2) that one computer word time is required to 
prepare the computer for the transfer of the contents of Au to DBM, 
20 words may be transferred under continuous operation from the tape 
to the computer, filling the DBM. During the time tsi the contents of 
TBR are transferred io Av) and during the time tr, a word is transferred 
from tape to TBR and the contents of .Air are stored in DBM. A timing 
chart for this operation is shown in Fig. 7-1-2. The transfer from Au to 
DBM shown in this chart is the longest waiting time, i.e., 20 to. 

The words jnay be placed on the tape in groups of 20 words called 
Uocks. The contents of one block fill the DBM. By leaving sufficient 
space between blocks, time is available for the transfer of the contents 
of the DBM to the main memory before the next block is ready to be 
read into the DBM. The maximum waiting time for access to the first 
of twenty desired sequential locations in main memory is 200 computer 
word times, and the transfer time for the contents of DBM to twenty 
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sequential locations in main memory is 20 computer word times. If one 
computer word time is required to prepare the computer for the transfer 
of the contents of DBM to nxain memory, the maximum time required to 
transfer the contents of DBM to a desired set of 20 sequential locations in 
main memory is 220 computer word times or 18.33 . . . milliseconds. 
By having a space between blocks on the tape equivalent to a time 
greater than or equal to 18.33... milliseconds (1.833 ... inches or 



FIG. 7-1-2. Timing chart for the transfer of information from magnetic tape to dtWft 
memory. 


the length for one tape word), blocks of words on the tape may bo 
transferred to sequential locations in the main memory while the tape Is 
in constant motion. 

Such a detailed description as the one just presented, in addition to 
exhibiting the synchronizing of the operation of the tape unit with tbo 
computer, shows which parts of the computer are involved in the traJGU»> 
fer of information between computer and tape unit. For example, OSM 
sees that information stored in the DBM and the previous contents of 
Av will be destroyed by the execution of a command causing the transfea 
of information between tape unit and computer. 
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The preceding description is only one of many ways of transferring 
data between tape and main memory. The controlling factors in deter¬ 
mining the method of transfer are the type of main memory, the mode of 
computer operation, and the structure of the buffering S 3 ^tem. Another 
major factor is the contemplated use of the computer. These factors 
not only control the manner in which the information is transferred 
between tape and main memory, but are also major factors in deter¬ 
mining the manner in which the information is recorded on the tape. 
For example, the bits of each word might be recorded in a row across a 
tape having as many tracks as there are bits in the computer word. 
Such a tape might be used with a computer having a parallel mode of 
operation or having a large buffer memory. The TBE might be replaced 
by a large tape buffer containing as many words as there are words in a 
block on the tape. The advantage of such a buffer is that the computer 
may be used for calculation purposes during the time the tape buffer is 
being loaded. If the cells of the buffer are addressable, the buffer could 
also be used for additional computation storage. 

Some tape units use tapes that have addressable blocks. For such 
tapes the address of the blocks may be inserted in the space between 
blocks or on an additional track or tracks. If the address portion of an 
order word is used to refer to block addresses, then, for a 4-decimal-digit 
address, the maximum capacity of a tape is 10,000 blocks or 200,000 words 
if each block contains 20 words. Other tape units use tapes that do not 
have addressable blocks. Part of coding and programming problems 
using such tapes involves keeping track of where the tape is and where 
the information is located on the tapes so that the appropriate commands 
can be used to move the tape to the proper position for reading the infor¬ 
mation desired. 

For a magnetic tape which is 2,000 feet long, the time required to pass 
the entire tape under the reading head is 4 minutes (assuming a tape 
speed of 100 inches per second). In the computer processing of data 
from two widely separated blocks on the tape, it is desirable not to have 
computation stop while the tape is moving from one block to the other. 
The time the computer is idle for the purpose of bringing a desired block 
on a tape into position for transferring information to or from the memory 
may be reduced by designing the tape control unit to locate a desired 
block on the tape independent of the computer. That is, after the com¬ 
puter has indicated the desired block to the tape control unit (or the 
direction and number of blocks to be moved by the tape control unit), 
the tape unit and the computer are logically disconnected, and the com¬ 
puter may be used to perform other orders not involving that tape unit 
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while the tape unit is bringing the desired block into position. When 
the desired block is brought into position by the tape tinit, the tape is 
stopped, and the tape unit may then receive another instruction, that is, 
it waits until a command with the proper tape unit number is encoun¬ 
tered. Since most tape units must run at a specified speed for reading 
and writing operations, the position at which a tape is stopped must be 
properly spaced with respect to the read-write head so that when infor¬ 
mation is to be transferred between the memory and the tape, the tape 
will be brought to proper speed. A possible way to obtain the proper 
rest positions for the tape (positions at which the tape may be stopped) 
may be accomplished by inserting a bbck mark in the space between 
blocks. The block mark may be a special configuration of bits in the 
tracks used for digits or a bit on an additional track. The block miLr& 
serves two purposes. The tape is stopped at a sufficient distance from 
the mark so that when started the tape will be at the proper read-vnribe 
speed when it passes the block mark. The block mark may also be ua»d 
logically as a switch so that information is not transferred to or from 
tape until the read-write head has passed a block mark. 

Two possible orders for computers having tape units are: 

1. Read from tape, of tape unit M, n blocks to sequential locatioim In ## 
main memory with the first word written in the memory cell addreoaiii 
L. 

2. Write on tape, of tape unit M, n blocks of words from sequential tesaif 
tions in the main memory with the first word read from address L*: 

If the tapes have addressable blpcks, then the computer may hawflfift 
search order of the form: 

3. Search for block addressed iV on the tape of tape unit M. 

For this order, the searching by the tape unit should be independenit iai 
the computer once the command has been decoded. Should tape'UBi^ ljlf 
already be searching for a block designated by a previous 
new search command will interrupt the procedure and replace the I 

ous block address by the new block address. Thus, search comm«s^i|y| I 
may be corrected during a tape search. However, a read or write | 

mand will stop computation until the completion of a search commMi0i. j 
if one is in process. 

If the tapes do not have addressable blocks, then the computer ixri||^ i 
have two orders (often referred to as jump, move, or search orders) c*E iSwi; 
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following form: 

4. Move the tape of tape unit M forward p blocks. 

5. Move the tape of tape unit M backward p blocks. 

For these orders the motion of the tape should be independent of the 
computer once the command has been decoded. If the tape of such a 
tape unit has already been set in motion by one of the orders, 4 or 5, 
that order must be completed before another tape order is performed by 
the same unit. 

Almost all computers have a rewind order for tape units; i.e., 

6. Rewind tape on tape unit ikf. 

This order returns the tape on the specified tape unit to the first block 
on the tape. The rewind is at a higher speed than a ^arch operation. 

Tapes with addressable blocks usually allow the replacing of a block of 
information with new information. In some cases for nonaddressable 
tapes, the new information can only be inserted by rewriting the entire 
tape. That is, if the last block of information on a nonaddressable tape 
is the nth block, then the (n + l)th, (n + 2)th, . . . blocks may be 
added in sequence, but mth block, 1 < m < n, may not be replaced with 
new information without rewriting the entire tape. 

With regard to the computers of Appendices I and II, except for rewind 
commands, the command list already contains a minimum set of com¬ 
mands that could be used for operating tape units. For example, con¬ 
sider the three-address computer of Appendix I, and let there be n tape 
units, addressed . . . , associated with the 

computer. The order SWL M\MiMz or SWP MiMzMz is used to acti¬ 
vate the read-write connection between the ith, 1 < i n, tape unit 
and the computer when the address Mi = Mi®. By assuming that 
information is recorded on the tapes in nonaddressable blocks of 100 
words per block, the order LOD MiMsMj is used to transfer information 
from the tape unit (connected to the computer) to the main memory. 
For the LOD order, Mi designates the number of blocks to be loaded. 
That is, the digit di, 0 < di < 9, of Mi designates the number of blocks 
and the digits d* and ds are ignored by the tape control unit. The 
address Mi designates the address of the memory cell into which the 
first word of the first block is entered. The remaining words of the blocks 
are loaded into sequential memory cells. Similarly, the PRT command is 
used to transfer information from main memory to the tape unit con- 
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TABLE 7-1-1. Rewind Order 


Symbol 



Ekplanation 

d 

do 


EEW 

6 

■ 

1 

Mx — Mt 

\ 

Rewind tape on tape unit addressed Mi 
and change CC to ilf s. Ignore M%, 


fleeted to the computer. Both the LOD and PRT orders are unidirec¬ 
tional when used as tape commands; i.e., if the (n — l)th block has been 
read (-written), then the nth block must be read (-written) next unless the 



S-torage table; 


Loc. CoMents Explanotion 
tt Present location of 

tape M, 

m Locatian of block to 

be read from tape^, 

PiO. 7-1-3. Routine for loading a desired 
block from a tape into the memory of the 
computer of Appendix I. 


tape is rewound, in which case the 
first block must be read (written) 
next. The rewind order REW re¬ 
winds the tape of a designated 
tape unit whether or not the read- 
write connection to the computer 
is activated. The REW order is 
described in Table 7-1-1. 

Many problems requiring tape 
units do not use the informatiem 
sequentially, block by block, fr<^ 
the tapes. Thus, when using 
commands of Appendix I, wheiee 
the blocks are not addressed and 
where search commands are noit 
included in the command repeo- 
toire, the routine for the problewa 
must keep track of the next bloeit 
the tape unit can read and delM^ 
mine how to read the next desired 
block. For example, if during -filte 
computation of a problem the netibi 
block of words on a tape is required 
and that tape unit is prepared -to 
read the nth block, where n need 
not equal m, then the probhem 
routine must determine a procedttxe 
for going from the nth to the mill 
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block. A possible flow diagram for such a routine is given in Fig. 7-1-3. 
In constructing this flow diagram it was assumed that the mth block 
from the tape of tape unit Mj is to be read into memory cells addressed 
Mi through Mi + 99 and that the tape is in the position for reading the 
nth block. Box 1 of the flow diagram determines whether or not the 
tape must be rewound before the mth block is read. If m < n, then, 
in boxes 2 and 3, n is set to one, and the tape is rewound. Each time 
the routine passes through box 5, one block is read into the memory cells 
reserved for the mth block [LOD(Mi,Ms) represents the command 
LOD MiMiMi]. Thus, each time a block is read into memory cells Mi 
through Mi + 99, it replaces the previous contents of those cells; and 
when n = m, the mth block is read into the desired memory cells. In 
box 8, the new position of the tape of tape unit Mi is recorded. This 
information is indicated on the flow diagram in the unnumbered assertion 
box. The dashed line connecting the assertion box to the flow chart 
indicates where the assertion is valid. 


7-2. Use of Magnetic Topes as an Auxiliary Memory 

Of all the problems involving the use of tapes, the simplest tsrpe to 
code for a computer are problems for the computation of 2 /< = 

1 < i < N, where IV exceeds the capacity of the main memory of the 
computer. If the capacity of the main memory is M words and the 
routine for computing j/< involves P < M words, then M — P memory 
cells are available for the XiS or the yts. Let B be the number of words 
in a block of words on a tape (assume that all blocks are of the same size 
and that B <M — P) and let K be the largest integer such that KB < 
M — P, then KB is the number of main memory locations reserved for 
holding either the Xi’s or the yi’s. Let us assume that the XiS are stored 
on tape 1 and, after calculation of the j//s, the j/<'s are to be stored on 
tape 2. A procedure for computing the yiB is to bring K blocks from 
tape 1 into the main memory; to calculate for each number Zi in the 
main memory the corresponding value for j/,-; and to replace each number 
Xi in the main memory by the number yi = /(cc*). After these KB values 
Vi have been calculated, they are transferred to K blocks on tape 2. The 
next K blocks of numbers Xi are brought into main memory from tape 1, 
and their corresponding values are calculated and transferred to tape 2. 
The procedure is repeated until aU y,’s have been calculated and trans¬ 
ferred to tape 2. 

The preceding example displays few of the problems encountered in the 
programming of routines in which tapes are used as an auxiliary memory. 
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In that example, about the only excuse for using tapes as an auxiliary 
memory occurs when the computation of = /(x<) is a part of a larger 
problem. Otherwise, from 1 to (M — P) of the numbers av might be 
loaded into the main memory from an input unit and the corresponding 
values delivered to an output imit.^ This process would be repeated 
until the N values yi are recorded at the output unit. 

For the next programming example, in which four tape units are used, 
let us assume that the tape units and the computer have the foUowixig 
properties. First, any block of words on a tape may contain an arbi¬ 
trary number of words but must not exceed 100 words of information. 
Second, associated with each block of information the tape containa a 
one-word block-length indicator which may be used to designate Ids® 
number of words of information contained in that block. Third, tbwe 
is a one-word tape register Ts in the main computer associated with 
block indicator. Fourth, the blocks on the tapes are not addressed. 
Last, the commands associated with these tape units are: 

1. Move the tape of tape unit M forward p blocks. 

2. Move the tape of tape unit M backward p blocks. 

3. Bewind the tape on tape unit M. 

4. Bead one block from the tape of tape unit M into sequential locatiM^ 
of the main memory with the first word having address L. 
block-length indicator into Ts, the one-word tape register. 

5. Write one block of length ts (contents of Ts) words and the 
indicator ts on the tape of tape unit ilf from sequential locatiofiiA @1 
the main memory addressed L through L + ts — 1 and Ts- 

6. Transfer the contents of Au to Ts- 

7. Transfer the contents of Ts to Av. 

Whenever a block of information is written on a tape, the contentiil lif 
Ta is transferred to the block indicator; and whenever a block of 
mation is read from a tape, the block indicator is transferred to 'IT*. 
Beading or writing of a block leaves the tape in position to read or wits 
the next block. 

The problem we wish to program is a sorting process which consists qf 

‘ For some computer instaUations there is a speed advantage in using magnuatie- 
tape units for computer input or output. These installations have indepocKUKit 
devices for transcribing data onto magnetic tape and devices for transferring 
from magnetic tape to a printer. Such equipment is referred to as off-line or mue&torif 
equipment. 
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a sequence of successive mergings of two sets of numbers and is known as a 
merge sort or as the Bucharest sort. In this process a set of iV numbers to 
be sorted in ascending order is divided into two sets for which the num¬ 
ber of elements differ by, at most, one. These sets are merged to form 
two new sets which are composed of partially ordered subsets. These 
two partially ordered sets are merged to form two sets composed of longer 
partially ordered subsets. The length of the partial orderings increases 
by a factor of at least 2 with each merge. The merging process is stopped 
when the merge produces only one ordered sequence. At most logs N 
merges are required. Let the original sequence of numbers be {} where 
|!B,1 < X for all ft, 1 < » < N. It is desired to arrange the numbers of 
this sequence so that they form a monotonic nondecreasing sequence of 
numbers {*»}; i.e., a sequence where £m+i > for all m, 1 < m < JV — 1. 
For the first merge, let the sequence {a:»} be divided into two sequences 
{Oi} and {bj]. The elements a< are the Xn for which 1 < i = ft < i where 
f is the largest integer such that t < N/2 and Ot+i = — (X -1- 1), and the 
elements 6y are the Xn for ^72 <n=j-{-t'<N and bw+i_* = — (X -|- 1). 
The marker element -- (X -I" 1) has been added at the end of each sequence 
{flj} and {by} to indicate the end of the sequence. The Bucharest sort is 
next described in detail starting with the general merging process. 
A heuristic description follows the detailed description. Subsequences 
{cu}, {cj*}, . . . , . . . , where {c.*} represents the ordered 

sequence c,i ^ c »2 ^ ... < c.* < ’ ' ' > sre obtained from the two 
preceding sequences ai, oj, . . . , oy, . . . , and bi, bj, . . . , by, . . . , 
bir-t in the following manner. 

The element c,* is a,- if o< < by and a.- > c.,ib_i, and i and k are increased 
by one. If, however, Oi < by and oy < c,,*— i, but by > then e,h = by 

and j and k are increased by one. If oy > by and by ^ then c<i, = by 

and j and k are increased by one. If oy > by and by < but di ^ i, 
then c,k = tty and i and k are increased by one. Finally, if oy < and 
by < c,,k-i, the subsequence (c,*} is completed; then, for the next sequence 
fcis reset to 1 and s is increased by one, and if oy < by, then c#+i,i = oy and 
i and k are increased by one. However, if oy > by then = bj and j 
and k are increased by one. The newly merged sequences are 
divided tato two sets of sequences as follows: 

{Cu}, {Cllfc}, {<!«*}, {C7*}, . . • 

and {ca*}, {c«,}, {ce*}, {cw}, • • • 

which are redesignated the sequences {fly} and {by} for repeating the gen¬ 
eral merging process just described. By having the element — (X -}- 1), 
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'which is less than any of the numbers to be sorted, at the end of each 
sequence {a*} and the sorting procedure, defibaed by these rules, will 
automatically form the ordered subsequences {c,*}, from one sequence 
when the other has been exhausted. 

A simple explanation for the sorting by the preceding process follows. 
Consider each number to be on a card. These cards are divided into 
two piles. Ascending sequences are formed by taking the numbers from 
the top of each pile in ascending order. When an ascending sequence 
stops, all of the cards for that sequence are alternately put face down in 
one of two output piles. After the input piles are depleted, the output 
piles are then turned face up and used as new input piles. This process 



FIG. 7-2-1. Flow diagram for the Bucharest sort. 
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is repeated until the numbers on the cards form one ascending sequence • 
i.e., are all in one output pile. 

For the purpose of flow diagramming the Bucharest sort, let us desig¬ 
nate the two new sequences that are formed from the sequences {c,*} by 
{«i}.and The sequence {ui} is comprised of all subsequences |c,ti 

where « is odd and the sequence {»«,} is comprised of all subsequences 
{c,jb} where s is even. The sequences {lii} and {««} are then terminated 
by — (X + 1) and are redesignated as the sequences {Oi} and {6,}, and 
the next new sequences {ttj} and {«„} are formed. This procedure is 
continued until one of the two sequences {ui} or (rm} is empty, at which 
time the other sequence contains all of the numbers in a monotonic non- 
decreasing sequence. 

The flow diagram of Fig. 7-2-1 is for compiling the sequences and 
{v»} from the sequences {a<} and {6,}. The sequences {o,} and {6^} ar© 
on two input tapes and the sequences {uj} and {»«} are written on tw© 
output tapes. The formation of the two sequences {wi} and {««,} is cono- 
{fleted when N terms c,tc have been merged. The programming is mad© 
more complex than the preceding description since a block of words on 
the tape is limited to a maximum of 100 words. Further, one must con¬ 
tinually check to see that the main memory is supplied with o,’s and b/s 
to be merged. Also, should a subsequence {crt} have more than 100 
trams, then that subsequence must be stored in blocks which do not 
exceed 100 words each. Initially, tape 1 contains the sequence {a<) and 
tape 2 contains the sequence [bj]. 

On output tapes 3 and 4, the sequence {tti} and {»«,} will be composed 
of blocks, the sizes of which correspond to the length of the subsequenoa® 
\e,t} . That is, if the subsequence contains less than 100 terms, its bloolt: 
length will be the number of terms in the sequence. If {c,*} contiMk©© 
K > 100 terms, it will be stored in h blocks of 100 words each, where h I® 
the largest integer such that lOOh < K, and one block oi K — lOOiih 
words. 

The heart of the sorting routine is subroutine 1 which starts at 
entry connector 1. This subroutine is constructed so that it follows tlii© 
detailed description of the merging process as previously described. TIib 
number denoted'by c in the comparisons of routine 1 is either or id 
—X, a value chosen to effect a meaningfiil comparison at the start for a 
new sequence. The exit coimeotors 5 indicate the completion of a sub^- 
quence {c,i} and the starting of a new subsequence . Subroutiaa®© 

6 and 7 cause the subsequences {c,*} to alternately become members cjf 
the sequences {«i} and {»«} and prepares for the start of a new output 
sequence. The subroutines 3 and 4 are used to refill the main memorg* 
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■with Oi’s and b/s respectively. Subroutine 2 is used to transfer a block 
of c,i’s to the proper output tape should the subsequence {c,*} exceed 
100 "words. In the flow diagram, k represents the number of the term 
within a tape block. Subroutine 6 is used to transfer the sequence {c,*} 
or parts thereof to the proper tape, u or v. The action is such that if 
more than one block is necessary for an ordered subsequence {c,*}, all of 
that subsequence will be in only one of the two sequences {uj} or 
Subroutine 2 is also used to determine when all items of {o, } and {i)y} 
have been sorted. Subroutine 0 is the preparation subroutine necessary 
for starting the sorting routine. 

After the sequences {uj} and {i>«} have been compiled, the merge proc¬ 
ess is completed by adding the word — (Z -t- 1) as the last member of 
each sequence {mi} and as done in subroutine 8. For the next 
merge, the tapes on tape units 3 and 4 are interchanged, either logically 
(i.e., by renumbering) or physically, ■with the tapes on tape units 1 and 2. 
The subroutine for starting the next merge by renumbering the tapes 
would differ from the preparation routine of Fig. 7-2-1 only in the 
tape deagnations of box 0.0. Under the worst conditions the original 
sequences {Oi} and {b,} will contain only one-word subsequences, and if 
the worst conditions prevail, the first set of {«i} and («*,} will contain 
ordered subsequences each of which have two words, except for possibly 
one subsequence of one word. Continuing under worst conditions, the 
pth set of sequences {«j} and {««} ■will contain subsequences each of which 
have 2'’ words except possibly for one subsequence containing fewer words. 
Thus, the maximum number of passes that may be required to obtain the 
monotonic nondecreasing sequence through the flow diagram of Fig. 7-2-1 
is p where 2’’ > N and 2’’“^ < N. By using more tape units this sort 
could be performed with fewer merges. 

The object in presenting the Bucharest sorting program is to demon¬ 
strate some of the types of considerations that one may encounter in the 
programming of problems which involve the use of magnetic tapes. 
There are more efficient sorting procedures, particularly for the cases 
where only a few numbers or numbers containing only a few digits are 
involved. In general, tapes may be used as an auxiliary memory when¬ 
ever the main memory is not sufficient to hold an entim'problem. 

' H. B. Demuth, “A Report on. Electronic Data Sorting,” Stanford Research 
Institute, Menlo Park, Calif., 1956; D. L. Shell, A High-speed Sorting Procedure, 
Comrrmn. Assoc. Computing Machinery, vol. 2, no. 7, pp. 30-32, 1959; R. M. Prank 
and R. B. Lazarus, A High-speed Sorting Procedure, Commun. Assoc. Compiling 
Machinery, vol. 3, no. 1, pp. 20-22, January, 1960; Ivan Flores, Analysis of Internal 
Computer Sorting, J. Assoc. Computing Machinery, vol. 8, no. 1, pp. 41-80, 1961. 
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7-3. Use of Magnetic Tapes as Input-Output Equipment 

The line dividing magnetic tapes as an auxiliary memory from mag¬ 
netic tapes as an input-output unit is not easily drawn. For example, 
in the sorting procedure described in the preceding section, if punched 
cards had been used instead of magnetic tapes, the procedure would have 
been to punch a deck of cards for each subsequence {cak}- For the 
entering process, the subsequences should be read alternately into the 
main memory locations for the OiB and the main memory locations for 
the 6;'s. For a computer with only one card input unit, the actual proc¬ 
ess will be more complex than just suggested if one should assume that 
at some stage in the sorting process the subsequences {cajt} will exceed 
the main memory space allotted to either the OiS or the b/s. The point, 
however, is that the sorting process could have been performed with 
punched cards and input and output units. The unit used to enter 
information contained in punched cards into a computer is, by custom, 
called an input unit irrespective of how the information is used in the 
problem. Similarly, the unit used to transfer information from the 
computer to punched cards is customarily referred to as an output unit. 
However, magnetic-tape units are sometimes referred to as an auxiliary 
memory of a computer and sometimes referred to as input-output units. 
Determining when a magnetic-tape unit should be referred to as an input- 
output unit and when it should be referred to as an auxiliary memory is 
not as important as pointing out the versatility of magnetic-tape units. 

Most tape units are constructed so that tapes may be easily removed 
and loaded. This allows for the transferring of information to a tape, 
the removing of the tape, and the storing of the tape for future use. 
Thus, magnetic tapes may be used in business applications where the 
information stored on the tapes is in the nature of accounts or inven¬ 
tories which must be periodically updated. 

Often, permanent information is stored on magnetic tapes. The infor¬ 
mation contained on such a tape might be a table of the values of a func¬ 
tion at known increments of its arguments, or it might be part of a library 
of subroutines. So that permanent information will not be destroyed by 
a programming or computer error, which would cause the computer to 
transfer information to a tape containing permanent information, inter¬ 
locks are usually placed on tape units. These interlocks may be set so 
that a tape unit will not obey a write order and so that a write order for 
a tape unit, the interlock of which has been set, will cause computation 
to stop. 

Since information contained in the main memory may be transferred 
to magnetic tapes faster than it may be transferred to any other form of 
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Output unit, some computer installations have off-line listing equipment 
(a listing unit which is not an integral part of a computer) which can list 
■fch.e contents of magnetic tapes. By having such equipment, the results 
of one problem may be listed while another problem is running on the 
<ioinputer. This arrangement allows more computer time for compu- 
■fcations than other listing arrangements. Off-line equipment is also used 
for preparing magnetic-tape input data and programs. 

In general, when the information on a tape is variable in nature, i.e., 
information used by the computer and replaced with new information 
senerated by the computer, the tape unit is considered to be an auxiliary 
naemory. Whereas, when the tape is used to supply input information 
for a computation or is used to remove the results of a computation from 
n. computer, the tape unit may be considered as an input-output unit. 
-AlS already mentioned, these definitions are not strong enough to always 
ciesignate the classification for each use of a tape unit. 


PROBLEMS 

7-1, Assume either the computer of Appendix I or of Appendix II has four tape 
units associated with it. Let these units be addressed 001, 002, 003, and 
004. Draw a flow diagram which will keep track of the position of the tape 
in each tape unit and will allow the computer to write or read any specified 
block on each tape. Assume that blocks may be written over old blocks 
without rewriting the entire tape. Note that one cannot write information 
in a block, p blocks from the present position of a tape by writing it on each 
block without destroying the information previously contained in each of 
the p blocks. 

7-2. Code the flow diagram of Prob. 7-1 for the three-address computer of Appen¬ 
dix I. 

7-3. Code the flow diagram of Prob. 7-1 for the two-address computer of Appen¬ 
dix II. 

7-4- Considering the computers of Appendices I and II, draw a flow diagram for 

n* 

aki 

i-i 

assuming floating point operations, tape blocks of 100 words, the aid existing 
in floating point representation on the tape of unit 001, 0 < n* < 200, and 
1 < A? < 300. Write the sums $k in the first three blocks on the tape of 
tape unit 002. 

7-5. Code the flow diagram of Prob. 7-4 for the three-address computer of 
Appendix 1. 

7-6. Code the flow diagram of Prob. 7-4 for the two-address computer of Appen¬ 
dix II. 




8 

SOME ASPEaS OF AUTOMATIC 
PROGRAMMING 

by R. E. Keirstead, Jr. 


8-1. Introduction 

The term aviomcUic coding covers techniques of computer programming 
which increase the man-hour productivity of a programming and coding 
staff where productivity is defined as the production of error-free com¬ 
puter routines. 

Among such devices are, of course, well-stocked subroutine libraries, 
diagnostic routines such as memory dumps, snapshot routines, tracing 
routines, and the like. Also available are various species of interpretive 
routines in which a program written in a language other than machine 
code (i.e., the digital codes for the operations of the computer) is con¬ 
tinuously translated to machine language, as the program is run, in much 
the same way that Russian, for example, is continuously translated into 
English in the United Nations. 

We will, however, not dwell on any of these devices. The first men¬ 
tioned are tools which in the hands of a good programmer provide a bit 
more coding power. The interpretive routine, while a species of auto¬ 
matic coding, will be omitted since its place is rapidly being taken, at 
least in the larger computers, by the compiler. 

We will discuss two major classes of automatic coding techniques—the 
assembly routines and the compilers. Both share the common feature 
that the problem is stated by the coder in a language which is not exactly 
machine code. The program written by the coder in the new language 
will henceforth be called the ‘program, while the corresponding machine 
code will be termed the code. 


155 



156 PROGRAMMING AND CODING FOR AUTOMATIC DIGITAL COMPUTERS 


8-2. Assembly Routine 

The first class, that of the assembly routines, may generally be distin¬ 
guished from the second class, that of the compilers, in one particular. 
A thorough knowledge of machine-language coding is needed to write the 
program. Therefore, routines of the class are often spoken of as auto¬ 
matic coding for the professional. It is common for programs written 
for processing by routines of this class to be as fast and compact as is 
possible to code for the machine used. 

For most versions of assembly routines, the programmer must write 
one program step of comparable length and structure for each resulting 
line of machine code. However, the programmer is permitted a great 
deal of freedom in the structure of instructions. 

Certain techniques are common to all assembly routines. Some of 
these are the substitution of mnemonic alphabetic order codes for the 
digital, the avoidance of absolute (i.e., numerical machine) address assign¬ 
ments, and the arrangement for subroutine linkage in a more convenient 
format. 

Absolute addressing can be avoided in several ways. For instructions 
it is apparent that in the large majority of cases, commands will be exe¬ 
cuted in the order they are written down. It is also clear that as long 
as internal consistency is maintained, a set of instructions may validly 
be executed from any set of memory locations. For these reasons, the 
computer itself, while it is being used to translate the written program 
to machine code, makes most absolute address assignments for instruc¬ 
tions. Some commands of the program must be referenced by other 
commands in the same program. For these, and these only, the pro¬ 
grammer must supply a location. However, ance no numerical location 
is known a priori, this location may be simply an identifying number, or 
even better, an alphabetic designator with some meaning in the program, 
e.g., the first line of the program might aptly be named START, while 
the first line of a particular part of the program dealing with the calcu¬ 
lation of a cube root can be called 3 ROOT, and so on. 

For the handling of data and data addresses, several devices are used. 
For those pieces of data that must, because of machine peculiarities, 
occupy particular memory positions, the option of assigning an absolute 
machine memory location must be retained. For the single data word 
of intermediate computation result, the alphabetic tags permitted for 
instructions are used. For example, the current value of tan x can be 
stored in location TAN X. The assembly routine then chooses the abso¬ 
lute memory location that will hold the value of tan x in the running code. 
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For blocks of ordered data, regional addresses are used. If the set of 
values di is to be entered in the computer in such fashion that the value 
di, ds, . . . , div occupy N consecutive memory locations, it suffices to 
name the location of the first of these values. All others in the set are 
then found in locations displaced relative to the first location. More 
specifically, the location of di would be DOOOl, while that of ds would be 
D0003, etc. In making the final allotment of memory cells for the code, 
it is sufficient to designate for DOOOl an absolute address and the others 
fall into line. The assignment of an absolute value for the address DOOOl 
is again left to the assembly routine unless the coder has reasons for 
doing otherwise. Care must be taken in any case to ensure that suf¬ 
ficient space is allotted by the assembly routine to accommodate all N 
members of the sequence. 

In some assembly routines sets of commands are given regional 
addresses, enabling one to program in small, somewhat independent 
sections, each of which is coded in absolute terms relative to the initial 
command of the segment. It then remains only to assign an absolute 
location to the initial command of each segment. 

To illustrate more fully the use and construction of a typical assembly 
routine, consider the following example, in which the values 

10 

s» = X C's/cH + a*ibi) for k = 1, 2, . . . , 5 

are to be calculated. The problem flow diagram is given in Fig. 8-2-1. 

For the computer of Appendix I, with card input, card punch, and line 
printer output, the following coding form is used to write machine coding: 


Location 

Operation 

A 

B 

C 

XXX 

XX 

XXX 

XXX 

XXX 


Commands written in this format are then pimched, one to a card, in 
any convenient card format. A loading routine is then used to place 
each command in its associated location. 

Written on these sheets, our program, exclusive of details of input- 
output, is given in Table 8-2-1. 

A form for coding with an assembly routine is: 



Location 

Operation 

h 

A 

B 

c 

X 

XXX 

XXX 

X 

X XXX 

X 

XXX 

X 

XXX 
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where each address can have an alphanumeric structure, with the restric¬ 
tion that if the first character of any address is blank or numeric zero, 
the address is an absolute address. The column b is used to indicate a 
command requiring B modification. Each operation code is written 
naiug the three-letter mnemonic code of Appendix I, e.g., instead of 01, 



10 

FIG. 8-2-1. Flow dtagrain for** = (•%/**< •+ OMbd, R = 1, 2, ... 5. 

ADD is used. With this format, the program sheet of Table 8-2-2 would 
be used in preparing the revised code for key punching. 

Having once written the program as shown, it is necessary to change it 
into an all numeric version acceptable to the computer. This is done by 
using another computer program—the assembly routine—to make the 
necessary changes. Some of the changes to be made are obvious; each 
alphabetic address must be changed to a valid numeric address, each 
instruction must be given a memory location, and space must be saved 
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TABLE 8-2-1. Three-address Computer Code for Flow Diagram of Fig. 8-2-1 


Location 

Operation 

A 

B 

c 

Remarks 

100 

27 

000 

001 

006 

l-> A; 

101 

27 

000 

002 

999 


102 

27 

000 

003 

010 

1 —► i 

103 

j 

fii 

000 

000 

700 

0 —► ajb (loc 700) 

104 


[00 

000 

000 

001 


105 

1 

fii 

000 

500 

999 

Cl = cjw loc 999 

106 

1 

loo 

000 

002 

000 


107 

01 

000 

107 

220 

Set exit 

108 

21 

000 1 

000 1 

200 

SQRT 

109 


[93 

550 

600 

009 1 

CLkihi 

no 


100 

002 

003 

000 


111 

81 

999 

009 

009 

+ Vciw 

112 

f91 

009 

700 

700 

+8k -»■ 8k 

113 

100 

000 

001 

001 


114 

28 

001 

002 

115 


116 

28 

001 

003 

105 

i -f 1 —» 

116 

28 

001 

001 

102 

k k 


l/ote 1. (000) » 0 always. It may be read out, but no other value can be entered 

in this memory cell. 

JVote 2. The subroutine for square root will place the square root of the floating 
point number in location 999 back into 999 and return control to the location 2 beyond 
that entered in the i5-address position of location 220. Entry to the subroutine is 
made at location 200. 

for the values cw, a**, h and s*. From the structure of the coding it is 
apparent that the values cw are referred to with the regional addresses 
cool, C002, etc., and the values o*.-, and are amilarly treated. In 
order to ensure that enough space is saved to house aU the cw, aw, and 
s*, the only multiple-entry addresses involved, the programmer must pro¬ 
vide for each region a definition card showing which region is involved, 
how many entries there are, and where, if it matters, these values are to 
be placed. These are written as a program step uang the dummy oper¬ 
ation DBF. For this program the coder must supply four such cards, 
one each for the regions A, B, C, and S. Let us suppose further that 
the values of c« have been calculated at an earlier stage in the compu¬ 
tations, while the aw and h are to be read in. In this case one ma,y wish 
to assign particular memory addresses to the ow and the b», while any 
unassigned addresses will do for the c«, s*. With this in mind we write 
the four definition cards of Table 8-2-3. 

These teU the assembly routine that the values occupying the locations 
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TABLE 8-2-2. Assembly Program Sheet for the Flow Diagram of Fig. 8-2-1 * 


Location 

Operation 

h 

A 

B 

C 

IN 

SET 






SET 




999 

LOOP 

SET 






ADD 




SUM 

OVER 

ADD 

1 


COOl 

ARG 





BX02 


TAG 

ADD 



TAG 

EXIT 


UCD 




SQRT 


FMR 

1 

AOOl 

BOOl 

TEMP 




BX02 

BX03 



FAD 


ANS 

TEMP 

TEMP 


FAD 


SUM 

TEMP 

SUM 


INC 


001 

BX02 

NEXT 

NEXT 

INC 


001 

BX03 

OVER 


ADD 

1 


SUM 

SOOl 






BXOl 


. INC 


001 

BXOl 

LOOP 


* This revised program does not follow Fig. 8-2-1 precisely. 


TABLE 8-2-3. Definition Cards for ojw, bi, Cki, and Sk 



addressed AOOl, ^1002, etc., will require 50 locations and must start in 
machine location 950. Hence locations 950 to 999 are made unavailable 
for any other use. Similarly the definition card for JBOOl reserves 'the 
locations 940 to 949, In the case of the cjw and s*, we need only identify 
the regions COOl and SOOl, the number of entries, 50 and 5, respectively, 
and let the assembly routine select the final machine locations wherever 
convenient. 

The commands labeled OVER, et al., are used to enter the square-root 
subroutine. This routine is written and stored in a subroutine library in 
the assembly routine format. It is so written that it accepts the floating 
point value in location ARG and leaves the square root of the value, 
again in floating point, in location ANS. It is entered at location SQRT. 
The square-root routine will construct the appropriate exit command if 
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in the B address of location EXIT it finds the location of the command 
immediately preceding the unconditional transfer to location SQRT. 
This is accomplished in the coding line labeled TAG in Table 8-2-2. In 
our particular example there is no need to keep separate the values stored 
in locations ARG and ANS. To cause the assembly routine to naaign 
the same numeric address to the mnemonic locations ARG and ANS an 
equality card is inserted by the programmer. It, once again, is of the 
same form as an ordinary command with the pseudo-order code EQU: 


Location 

Operation 

b 

A 

B 

C 


EQU 


ARG 

ANS 



To assemble, the program cards are arranged in the order of running 
and preceded by the definition cards and the equality card. This deck is 
then read into the computer under control of the assembly routine. 

The assembly routine first examines the program cards to establish 
any definite memory assignments. For this reason the definition cards 
must be examined first, and, further, the unspecified definition cards must 
follow those on which a numeric address is specified. With an exami¬ 
nation of the definition cards the two parts (a and b) of Table 8-2-4 can 

TABLE 8-2-4. Initial Compiling of Tables for Unavailable Addresses and 
Equivalent Addresses by Assembly Routine 


(a) 

Unavailable addresses 

(&) 

Equivalent addresses 

Mnemonic 

Absolute 

960-999 

AOOl 

950 

940-949 

BOOl 

940 

890-939 

COOl 

890 

885-889 

SOOl 

885 


be constructed by the assembly routine. It is assumed here that the 
assembly routine is so designed that it will make address assignments for 
data working backward from the end of the memory while for instruc¬ 
tions it will work forward from the beginning. 

The routine, then, after noting that ARG and ANS can be assigned the 
same numeric address, proceeds to an examination of the remaining pro¬ 
gram cards. As it does so it will make the following memory assign¬ 
ments which extend Table 8-2-4 (Z>) above. We assume here that the 
program step in location IN will be assigned numeric memory address 001. 
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(As before, location 000 is used with special meaning, i.e., the permanent 
location of the zero word.) 

The new (or extended) Table 8-2-4 (6) wiU, at the conclusion of the first 
pass, be that of Table 8-2-5. For the assignments starred, note that the 

TABLE 8-2-5. Augmented Table of Equivalent Addresses Acquired at End 

of First Pass 


Mnemonic 

Absolute 

AOOl 

950 

BOOl 

940 

COOl 

890 

iSOOl 

885 

IN 

001 

BXOl 

884 

BX02 

883 

LOOP 

003 

BX03 

882 

SUM 

881 

OVER 

005 

ARG 

880 

TAG 

007 

EXIT 

879 

SQRT 

j 

oo 

• 

TEMP 

878 

ANS 

880 (-AEG) 

NEXT 

—, 014* 


two addresses, SQRT and NEXT, have been used before an absolute 
address can be determined for them. Thus a double assignment lias 
been entered in the table. The first encounter with, for example, SQRT 
causes it to be put in the table, but until it shows up as a member of the 
square-root code, it cannot be given a numeric equivalent. This implies 
that following the program listed are library cards containing the pro¬ 
gram steps for the square-root routine. To be explicit, we assume that 
at its appearance the line of programming in location SQRT was assigned 
numeric address 238. 

It might be supposed that the address EXIT could not, for similar 
reasons, be determined until the square-root routine, which uses it, has 
been encountered. However, the difference is in the use of the addresses. 
EXIT is the address of a data word as evidenced by the fact that it is the 
C address of an ADD command. Both SQRT and NEXT are addresses 
of commands, and a free assignment of these cannot be made since they 
must be considered in a block with other commands that may precede or 
follow them. 
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At the end of this look at the program cards, the assembly routine can 
make the following numerical assignments ehangiug the program to read 
as shown in Table 8-2-6. For the commands marked with a star we are 

TABLE 8-2-6. Computer Code Constructed by the Assembly Routine at the 
End of First Pass of Program Cards 


Location 

Operation 

A 

B 

C 

001 

27 

000 

884 

005 

002 

27 

000 

883 

999 

003 

27 

000 

882 

010 

004 

01 

000 

000 

881 

005 

11 

000 

890 

880 

006 

00 

000 

883 

000 

007 

01 

000 

007 

879 

008 

21 

000 

000 

SQRT* 

009 

93 

950 

940 

878 

010 

00 

883 

882 

000 

on 

81 1 

880 

878 

878 

012 

81 

881 

878 

881 

013 

28 

001 

883 

NEXT* 

014 

28 

001 

882 

005 

015 

11 

000 

881 

885 

016 

00 

000 

000 

884 

017 

28 

001 

884 

003 


unable to make a final absolute address assignment at the time the starred 
command is considered. These cases of forward reference must be 
handled by subjecting this set of intermediate conomands to another 
review in the assembly routine to give any remaining alphabetic addresses 
a numeric value. At the end of this pass, the program appears as before 
with the exception of the two starred commands which now have the 
form: 

008 21 000 000 238 

and 013 28 001 883 014 

At this time the program is correctly assembled and can be punched out 
in all numeric form ready for computation. 


8-3, The Compilers 

Thus far we have talked exclusively of the assembly routine, the chief 
advantages of which are that for the already-skilled programmer it mini¬ 
mized errors of commission by eliminating many of the details of program 
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housekeeping. It also provides a more readable version, from the human 
point of view, of machine code. This minimizes the need for extensive 
annotation of the machine codes. What is not eliminated, however, is 
the need to know a great deal about the machine used and about the 
details of its coding structure. 

The second class of automatic programming codes seeks to furnish all 
the coding aids that the assembly routine allows, and, in addition, to 
furnish an entirely new language to the programmer. The new language, 
if skillfully designed, will closely resemble in structure that of the symbolic 
language of mathematics and at the same time will be single-valued in 
meaning. The second requirement means that an explicit conversion 
from the programmer’s language to a machine code is possible without 
ambiguity. Using such a language the sample problem is prepared in 
the following manner: 

REPEAT THROUGH 14: K; 1(1) 5. 

S, K, = 0. 

REPEAT THROUGH 5: 7; 1(1) 10. 

5S,K,= SQRTP iC,KI,) + A, KI, *B, I, -f 8,K,. 

14 DUMMY. 

This then is a complete description of the program provided certain con¬ 
ventions of writing are understood. The REPEAT THROUGH state¬ 
ment announces an iterative procedure in which each of the statements 
from the one immediately following to the one named are repeated as the 
index indicated runs from an initial value to final value in the indicated 
steps. That is, the statement 

REPEAT THROUGH n: K; *'(A) /. 

means that each of the statements from the next one through that num¬ 
bered n is repeated on the index K as that index runs from i through / in 
steps A, the period denoting the end of the statement. 

The notation 8,K, means Sk (that is, the commas set off the subscript). 
This is needed only because most input media niqttire a linear form of 
writing. Any alphabetic sequence, e.g., SQllTF, terminating in F, sig¬ 
nals a function evaluation, the evaluation being made via a library sub¬ 
routine, the name of which is the alphabetic seciuence, either included by 
the programmer with the program on punched cards or available in a 
stored library and brought in by the compiling routine when needed. 
The argument is defined by the symbols in the paronthcscs. 

The statement designated 5, the main computational statement, is the 
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program for 

+ dkihi + Sjb —»• s* 

Comparing these we see that in addition to the subroutine reference and 
the one-line notation for subscripts, the symbol * is used to denote multi¬ 
plication rather than either X (which may easily be confused with the 
alphabetic symbol x) or juxtaposition or the symbol •. This last ssmbol 
could well have been used but is reserved to signal the end of a state¬ 
ment. Hence . means “period” rather than “times.” 

The statement designated 14 is merely a space filler which is required 
for operational reasons since one of the restrictions in our compiling 
routine is that no two REPEAT THROUGH statements may refer to 
the same terminal statement. 

An additional assumption must be made concerning the shape of data. 
It must be declared, either by the programmer or, in this case, by the 
compiler itself, how the c*i, for example, are to be stored. Explicitly, 
we will say that our compiling program will assume (unless otherwise 
directed) that the values of any singly subscripted symbol, such as in are 
to be stored in locations U + (i — 1), i = 1, 2, . . . , I, using some 
suitable location U] while doubly subscripted values, as v^, are found in 
locations 7 -1- J^(i — 1) -b (J - 1) where y - 1, 2, . . . , J and i = 1, 
2, I; and so on, for symbols with more subscripts. 

The task of the compiling routine is, of course, more complicated than 
that of the assembly routine. The principal reason for this is, quite 
naturally, that the program language is considerably further removed 
from the machine code. The transition, therefore, must be carried out 
by a program of considerable sophistication. 

An analysis of the workings of the compiling routine similar to that 
of the assembly routine reveals some of the difficulties encountered in 
extracting from the information in the written program a reasonably 
efficient machine code. Clearly, several types of examinations of the 
program will be needed to completely transform the program into a 
machine code. 

For our small example, the first examination will merely give the com¬ 
piler a chance to examine the memory needs for cm, om, b,-, and s*,. These 
can be obtained from an examination of the ranges of i and k which are 
10 and 5 respectively. With this information the computer can prepare 
the table of space requirements given in Table 8-3-1. Of course the same 
result could have been obtained by requiring the programmer to enter, 
along with the statements comprising the program, definition cards simi¬ 
lar to those required in the assembly routine. Indeed, this device elimi- 
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TABLE 8-3-1. First Space Assignments Made by the Compiler 


Item 

Number 

Cki 

50 =« K*I 

dki 

60 

hi 

10 

8h 

5 


nates one examination of the program by the compiler. We eliminate 
the device to show that it is not really needed and that with sufficiently 
extensive bookkeeping, a good compiler can, in many cases, decipher from 
statements about subscripts the necessary space requirements of a sub¬ 
scripted variable. The compiler, however sophisticated it may be, 
cannot make such a decision when the limits of the subscript depend on 
values computed at the time the compiled program is run. 

In any case, some assumption about the way the individual values 
are stored as functions of the subscripts has to be made by the compiler. 
Often both methods of memory assignment are allowed, if for no other 
reason than to permit the programmer to violate the basic assumption 
about memory layout for a subscripted variable. Whether or not the 
programmer must always make such an assignment is usually settled by 
an aesthetic evaluation concerning the relative merits of decreased pro¬ 
grammer involvement with a concomitant increase in compilation time, or 
of a decrease in compiling time achieved by requiring the programmer to 
supply more details about the data structure of the program. 

At the same time the preceding table is established, the compiler can 
take tentative steps toward expanding the program into machine code. 
It produces an intermediate program in which some glimmers of the 
assembly program are apparent (see Table 8-3-2). It is at this point 
that the assumption about the pattern of storage for am and cu comes 
into play. The assumption we make is that the value of Ca can be found 
in location C + — 1) + (i — 1), where I is the maximum value of i. 

Under this assumption we see that some compounding of the JJ-boxes 
containing the current values of k and i is needed to be able to call out 
the appropriate value of c or a. While it is possible to design a com¬ 
piling routine to recognize the order in which these values are to be called 
out in the way a human programmer handled the problem, and then to 
concoct an extra £-box to handle this, it will in general be easier to pre¬ 
pare the compiler to compute directly the locations of the ck. That is, 
given a value k and a value i, to compute the needed increment to the 
base address to get the address of the desired value. To this end we 
will need to insert coding for getting the value I(k — 1) -f (i — 1) from 
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TABLE 8-3*2. Intermediate Program 


Location 

Operation 

b 

A 

B 

C 


SET 


001 

bxjk: 

005 

I.D. 

ADD 

1 

000 

000 

(5001-1) 

BXK 


SET 

m 


001 

BXi 

010 

6. 

ADD 

1 

000 

COOl 

BXJCl 

ARG 

SELF 

ADD 


000 

SELF 

EXIT 


UCD 


000 

000 

SQRT 


FMR 

1 

(AOOl) 

(BOOl-1) 

TEMP 




BXi^I 

BX/ 



FAD 


ANS 

TEMP 

TEMP 


FAD 

1 

5001 

TEMP 

5001 




BXK 


BXK 


INC 


001 

BX/ 

5. 


INC 


001 

BXX 

LD. 


the values fc and i in BX K and BX I respectively. B.ecalling the struc¬ 
ture of the B-box on this computer we find that it is a data word of the 
form 

+0ccc000/// 

where ccc is the current value and fff the fibaal value. Our task will be 
to combine BX K and BX I to create BX KI as follows. If 

BX K contains +0 fc 000 K 
while BX I contains -|-0 i 000 I 

we will want 

BX KI to contain -fO [KJe — 1) + (» — 1)] 000 xxx 


where xxx are irrelevant digits. The coding to do this, in assembly 
language, is given in Table 8-3-3. This coding is then inserted at the 
point starred in the foregoing code along with two extra data words, 
the extract pattern -|-0 111 000 000 in location MASK and the value 
-1-0 001 000 000 in location ONE. At this point, the entire program is 
in the language of the assembly routine previously mentioned and from 
this point on the compiler operates exactly as the assembly routine. 
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TABLE 8-3-3. Compiler Code Replacing the B-box for the Double Subscript M 


Location 

Operation 

h 

A 

B 

C 


ADD 


000 

BXI 

TEMP 


XTR 


000 

MASK 

TEMP 


MLT 


TEMP 

BXK 

TMPZ 


SHR 


TMPZ + 1 

006 

TMPZ 


SUB 


TMPZ 

TEMP 

TEMP 


8HL 


TEMP 

006 

TEMP 


ADD 


TEMP 

BX7 

TEMP 


SUB 


TEMP 

ONE 

BXK/ 


Note that because the compiler routine is unable to analyze the struc¬ 
ture of the cjw in the way that a human programmer can, it is necessary 
to introduce the rather longish patch of coding to produce the needed 
combination of the values k and i. Thus the code produced by the com¬ 
piler suffers from verbosity when contrasted to that of the man-made 
code. This inability on the part of the compiler to perceive a short cut 
is its principal failing. That they can be made to approximate quite 
closely the codes of a very skilled programmer is indeed true. But their 
principal advantage is that they allow one to use a complex computer 
without spending much time either in learning about the machine or in 
putting down the myriad details of coding. 

What has been noted here about the workings of assembly and com¬ 
piler routines can merely point out the obvious. The enormous com¬ 
plexities and diflSiculties inherent in the construction of a good assembly 
or compiler language and in the details of coding the assembler or com¬ 
piler can merely be hinted at. 

To hypothesize a compiler of any sophistication for a computer of 
1,000-word memory, such as that of the computer of Appendix I, is 
probably academic since the compiler routine needed to diagnose even 
a simple language such as we presented would undoubtedly occupy 
thousands of machine locations. 

For the small machine, the assembly routine must suffice. Indeed, 
it is questionable whether the compiler would add a great deal to coding 
economy. In the case of a large, complex computing machine, the com¬ 
piler becomes an extremely useful tool, particularly when an open-shop 
operation is used. 

Recently, several new techniques for constructing compilers have been 
developed, including efficient schemes for deciphering compiler state¬ 
ments. Other techniques, developed for intermeshing the memory lists 
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required during the compilation, have resulted in efficient combined 
compiler-assemblers for computers with 4,000-word memories. These 
compiler-assemblers, which have the combined features of the compiler 
and the assembler, allow the professional programmer who knows how the 
computer and compiler work to take full advantage of the machine's 
capabilities. It is probable that the next generation of digital computers 
will have an order list designed to include orders to facilitate the design 
of compiler-assemblers. 


8-4. Bibliography 

The following lists are by no means complete. However, they may 
indicate some of the devices that have been used by various programming 
groups for various machines. 

A. Assembly Routines 

SOAP II (Symbolic Optimal Assembly Program for the IBM 650; IBM) 
GP and GPX (Generalized Programming for the Univac I and II; Reming¬ 
ton Rand) 

SAC (Semiautomatic Coding for the Datatron 205; Burroughs) 

STAR I and II (Assembly programs for the Datatron 220; Burroughs) 
SAP (SHARE Assembly Program for the IBM 704; IBM) 

These are the routines furnished by the manufacturers for use with 
their most popular machines. Many other routines exist, both for the 
above computers, produced by individual users, and for other computers. 

B, Compilers 

FORTRAN I, 11, and III (Formula Translator for the IBM 704 and 709 
computers. A restricted version, FORTRANSIT, is available for the 
IBM 650; IBM) 

DATACODE I (A compiler system for the Datatron 205; Burroughs) 
MATHMATIC and FLOWMATIC (Compiler programs for the Univac 
Series of computers; Remington Rand) 

IT (The Internal Translator available both for the IBM 650 and the 
Datatron 205—there referred to as the Purdue Compiler; IBM and 
Burroughs) 

ADES II (Automatic Digital Encoding System II—NAYORD Reports 
4209, 4411 and 4412. E, K. Blum, U.S. Naval Ordnance Laboratory, 
White Oak, Md. The first report describes the encoder logic and could 
be applied to any machine. The other two reports are concerned with 
the construction of an IBM 650 program for the encoding) 

POGO (Program Optimizer for G-16 Operations. A code for the Bendix 
G-15 Computer; Bendix) 
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A more complete list of compilers, interpreters and assemblers can be 
found in the Communications of the Association for Computing' Machinery 
{CACM), voL 1, no. 8, p. 8, August, 1968; vol. 1, no. 11, pp. 5-6, Novem¬ 
ber, 1958; and vol. 2, no. 6, p. 16, May, 1969. Scattered throughout this 
journal are many other papers and notes on the existence and construc¬ 
tion of automatic coding programs. 

(7. Other 

Automatic Coding Monograph No. 3, The Journal of the Franklin Institute, 
Philadelphia, April, 1957; the results of a symposium. 

International Algebraic Language (Preliminary Report), A. J. Perlis and 
K. Samelson, Commun, Assoc, Computing Machinery, vol. 1, no. 12, pp. 
8-22, Dec. 1, 1958; further discussions of this language are to be found in 
subsequent issues. 

The Arithmetic Translator-Compiler of the IBM FORTRAN Automatic 
Coding System, P. B, Sheridan, Commun, Assoc, Computing Machinery, 
vol. 2, no. 2, February, 1959. This paper describes rather exactly the 
process by which FORTRAN translates from its source language to the 
object program. 

E. Grabbe, S. Ramo, and D. Wooldridge (eds.). ''Handbook of Automa¬ 
tion, Computation and Control,'' vol. 2, John Wiley & Sons, Inc., New 
York, 1959. Chapter 2 by J. W. Carr III contains a description of the IT 
compiler. (This also gives an extensive bibliography and a glossary of 
computer terminology.) 

B. Arden and R. Graham, On GAT and the Construction of Translators, 
Commun, Assoc, Compvling Machinery, vol. 2, no. 7, July, 1969. 

Association for Computing Machinery Compiler Sjnnposium, Commun, 
Assoc, Computing Machinery, vol. 4, no. 1, January, 1961. 



9 

A MATHEA^ATICAL AID FOR 
PROGRAMMING AND COMPUTER 
DESIGN 


9-1. Introduction 

In discussing programming and coding we have emphasized that a 
systematic approach reduces the number of errors, allows systematic 
checking of the code and a systematic means of error detection. This 
systematic approach consists of the translation of the mathematical state¬ 
ment of the problem to a flow diagram and then using the flow diagram 
for the construction of a computer code. The translation to the flow 
diagram from the mathematical statement of the problem is by no means 
a unique procedure, and it is in this operation that judgment exercised 
by the programmer can make the difference between a good routine and 
a mere translation of the problem to a computer routine. The construc¬ 
tion of a good routine depends to a considerable extent upon the objective 
of the problem. That is, it may be desirable that the routine not only 
minimiz es the truncation and rounding errors, but also minimizes the 
memory space required and the computer running time. These four fac¬ 
tors, reduction of truncation errors, reduction of rounding errors, reduc¬ 
tion of memory space, and reduction of computer running time, frequently 
compete with one another. For example, the reduction of truncation 
errors may cause the selection of formulas which increase the number 
steps in a solution and, thereby, increase the rounding errors, memory- 
space requirement, and running time of the problem. Similarly, the 
reduction of memory space for a problem may require choosing computer 
operations which increase the computer ruiming time and the rounding 
errors. There are, however, problems for which programming may be 
selected with the aid of known mathematical procedures. Besults for 

171 
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problems of this type may depend upon, in addition to the usual numeri¬ 
cal input data, several logical variables, each of these variables having 
only two values designated by 1 and 0. For many problems, minimizing 
the total number of times the decisions (based on the logical variables) 
are executed in the program will not affect the truncation or rounding 
errors, but will reduce the computer running time and can also save 
memory space. Typical of this kind of problem are the payroll calcu¬ 
lations where the logical variables determine whether the employee is 
temporary or permanent, hourly or salaried, has or has not union dues, 
is or is not a member of the group insurance plan, has or has not retire¬ 
ment deductions, has or has not social security deductions, has or has 
not state income-tax deductions, has or has not federal income-tax 
deductions, etc. 

In this chapter we introduce a very simple algebra which will satisfy 
the definition of a Boolean algebra. This same algebra, which is called 
the algebra of statements, may also be used as an aid in the logical design 
for the construction of a digital computer and in the verification that the 
computer performs its desired functions. We show first how Boolean 
and ordinary algebra with an ordered arrangement of the algebraic ele¬ 
ments can be used in deriving flow charts. 

9-2. Boolean Algebra 

The Boolean algebra^ B consists of the elements a, 6, c, . . . , together 
with two binary operations, the and operation and the or operation.^ 
The operation or function ''a and 6'' is written symbolically as 

a • 6 

and the function ^‘a or is represented by 

a -b & 

The algebra B also possesses a unary operation not® and the function 
“not a” is represented by 

a 

The algebra B also possesses the binary relation of inclusion and the 

1 For a further reference see G. Birkhoif and S. MacLane, Survey of Modern 
Algebra,” pp. 317-331, The Macmillan Company, New York, 1947. 

* The AND operation is also referred to as intersection or logical product. The or 
operation is also referred to as the union or logical sum, 

® The operation not is also called the complement. 
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relation “a included in 6” is represented by 

a<h 

The arbitrary elements a, h, c, . . . , the operations, and relations of 
the algebra B possess the following properties I through IV. 

I. The two binary operations, • and +, satisfy the idempotent, com¬ 
mutative, associative, and distributive laws. 

(а) Idempotent laws: a - a = a and a + a = a 

(б) Commutative laws: a ■ i = b • a and a + b = b a 

(c) Associative laws: a • (]b • c) = {a ■ b) • c 

and a -b (6 + c) = (a -f- b) -1- c 

(d) Distributive laws: o'(b-i-c) = o- b + o- c 

and a + (b • c) = (o + b) • (o + c) 

II. The inclusion relation satisfies the reflexive, antissonmetric, and 
transitive laws and the consistency principle. 

(e) Reflexive law: for all a, a < a 

(/) Antisymmetric law: if a < b and b < a, then a = b 

(jr) Transitive law: if a < b and b < c, then a < c 

(A) Consistency principle: the three conditions 

a < b 
a-b = a 
0 "b b = b 


are mutually equivalent. 

III. There are two elements 0 and 1 which are universal bounds (0 ^ 
a < 1, for all o) which satisfy the intersection (the operation “and ”) 
and the union (the operation “or”) laws. 

(i) Intersection laws: 0 • o = 0 and 1 • o = o 

(j) Union laws: 0 + o = a and 1 + <» = 1 

IV. The unary operation not obeys the complementary, dualization, 
and involution laws. 

(k) Complementary laws:_ a • = 0 and a-\- & “ ^ . 

(i) Dualization laws: o • b = 5 + 5 and a + b = o • b 

(m) Involution law: a = a 

The properties of this algebra may be represented pictorially by Venn s 
diagrams* as shown in Fig. 9-2-1. In Fig. 9-2.1a, 1 is considered to be 
the entire interior of the square, a is considered to be the interior of tne 
circle, and & is the ruled area (that part of 1 which is not a). An mter- 
> im., pp. 311-314. 
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pretation of the operations and “ + ” ig illustrated in Fig. 9-2-16. 
The region “a • 6” is only that region which is common to both a and 6, 
whereas the region “o -t- 6” consists of all regions contained in either 
a or 6. Thus, o • 6 is the crosshatched region; o -|- 6 consists of the 
vertically ruled, horizontally ruled, and the crosshatched regions; and it 
is apparent in this diagram that 

a-h < a + h a- b < a and o • 6 < 6 

Since 0 < a for all o, 0 represents a null region 
(region without points). 

Figure 9-2-1 o may be used to illustrate the idem- 
potent, reflexive, intersection, union, complemen¬ 
tary, and involution laws; and Fig. 9-2-16 may be 
used to demonstrate the commutative and duali- 
zation laws. Similarly, Venn’s diagrams may be 
constructed by the reader to demonstrate the 
associative, distributive, antisymmetric, and transi¬ 
tive laws and the consistency principle. 


9-3. Algebra of Statements 

One may verify that there is a Boolean algebra 
which contains just the two elements 0 and 1. 
That is, by assuming that 0 and 1 satisfy property 
III, properties I, II, and IV will also be satisfied. For property III, 
we have 


(i) 

Intersection law (and operation): 




0"O = 0==> 0*0 = 0 

and 

0-1 = 0 

and 

l‘a = o=4l*0 = 0 

and 

1-1 = 1 

(3) 

Union law (on operation): 




0-l-a=a=>0-|-0 = 0 

and 

0+1 = 1 

and 

H-a=l=M + 0= l 

and 

1 + 1 = 1 


Having the intersection and union laws in terms of the elements 0 and 1, 
properties I, II, and IV (where 0 = 1 and T = 0) may be verified. For 
example, the idempotent law is satisfied by both 0 and 1; i.e., 

1 • 1 = 1, 1 -1- 1 = 1, 0 • 0 = 0, and 0 -1- 0 = 0; 

and for the ei^t cases of each of the two distributive laws (in each case 
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below, the law is underlined), we have 

0 = 0-0 = 0-(0 + 0) = 00 + 0.0 = 0 -f 0 = 0, 

0 = 0 -f 0 = 0 + (0 • 0 ) = (0 + 0 ) • (0 + 0 ) = 0-0 = 0 ; 

0 = 0-1 = 0-(0 + 1 ) = 0 - 0 + 0.1 =0 + 0 = 0 , 

0 = 0 + 0 = 0 + (0 • 1 ) = (0 + 0 ) ■ (0 + 1 ) = 0 • 1 = 0 ; 

0 = 0-1= 0-(1+0) = o- i+ o.o = 0 + 0 = 0, 

0 = 0 + 0 = 0 + (1 - 0 ) = (0 + 1 ) • (0 + 0 ) = 1.0 = 0 ; 

0 = 0-1 = 0-(1 + 1 )= 0 - 1 + 0.1 =0 + 0 = 0 , 

1=0 + 1 = 0 + (1 - 1 ) = (0 + 1 ) • (0 + 1 ) = 1-1 = 1 ; 

0 = 1-0 = 1 - (0 + 0) = 1 - 0 + 1 - 0 = 0 + 0 = 0, 

1 = 1+0 = 1 + (0 - 0 ) = (1 + 0 ) • (1 + 0 ) = 1-1 = 1 ; 

1 = 1-1 = 1 - (0 + 1 ) = 1 - 0 + 1 • 1 =0 + 1 = 1 , 

1 = 1+0 = 1 + (0 - 1 ) = (1 + 0 ) • (1 + 1 ) = 1-1 = 1 ; 

1 = 1-1 = 1 - (1 + 0 ) = 1 -1 + 1 • 0 = 1+0 = 1 , 

1 = 1+0 = 1 + (1 - 0 ) = (1 + 1 ) • (1 + 0 ) = 1-1 = 1 ; 

and 1 = 1-1 = 1 - (1 + 1) = 1 -1 + 1 • 1 = 1 + 1 = 1, 

1 “ 1 + 1 = 1 + (1 • 1 ) = (1 + 1 ) - (1 + 1 ) = 1-1 = 1 . 

In a similar manner, the reader may test all of the laws and the con¬ 
sistency principle for the other properties of I, II, and IV. 

For programming and for computer logic, it is desirable to consider a 
set of variables a, b, c, . . . , which are functions of a parameter, say t, 
and for any specific value of the parameter each variable will have either 
the value 1 or the value 0. For a payroll problem, i could be the identi¬ 
fication number of the employee; and if a(i) is one, employee t is an 
hourly employee, and if a(t) is zero, employee t is a salaried employee; 
if b(t) is one, employee t has union dues deducted; and if 6(0 is zero, 
employee t does not have union dues deducted, etc. For computer logic, 
t could be the running time measured from the beginning of a major 
computation cycle of the computer to the begimung of the next. If t, 
represents the time during a computation cycle at which the sign of the 
product is determined for a multiplication order and if at this time the 
computer elements b(t$), and c(t,) represent the signs of the multi¬ 
plier, multiplicand, and product where 1 stands for negative and 0 for 

positive, then _ 

c(t,) = o(0 - b(t,) + a{t,) - b(t,) 

is a Boolean equation which determines the sign of the product. 
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The elements 0 and 1 can be used as a set of elements for a Boolean 
algebra. Likewise, the set of functions 0, a(i), b(t), c(t), . . . , 1, where 
the functions can assume only the values 0 or 1, form a set of elements 
for a Boolean algebra. 


9*4. Algebra of Statements as an Aid to Programming 

Let us consider a simplified model for the payroll calculations for the 
monthly pay of the employees of a company. We assume that the possi¬ 
ble deductions from the gross pay of each employee are for social security, 
group insurance, group retirement plan, union dues, and federal income 
tax. Let the employees be divided into two groups, salaried and hourly. 
A salaried employee is one who is paid a fixed sum each month, and an 
hourly employee earns a specified amount each hour and may earn over¬ 
time pay according to specified rules. These two groups are further sub¬ 
divided into types according to company rules and government laws. 
Let us suppose that the company requires each salaried employee to be 
a member of the group insurance plan and each salaried male employee, 
after 1 year of employment if he is thirty years of age or more, to be a 
member of the group retirement plan. The group retirement plan is 
optional for salaried female and hourly employees providing they have 
met the requirements of age and time in employment. The group insur¬ 
ance plan is required for each hourly male employee and is optional for 
hourly female employees. Let us further assume that the government 
requires income tax and social security deductions for all employees. 

Consider the net monthly earnings, which is the amount of monthly 
pay, of an employee to be obtained by subtracting the sum of his deduc¬ 
tions from his gross monthly earnings. If the employee is salaried, his' 
gross monthly earnings are known. If the employee is hourly, then his 
hourly wage and the number of hours worked during the month are known 
and Ms gross monthly earnings are to be calculated. We will assume that 
the social security deduction and the federal income tax deduction are 
calculated from the gross monthly and yearly earnings to date where the 
gross yearly earnings to date are obtained by adding the gross monthly 
earnings to the gross yearly earnings to date of the previous pay period. 
The insurance deduction is obtained from the known amount of insurance 
carried by the employee and the retirement deduction is determined by 
the employee’s share of the monthly premium for the annuity which is 
being jointly purchased for the employee by employee and company. 
Union dues are considered to be a fixed monthly amount. 

As a first step in the construction of a flow diagram for the compu- 
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tation of the monthly pay of each employee, assign a logical variable to 
each calculation which may have to be perfonned for an employee; that 
is, let t be the identification number of the employee, and Hefina 


a(t) = 


0 

1 


Hi) = 


0 

1 


c(«) = 
d(<) = 

e(0 = 

/«) = 
g(f) = 

and 



hit) = 



to moan that 6inploy66 t is | hourly, gross 

monthly earnings must be calculated) 


to mean that gross yearly earnings to date of employee t 


(‘""“i calculated 

y aro I 

to mean that employee t 

to mean that employee t 
deduction 


has no 
has a 
has no 
has a 


retirement deduction 
social security 


to mean that employee 
deduction 



federal income tax 


to mean that employee t 
to mean that employee t 


has no) 
has anj 
has no) 
has I 


insurance deduction 
union dues deducted 


to mean that the net monthly earnings of employee t 
calculated 

(are ) 


These logical variables have been chosen with a knowledge of the prob¬ 
lem. That is, each time a variable is 1, a payroll calculation is required 
and each time the variable is 0, no calculation is performed. For exam¬ 
ple, a(t) = 1 implies that the employee is hourly and that his monthly 
gross earnings must be calculated. 

With respect to the above logical variables, we can classify each 
employee according to the type of payroll calculations which must be 
performed to obtain his net monthly earnings. Suppose that this classi¬ 
fication has been done for a company and that the results are as shown in 
Table 9-4-1. 
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TABLE 9-4-1. Payroll Classification of Employees 


Type 

Type 

a(0 

b(t) 

c(.0 

dit) 

««) 

m 


hit) 

1 

Salaried (male or female) 

0 

1 

1 

1 

1 

1 

0 

1 

2 

Salaried (male or female) 

0 

1 

0 

1 

1 

1 

0 

1 

3 

Hourly (male) 

1 

1 

1 

1 

1 

1 

1 

1 

4 

Hourly (male or female) 

1 

1 

1 

1 

1 

1 


1 

5 

Hourly (male or female) 

1 

1 


1 

1 

1 

1 

1 

6 

Hourly (male or female) 

1 

1 


1 

1 

1 

0 

1 

7 

Hourly (female) 

1 

1 


1 

1 

0 

0 

1 


By letting ti represent any employee’s identification number of type 1, 
ti represent any employee’s identification number of type 2, etc., the 
AND operation of the algebra of statements may be used to indicate which 
payroll calculations are performed and which are not. 
types of employees of Table 9-4-1, we have 

Type 1: a(t) • b(t) • c(t) • d(f) • e(«) •/(<) • Sit) • hit) = 

Type 2: Sit) • bit) • • d(f) • e(f) •/(<) • Sit) • hit) = 

Type 3: o(t) • bit) • c(<) • d(«) • eit) •/(<) • git) • hit) = 

Type 4: ait) • bit) ■ c(<) • d(<) • eit) - fit) • Sit) • hit) = 

Type 5: ait) • bit) ■ c(l) • dit) • eit) - fit) • git) ■ hit) = 

Type 6: o(0 • bit) • 5(1) • dit) • eit) -fit) • Sit) • hit) = 

Type 7: a(<) • b(<) • c(0 • dit) • /(I) • Sit) • hit) = 

It may be observed that each of the above algebraic expressions has the 
value zero when the employee’s type is different from that in the left- 
hand column. 

Let us now consider the following or combination of the preceding 
seven algebraic expressions: 

&i ‘ bi • Cl • di • ei • fi • Si ‘ hi d% • b2' Si • dt' et • fi • St' ht 

-|- at • b» • Cf dt • et • ft • gt ’ ht at • bt • ct' dt • et • ft • St' ht 

at" bt • St ’ di • et ’ ft' gt' ht at' bt ‘ St ‘ dt ’ et' ft ‘ St’ 

Oj ’ bi • St' dj • ei' ft' S^' hj (9-4-1) 


For the seven 

I 1 for i = <1 
1 0 for f 
1 for i = <s 
0 for f tt 
1 for < » <, 

0 for < 7^ fa 
1 for < = <4 

OfOTtr^ti 

1 for f = fs 
0 for t 9^ it 
1 for t = te 
0 for i 7^ ia 
I 1 for i = (7 
1 0 for «7^ 
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In the expression (9-4-1), one and only one term will be one for each 
tSTpe of employee, and subscripts have been assigned accordingly. We 
can now find the main path of calculation by breaking the above expres¬ 
sion into its factors using the distributive law. To do this, we determine 
the frequency of occurrence of each variable in the uncomplemented form. 
We find that 

a occurs 5 times 
h occurs 7 times 
c occurs 3 times 
d occurs 7 times 
e occurs 7 times 
f occurs 6 times 
g occurs 2 times 
and h occurs 7 times 

Since b, d, e, and h occur in each term uncomplemented, we factor these 
variables from all terms in (9-4-1) and obtain the expression 

b • d' e • h • (di • Cl • fi • §i St • 62' f2' §i -h o.» • Ci • ft • gg 
+ a* ‘ Ct' fi ■ Si + St • 3t • ft • gt + at • St ■ ft ■ gt + 07 • 'Jt Si) (9-4-2) 

where the subscripts have been dropped from the common variables. 
Within the parentheses of (9-4-2), we again count the number of times 
each uncomplemented variable occurs and obtain 

a occurs 5 times 
c occurs 3 times 
/ occurs 6 times 
and g occurs 2 times 

This time we factor / from the terms in which it occurs (again the sub¬ 
script is dropped from common variables) and write (9-4r2) as 

b • d-e • h'[f • (Si’Cl- Si + dt'Sf Si + St-Cf gt + Of Ci-Si 

+ Oj • cj • ^6 -b at • ff# • Si) + a? • cr • /t • Si\ (9"4-3) 

Again, within the innermost parentheses of (9-4-3), we count the number 
of times each variable occurs uncomplemented and obtain 

a occurs 4 times 
c occurs 3 times 
and g occurs 2 times 

Factoring a from the terms in which it occurs within the innermost 
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parentheses of (9-4-3), one obtains 

h • d • e ' h • {f • [a • (fit • gz + Ct • + ds • gt + 5a • §b) 

Si ‘ Cl ’ Si -{• &t • Ci' gi\ -{• at' 5 t ft • ^ 7 } (9-4-4) 

In the innermost parentheses of (9-4-4), both c and g occur twice uncom¬ 
plemented, and we can again factor with respect to one or the other. 
If we factor with respect to the variable c, we obtain 

b’d - e • h‘ {1/ • {o • [c • (?8 + ff4) + 5$ * ■ ^e] 

+ • Cl • ^1 -H • ffs ‘ ^ 2 ) Of 5t" Ji ■ StW (9-4-5) 


The type of employee requiring the greatest number of payroll calcu¬ 


lations in order to determine his net monthly earnings is determined by 



FiG. 9-4-1. Logical flow diagram for 
independent subroutines in a payroll 
calculation. 


choosing the uncomplemented variable 
in the innermost bracket. In (9-4-6), 
gt is that variable, and for type 3 we 
make the calculations associated with 
the logical variables g, 0 , a, /, b, d, e, 
and h. We choose this order as our 
basic flow path for the payroll calcu¬ 
lations as indicated in Mg. 9-4-1. 
Then, we take the next variable within 
the same bracket. In this case we 
have S* and for type 4, we make all 
calculations except those associated 
with g. Thus, the calculations for 
type 4 start at c as indicated in Fig. 
9-4-1. After completing the parts of 
the flow diagram associated with the 
innermost brackets, we work with the 
terms in the next innermost brackets, 
etc. For type 6, we perform those cal¬ 
culations associated with g but not those 
associated with c. Thus, type 5 enters 
at box g but skips box c as indi¬ 


cated in Mg. 9-4-1. Type 6 enters at 
box a since for this t 3 pe neither the calculations associated with g nor 
those associated with c are performed. In a similar way the logical flow 
diagram is completed where all calculations associated with each logical 
variable are performed from the point of entry to the exit, except when a 
speciflcally designated path occurs indicating a variation in calculations 
to be performed. Fach special path carries the number designating the 
employee type for which the calculations are omitted by that path. The 
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construction of the logical flow diagram of Fig. 9-4-1 assumes that the cal¬ 
culations associated with a particular logical variable are independent of 
those associated with any other logical variable. It should be noted that 
the same quantities are to be calculated for each employee tjqie if the 
flow diagram is reversed—i.e., “exit” is replaced by “enter” and vice 
versa—and if the directions of the arrows are reversed. 

Since the various payroll calculations for the net earnings of each t 3 q)e 
of employee are not independent of each other, we see that the logical 
flow diagram of Fig. 9-4-1 will not accomplish the job. That is, the cal¬ 
culations associated with c, d, and e are dependent upon those associated 
with b, i.e., gross yearly earnings; if the calculations associated with a 
are to be performed, they must precede those associated with 6; and, 
finally, the calculations associated with h must be the last to be per¬ 
formed. In Fig. 9-4-1, box c comes before boxes a and b and, if the flow 
diagram is reversed, then boxes d, e, and h come before! b which, in turn, 
comes before a. To obtain the boxes in proper order we return to the 
original algebraic statements of the calculations which must be per¬ 
formed for each type of employee. 

If the ordering of the calculations is important, the problem is divided 
into parts where the ordering within each part is irrelevant, and each part 
is treated as a separate problem. Then the parts are tied together in 
proper order. For the monthly pay of employees, the problem has four 
parts. The calculations associated with the logical variable a(t) (when 
they occur) must precede those associated with 6(0, and a(t) is con¬ 
sidered as the first part and 6(0 as the second part. The calculations 
associated with c(0, d(0, and e(t) must follow those associated with 6(0, 
and c(0, d(t) and c(0 form the third part. Finally, the calculations 
associated with h(t) must be last and 6(0 forms the fourth part. Since 
the only requirements on the order of the calculations associated with 
/(O and (7(0 are that they occur before those associated with 6(0, these 
variables may be included in any of the first three parts. Thus, the 
ordered algebraic expressions for the parts of the payroll calculations 
could bo grouped in the following ways 

a, b, c • d • e -f • g, h 
f • g • a, b, c • d • e, h 
n, f • g • b, c ■ d ■ e, h 
f • a, g • b, c ■ d • e, h 
g-a,f-b,c-d-e,h 
g • a,h, c • d - e -f, h 
a, g 'b, c • d • e ■ f, h 
f-a,b,c-d-e'g,h 
a, f ’ b, c ■ d ■ e • g, h 


and 


(9-4-6) 
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Consider the first grouping .of the algebraic statements in (9-4-6) but 
change it to the following three parts 

d‘b,c-d‘e-f-g,h (9-4-7) 


The use of the and operation be¬ 
tween a and b instead of treating 
them as separate groups is done 
since only two logical variables are 
involved, and, if the order is im¬ 
portant, the logical flow diagram 
for these variables can be reversed 
if necessary to obtain the correct 



FIG. 9-4-2.'logical flow diagram for first 
term of Eq. (9-4-9). 



FIG. 9-4-3. Logical flow diagram for 
second term of Eq. (9-4-9). 


order. Writing algebraic expressions of the form of (9-4-7) for each type 
of employee, one may generate the following algebraic expressions for 
the three parts of the problem 


Si • -|- fls ■ &s -f- Oa ■ “b Q* • 6* -f- 06 ‘ “t" Oa ■ bt -(- Oj • bt, 

Cl' di- Bi'fi • "b ^8 • da • 62 ’/s • ^8 -b Ca • da • Ca '/a • ffa 

"b c* ■ ds • e* • • ^4 -b ^6 ■ de • 66 • /e ■ P6 

-b 5e' da • Ce ■ /a ■ -b • dr • er • /t ■ ^ 7) 

snd Ai -b Aa "b ha “b ^4 "b ^6 "b ^a “b h? (9-4-8) 

Factoring each of the expressions of (9-4-8) one obtains 

(di "b ds *b Oa -b O 4 -b 06 “b Oa -b Or) • 6, 
d • e • {/ • [c • (^1 -b (?a + ^4) -b da • ^2 + ^6 ■ fifs + ffa • -b dt • /r' ffr} > 
and h (9-4-9) 

The logical flow diagram for the term (di -b «s + Oa -b 04 -b 05 -b Oa -b 
07 ) • b of (9-4-9), since box a must precede box 6, is given in Fig. 9-4-2; 
and the logical flow diagram for the term 

d ■ e • {/ • [c • (^1 -b Pa + ^4) + da • ^8 + ds • ^6 + da • ^a] -b dr * /r ‘ !}i\ 
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is given in Fig. 9-4-3. If the partial sum of the deductions is computed 
as part of each computation associated with each logical variable, then 
the computation associated with box h is just the subtraction of the total 
of the deductions from the gross pay. The complete logical flow dia¬ 
gram for the expressions of (9-4-9) is given in Fig. 9-4-4. To complete 
the analysis, one would construct 
similar logical flow diagrams for 
each of the nine ordered algebraic 
expressions of (9-4-6) and then 
choose that flow diagram wijbh the 
least number of special paths. 

In the coding of the detailed flow 
diagram associated with the logical 
flow diagram of Fig. 9 - 4 -4, a com¬ 
mon procedure for determining if 
the calculations associated with a 
given logical variable are to be 
done or not, for a particular em¬ 
ployee, is to test that logical vari¬ 
able to determine if it is or is not 
one. If the logical variable is one, 
the calculations are done, and if it 
is zero, those calculations are 
skipped and the next logical vari¬ 
able is checked, etc. For example, 
if 1 1 is the identification number of an 
employee of type 1, then a(ti) = 0 
and the calculations associated with 
a(t) are skipped. Since 6(«i) = 1, 
the calculations associated with b(t) 

are performed. Thus, a binary decision is made on each logical variable 
to determine if the calculations associated with that variable are to be 
performed or skipped. ' 

With respect to the flow diagram of Fig. 9-4-4, we would like to demon¬ 
strate how a multiple decision might be used in place of several binary 
decisions. 



FIG. 9-4«4. A logical flow diagram for the 
subroutines of a payroll calculation in 
which partial ordering of the subroutines is 
required. 


9-5. Multiple Branching 

Assume a, 6, . . . , A represent subroutines which perform the calcu¬ 
lations associated with the logical variables a(t), b(tX . . . , h(t) respec- 
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tively. Further, we see from Fig. 9-4-4 that there must be variable exits 
from subroutines b and g and that the exit of a always leads to the entry 
of 6 , the exit of c always leads to the entry of /, the exit of / always leads 
to the entry of d, the exit of d always leads to the entry of e, and the 
exit of e always leads to the entry of h. Let si, § 2 , . . . , s? be seven 
short subroutines which determine those subroutines of a through h which 
are to be used in the calculations for the net monthly earnings of employee 
types 1 through 7 respectively. That is, Si sets the variable exit of b to 
the entry of c and causes the computer control to transfer to the first 
order in the subroutine b; S2 sets the variable exit of b to the entry of / 
and causes the computer control to transfer to the first order in the sub¬ 
routine b; ... ; and 57 sets the variable exit of b to the entry of d and 
causes the computer control to transfer to the first order in subroutine a. 


TABLE 9-5-1. A Three-address Code for Multiple Branching 


Order 

symbol 

1 

Order oode 

Branch 

Memory 

location 

Remarks 

I 

Ml 

Mi 

Mi 


+0 

000 

000 

000 


000 



{+0 

000 

Odftde 

dididi } 


001 

Employee identification 








word containing t 


. 00 

000 

000 

001 


002 

Extract constant 


21 

000 

000 

007 


003 

Constant for UCD com- 








mand 


{00 

000 

000 

000} 


004 

Temporary storage of 








di 

XTE 

24 

001 

002 

004 

Enter 

005 

XTR t ^ di into (004) 

ADD 

01 

003 

004 

007 


006 

Construct UCD com¬ 








mand for 007 

UCD 

{00 

000 

000 

000} 


007 

UCD to 007 -h i 

UCD 

21 

000 

000 

&i 


008 

1 UCD to Sif the address 

UCD 

21 

000 

000 

Si 


009 

1 of the first order in the 

.... 

.... 


.... 




I subroutine at, 1 <t < 

UCD 

21 

000 

doo 

s, 


014 

) 7 


Further, let there be an identification word associated with each employee, 
subdivided so that the digits, ds, de, d?, and dg are the identification num¬ 
ber of the employee and the digit dg is the type number t of the employee. 
The type numbers of the employees are assumed to be 1 , 2 , . . . , 7 . 
Let the identification word be stored in memory location 001 of the three- 
address computer of Appendix I, then the commands of Table 9-5-1 
perform a multidecision which selects the proper subroutines for each 
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employee. The first order performed is in memory location 005. The 
code in Table 9-5-1 has the virtue that, by minor changes, it may be 
located anywhere in the memory. If, however, it can be located as indi¬ 
cated in Table 9-5-2, that is, if the type number is the last digit of the 
memory location of the UCD command for that type number, then the 
code can be shortened by three words as shown in Table 9-5-2. 


TABLE 9-5-2. Alternate Coding for Table 9-5-1 


Order 

symbol 

I 

Order code 

Branch 

Memory 

location 

Remarks 

/ 

Mx 


Mz 

UCD 

21 

000 

000 

Si 


861 

\ UCD to /Si, the address 

UCD 

21 

000 

000 

s, 


862 

1 of the first order in the 

.... 



.... 




1 subroutine Sit L <i < 

UCD 

21 

000 

000 

s, 


807 

) 7 

XTR 

24 

870 

871 

869 

Enter 

868 

XTR t ^ dz into (869.) 

UCD 

21 

000 

000 

86|0| 

C 860 +^ 


UCD to 860 + t 


1+0 

000 

0(i(de 

dqdzdz } 



Employee identification 








no. and t » dz 


00 

000 

000 

001 


871 

Extract constant 


9-6* Computer Components and the Algebra of Statements 

Computer maintenance routines, in general, test most computer com¬ 
ponents in some mode of operation under both normal and marginal con¬ 
ditions, i.e., conditions such as low or high operating voltage that increase 
the likelihood of incipient errors being detected. After such routines are 
run satisfactorily, the probability that the computer will run until the 
next scheduled maintenance check, 12 hours to 1 month hence depend¬ 
ing upon the computer, is fairly high. However, the maintenance check 
routines cannot be considered as complete tests for reliable performance 
of a computer. Considering the number of components in a computer, 
it would take a prohibitively long time to check all components for all 
possible sequences of operations. Similarly, even though marginal tests 
serve the purpose of discovering which computer components are likely 
to fail first, it is impossible to check before breakdown for all symptoms 
of failing computer components. Finally, computer components may 
have transient failures which happen so infrequently that they may not 
occur during a maintenance check and may occur only intermittently 
during the run of a long problem. Thus, the programmer must not only 
find errors in his own programming, but also be able, on occasions, to 
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prove that his program is correct and that the computer is malfunction¬ 
ing. (That is, desired or not by the programmer, part of his task is that 
of determining whether or not the computer is operating properly for the 
problem he has coded.) 

Sometimes the malfunctions of a computer are difficult to observe and 
are undetected by the check circuits within the computer. Suppose the 
malfimction is the failure to round a product when a rounded multipli¬ 
cation has been programmed. If the multiplier and multiplicand are 
near 1 in magnitude, and if the rounding procedure is that of adding 
5 X 10“^* to the unrounded product and then retaining that part of the 
product which, in magnitude, is greater than or equal to 10^*®, the com¬ 
puter product win be nearly correct, and a casual observation will not 
detect the error. 

When the progranomer has detected a machine error, the speed with 
which the computer is repaired usually depends upon the completeness 
of the description of the error. For example, if the computer product of 
.873266 times .213279 is .186003628000, then, quite obviously, the com¬ 
puter is not performing the multiplication correctly since the last digit of 
the computer product is 0 instead of 4. However, by observing that the 
last three digits of the product are 0, it is quite probable that the com¬ 
puter product was obtained either by multiplying .873000 by .213279 or 
by multiplsdng .873266 by .213000. Actually, the computer product was 
equivalent to multiplying .873266 by .213000, which would indicate that 
the computer may no longer be able to process the last three digits of the 
multiplicand. Such a condition might be verified by the programmer by 
varying the last three digits of the multiplicand and checking to see if 
the computer always produces the same answer when the last three digits 
are zero as when they are not. Having verified this observation, the 
programmer can inform the maintenance engineer not only that the com¬ 
puter will not multiply correctly, but also what it appears to do in place of 
this operation. It is also possible to use general-purpose error-detection 
routines which test all of the computer commands for a variety of numbers 
to locate computer failure. If these routines are adequately designed, 
they can usually isolate errors faster than a human operator. 

The more complete the knowledge the programmer possesses of the 
computer, the more complete his analysis of a machine error can be, and 
usually the shorter is the time the computer is inoperative and the sooner 
the programmer has his problem on the computer again. With this in 
mind, we introduce the relation between the algebra of statements and 
computer components. For there to be a one-to-one relation between 
the algebra of statements and the logical design of a computer, one must 
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be able to recognize, in the computer, electrical circuits which are equiv¬ 
alent to the two binary operations and and or, to the unary operation 
NOT, and be able to recognize the two electronic states which are equiv¬ 
alent to the two algebraic elements 0 and 1. 

First, let us consider block diagrams for computer components with 
only a brief description of how these components may be constructed 
electronically and then consider how the components are tied together 
logically to perform specific operations within a computer. Let the and, 
OR, and NOT components (gates) be represented pictorially as in Fig. 
9 -6-la, b and c, respectively. In Fig. 9-6-1, arrows pointing into a box 



(ff) U) U) 


FIG. 9-6-1. AND, OR, and NOT gates. 


represent the inputs to the computer component represented by the box 
and the arrow pointing away from the box is the output of the computer 
component. Also, let 

n 

a<(0 = ai(i) * ' * * an(0 

and ^ Oiit) » ai{t) 4- dtif) + ’ * * + an(0 


where the center point • and the plus sign + represent the and and or 
operations respectively. At the time i = r, the output of the logical 
component of Fig. 9-6-la is 



if a* (r) = 1 for all i 
if one or more Of (r) = 0 


1 ^ i ^ ^ 
1 < i < n 


the output of the logical component of Fig. 9-6-16 is 


1 if one or more a< (r) =* 1 
0 if OtCr) = 0 for all i 


1 < i < n 

1 < i < A 
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and the output of the logical component of Fig. 9-6-lc is 


a(r) = 



if a(r) = 0 
if a(T) = 1 


Before discussing an example of a set of typical electronic elements 
involved in each of the illustrated computer components of Fig. 9-6-1, 
let us briefly review some of the properties of some electrical circuits. 
If there is a constant potential difference AE between the two ends of a 
single conductor, then a current i flows along the conductor, the direc¬ 
tion of which is said to be from the end at high potential to the end at 
low potential, and the current is directly proportional to the potential 
difference AE. The constant of proportionality R is known as the resist¬ 
ance of the conductor and is observed to be a physical property of the 
conductor depending principally upon the physical dimensions of the con¬ 
ductor and the material of which it is made. The preceding statements 
may be represented by the equation 

AE = zR (9-6-1) 


which is known as Ohm’s law. The current i is related to the flow of 
free electrons along the conductor, but the positive direction of i, by con¬ 
vention, is opposite to that of the flow of these electrons. The magnitude 
of % is assumed to be the same at all points along a single conductor or 
path. Diagrammatically, a single path of a circuit is shown in Fig. 9-6-2 
where 

AE = El — E 2 El /^2 


and the total resistance is indicated by the saw-t.ooth symbol at a single 
position along the symbol for the conductor. In electrical circuits the 
conductors interconnecting computer components are usually made of 
materials and are of such dimensions that they have very small resist¬ 
ances (usually so small that this resistance can be neglected) and an elec¬ 
trical element known as a resistor, a conductor of high resistance, may be 
inserted in the path to regulate the current flowing along the path. 

When two or more connectors are jointed at a common point, the con¬ 
nection point is referred to as a junction. Kirchhoff’s first law states 
that the algebraic sum of the currents coming to any junction, at which 
no external potential is applied, in a network of conductors is always zero. 
That is, at a junction of n conductors, 

V 4 = 0 (9-6-2) 

where the positive direction for the current 4 is toward the junction. 
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Considering the simple network of Fig. 9-6-3, where the potentials at 
the ends of the network are Hi and Hi, Hi > Hi, and letting the potential 
at the junction be designated as H, then by Eq. (9-6-1) we have 

El- H = iiRi or H == Hi- iiRi (9-6-3) 

and El — H = iiRi or E = Hi — iiRi 

Substituting the second equation of (9-6-3) in the first, we obtain 

El - iiRi ^ El - iiRi or Hi - Ei = iiRi - iiRi (9-6-4) 

Since the circuit of Fig. 9-6-3 can be considered as a ainglft conductor 



FIG. 9-6-2. Didgram of a single conductor. FIG. 9-6-3. A simple series network, 
with current i flowing through it, where by Eq. (9-6-2) 


i = ii = —ii 

and as having a total resistance R, then Eq. (9-6-4) can be written as 

El — El = iR 

where R Ri + Ri 

Thus, the total resistance of two resistors connected in series is the sum 
of the two resistances. This result is 
easily extensible to n resistors con¬ 
nected in series and is 

n 

22 - X 2?* (9-6-6) 

A* 1 

Considering the simple network of 
Fig. 9-6-4, where the potentials at the FIG. 9-6-4. A simple parallel network, 
ends of the network are Ei and Ei, j 

El > El, then along each path we have, by Eq. (9-6-1), 

El - El = iiRi or Ri = (9-6-6) 

and El- El = iiRi or 22* = 

%i 



Now, let us replace the circuit by an equivalent circuit of the type of 
Pig. 9-6-2. That is, we wish to replace the two parallel resistors of Fig. 
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9 - 6-4 by a single resistor having a resistance H which will cause a cur¬ 
rent i to flow from Ei to E»: we wish to find the value of R such that 

1 i 

El “ E 2 “ m OT ^ ~ (9-6-7) 

For the junction at a in Fig. 9-6-4, by Eq. (9-6-2) we have 

i = -|- *2 


And substituting this in Eq. (9-6-7) gives 

1 _ ii I ^2 

R El — Et El — E» 

or by Eqs. (9-6-6) 



This result is also extensible to n resistors connected in parallel and is 



(9-6-8) 


In constructing an and or an or gate we need to consider another type 
of electronic element called a diode. A diode offers little resistance to the 
current flow in one direction and a large resistance 
to current flow in the opposite direction. A diode 
may be a vacuum-tube diode or a crystal diode. In 
Fig. 9-6-5, we give the sjnmbol for a crystal diode 
and show the direction of current flow for small and 
large resistance where u is the small resistance 
and Ri is the large resistance. These resistances 
Td and Rd are called the forward resistance and hack- 
ward resistance, respectively. 

Let us assume that a potential in the range Ei + a to Ei — a repre¬ 
sents the algebraic element 1 and a potential in the range Eo + to 
E# — jS represents the algebraic element 0 , where Ei — a > Eo H- 18 . 
The network of Fig. 9-6-6 is referred to as an and gate in correspondence 
with the intersection law of the algebra of statements. The input volt¬ 
ages A,(t) and B(t), and the output voltage 0(4) represent the potentials 
corresponding to the values of the algebraic functions b(Jt), and c(f) 
respectively. For example, at time t, if A (t) = Ei, i.e., Ei — a < A{t) < 
El -f a, then o(<) = 1 and vice versa, or if A(t) = Eo, i.e., Eo — < 



HO. 9-6-5. Symbol 
for a crystal diode. 
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A(i) < JSo + /3, then o(<) = 0 and vice versa. In this circuit it is assumed 
that the output current requirement it is so small that we may assume 
that it = 0. Further, we assume that iJa 3> E » r* For the network 




'd 


—KPn 


tfd 


SI/)* 


i\p 


4=0 


•c{/) 




FIG. 9-6-6. An AND gate. 


of Fig. 9-6-6, in order to show that a{t) • b(t) = c(t), we show these 
conditions: 


1. If at time t, A(t) ^ B{t) = Ei, then C{t) Ei’, that is, if 
o(<) = 6(<) = 1, then c(0 = 1. 

2. If A(p) = B(0 = Efi, then C(<) ^ Eol that is, if a(t) = bit) = 0, 
then eit) — 0. 

3. If Ait) = El and Bit) = Ea, or if .d(<) = Eo and Bit) = Ei, then 
C(<) = Eo] that is, if ait) = 1 and bit) = 0 or if a(0 = 0 and bit) = 1, 
then cit) = 0. 


For condition 1 the entire circuit is at potential Ei, and there is no 
flow of current, thus Cit) = Ei. 

For condition 2, we have 


and 

Thus 

or 


... , . . . . . Cit) - Eo 

I =* »« -r ---- 

.^Ei- at) 

*- R - 

El - at) ^ 2[at) - Eo] 

R Td 

Cit) = —■+■ —"'T" 


since R )S> r^. 
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Since the network is ssrmmetric with respect to A(t) and B(i), we con¬ 
sider only the case A(i) = Ei and B{t) = for condition 3. Here, we 
have i = ia + ii 


Thus, 


or 


^ E.- _m i. ^ m -Jil and i. ^ 

R Ri ‘ u 

El - C(t) ^ C{t) - El , C(t) - E, 

R Rd u 

C(t) — - zr~r ——r "t-1-■®o “ 


1 + 

since jR<i 3> 22 » r^. 


22/ Rd Y 
Td \22 Hr Rd/ 


1 +!!? + II 

^ ^ 22 ^ i2„ 


The network of Fig. 9-6-6 can be expanded, as in Fig. 9-6-7, to repre¬ 
sent the logical box of Fig. 9-6-lo. 



Similarly, the network of Fig. 9-6-8 is referred to as an ob gate in 
correspondence with the union law of the algebra of statements. For 
the network of Fig. 9-6-8, in order to show that a(t) -t- b(t) = c(<), we 
show the following: 

1. If A(t)= B(t) = Eo, then C{t) ^ E,; that is, if a(t) = 5(2) = 0, 
then c(2) = 0. 

2. If A(t) = B(t) = El, then Cit) = Ed that is, if a(2) = 5(2) = 1, 
then c(2) = 1. 

3. If .d(2) = El and B(2) = E^ or if A (2) = 2?o and 5(2) = Ei, then 
(7(2) = El] that is, if a(2) = 1 and 5(2) = 0 or if o(2) = 0 and 5(2) = 1, 
then c(2) = 1. 
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For condition 1 th« entire circuit is at potential Eq and there is negli¬ 
gible flow of current; thus C(t) = Eq. 

For condition 2 we have 


Thus, 


i = io + % ia = ii = ~ 

Td 

, ^ C(<) - ^0 
R 

C(t) - Eo ^ 2[Ei - C(t)] 

R Td 

* nrlsAg *•+r+^ 


since R » rj. 

For condition 3, consider as before the case where A{t) = Ei and 
B(f) = Eo; and we have 

f. + « -go-0(0 

rtf 


Thus, 


C(t) -E^^Ei- C(t) . gp - C«) 


C(0 ^--i—_ Et + 

1 + - + — 

^ A! ^ i2tf 


jg/ gtf \ 
yi2 + Rdj 


Eo “ El 


since iZtf B 5S> rj. 

The network of Fig. 9-6-8 can be expanded, as in Fig. 9-6-9, to repre¬ 
sent the logical box of Fig. 9-6-1&. 



FIG, 9-6-9. Network for Fig. 9-6-1 b. 


There is a correspondence in the results for the and gate and the on 
gate; viz., if the potential Eo represents 1 and Ei represents 0, then Fig. 
9-6-6 and Fig. 9-6-7 become on gates and Figs. 9-6-8 and 9-6-9 become 
AND gates. This correspondence appears in the formulas derived above. 
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The description of a not gate requires the introduction of another elec¬ 
tronic element called the inverter. The inverters usually used in com¬ 
puters are either relays, triode vacuum tubes, or transistors. Figure 
9-6-10 shows a circuit wlich is equivalent to the logical box of Fig. 9-6-lc. 
This circuit is built around a vacuum-tube triode, the functional parts of 
which are the plaie or anode, the cathode, and the grid. In normal oper¬ 
ation of the tube, the potential E, of the plate is positive with respect to 
the potential Eo of the cathode; i.e., — E, > 0; and the grid acts as a 

valve. When the potential of the grid 0(t) is greater than the cutoff 
potential Eg, current flows from plate to the cathode, and the tube is said 
to be in a conducting state. When G(,t) < Eg, no current flows, and the 



FIG. 9-6-10. A triode used in a network for the NOT gate of Fig. 9-6-lc. 

tube is in a nonconducting or cutoff state. Depending upon the particular 
triode tube used. Eg is such that either Ei> Eg Eg or E,> Eg> E-. 
When the tube is conducting, it offers a resistance r to the conducting 
path from plate to cathode, and the resistance R is chosen such that 
Atf) ^ Eo. When the tube is nonconducting ii(0 = Ei since no current 
flows through B. The retdstances Bi and Ra are chosen such that when 
A(t) El then (?(<) is greater than Eg; and when A(t) = Eo, then (?(<) is 
less than Eg. Thus, when A(t) = Ei, A(t) =& Eo (that is when a(jt) — 1, 
&(t) = 0); and when A(Jt) = Eo, A(,t) = Ei (that is when o(t) »= 0, 

m « 1 ). 

One of the parts of a binary accumulator is called the logical bit half¬ 
adder. The construction of a half-adder from the three logical computer 
components of Fig. 9-6-1 is examined next. The half-adder is used to 
form the sum digit s* and the carry digit Ck of the two corresponding bits 
aj, and bk of the addend and augend respectively. Since a*, bk, St, and Ck 
are bits (binary digits), each can assume only the value 0 or 1. We will 
now determine Sk and Ck as functions of at and bk using the algebra of 



A MATHEMATICAL AID FOR PROGRAMMING AND COMPUTER DESIGN 195 


Btatemeats. First, we construct Table 9-6-1, by the rules of binary addi¬ 
tion, which gives Sn and Ck for each of the four possible input combinations 
of 0 * and From Table 9-6-1 we see that s* = 1 if o* = 1 and h = 0 
or if oj, = 0 and = 1 and s* = 0 otherwise. Thus, 

Sh = Ok • Si + dk • bk 

The reader can check this algebraic statement against Table 9-6-1. 
TABLE 9-6-1. Rules of Binary Addition for a Logical Bit Half-adder 


dh 

bk 

8h 

Ck 

1 

1 

0 

1 

1 

0 

1 

0 

0 

1 

1 

0 

0 

0 

0 

0 


Similarly, c* = 1 if Oi = 6* = 1 and c* = 0 otherwise; thus 

Ck = (Ik’bh 

Using the logical components of Fig. 9-6-1, a half-adder can be con¬ 
structed logically with two not gates, two and gates, and an or gate 
for Sk and an and gate for Ck. However, by making use of the identities 
dk- Ok = bk-Sk = 0, we can write s* as 

8k = Ok‘ Skbk' 6* -h&k ’ ak + Sk’bk = (g* H ~ bk) • 5* -t- 5* • (a>, -+■ &*) 
=■ (a* + bk) • (&k + Sk) = (ofc -H bk) • (Ok • bk) 

and the half-adder can be constructed, as shown in Fig. 9-6-11, with one 



FIG. 9-6-11. Construction of a binary half-adder from AND, OR, and NOT gates. 
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less gate. A block s 3 nQabol for the logical circuit of Fig. 9-6-11 is given in 
Fig. 9-6-12. The half-adder is used in the least significant position of the 
binary accumulator where no carry bit enters into the sum. 

In a similar manner, the three logical computer components of Fig. 
9-6-1 can be used to logically design another component, the logical bit 
adder, of a binary accumulator. Suppose we are 
given two corresponding bits Oh and bk, of the 
addend and the augend respectively, and the 
carry bit c*+i. Here, k represents the bit position 
within the computer word and k + 1 represents 
the next less significant bit position. The logical 
adder is required to form the sum bit «« and the 
carry bit Ck. Since at, bk, Ck+i, Sk, and Ck are bits, each can assume only 
the value 0 or 1. We wish to write Sk and c* as algebraic functions of 
Ok, bk and ct+i using the algebra of statements. Again, we construct a 
table, such as Table 9-6-2, from the rules for addition of binary digits, 
giving Sk and ct for each of the eight possible input combinations of at, 
bk, and Ck+i- 

TABLE 9-6-2. Rules of Binary Addition for o Logical Bit Adder 


ah 

bk 

C*+i 

«Jb 

Cib 

1 

1 

1 

1 

1 

1 

1 

0 

0 

1 

1 

0 

1 

0 

1 

1 

0 

0 

1 

0 

0 

1 

1 

0 

1 

0 

1 

0 

1 

0 

0 

0 

1 

1 

0 

0 

0 

0 

0 

0 


From Table 9-6-2, we see that st = 1 for four different input combi¬ 
nations and St = 0 for the other four combinations. The and combi¬ 
nations of at, bk, and Ck+i which cause st = 1 are 

Ok'bk' ct+i at • 5i • 6t+i fit • bt • Ck+i and dt • 5* ' c*+x 

The OR combination of these four terms, 

Sk = Ok'bk’ ct+i + at • St • ct+i -f 5t • 5t • ct+i •+■ dt • St • Ct+i (9-6-9) 

causes st to be 1 whenever any one of the terms is 1 and causes st to be 0 
for the other fo\ir input combinations. Another algebraic relation which 


FIG. 9-6-11 Symbol for 
a binary half-odder. 
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will cause s*, to be 0, for the proper input combinations, is obtained by 
writing down the algebraic expression which causes S* to be 1, i.e., 

S* = Ofc • ' 5* ■ Ct+i + Si * b» • cjb+i + ■ Ck+i (9-6-10) 

and inverting it to obtain s*. Similarly, two algebraic expressions which 
cause Cfc and c* to be 1, as required by Table 9-6-2, are 

c* = Ofc • 5* ■ Cjb+i -H fflji • 6* • 2*+i + Ofc • 5* • cjb+i -b Oi • bk ■ c*+i (9-6-11) 

and 

c* = dfc • £* • cjt+i -f- • 5jb • Ct+i -b a* • b* • -b o* ■ • Sk+i (9-6-12) 

Using the laws of Boolean algebra, Eqs. (9-6-9) to (9-6-12) may be written 
in many equivalent forms. For example, 

Sk = Sk+i • (a* • b* -b Ujb • b*) -b Cjb+i • (o* • b*. -b a* • b*) 

= am.i[(ak -b 5*) ■ (a* + bi)] -b c*+i[(at • bk) -b (o* -b bfc)] 

= {c*+i -b [(«* ' bk) Hr (Uk -b bk)]} + {ck+i • [(flk • bk) -b (ok -b bk)]} 

(9-6-9a) 

Sk = Ck+1 • (ok • bk -b afc • 5k) -b Ck+i(ak • bk -b Ok ■ 5k) (9-6-10o) 

or 

Sk = {ck+i • [(Ok • bk) -b (fik • 5k)]j____ 

■ {ck+i • (Sk • bk -b ak • Ok -b Ok ' 5k -b bk • 5k)} 

= {ck+i + [(ok • 5fc) • (ok + bk)]} • {ck+i • [(ok • bk) • (ok -b bk)]} 

(9-6-lOb) 

Ck = Ok • bk • (ck+i + 5fc+i) -b Ck+i • (ofc • 6k -b fik • bk) 

== Ofc • bk + Ck+i • [(Ok • 5k) • (ok -b bk)] (9-6-llo) 

and aik = ak • 5k -b Sk+i * [(ak - b 5fc) • (ok + bk)] 

= (Ok -b bk) + Sfc+i * [(ok • bk) -b (ok -b bk)] (9-6-12o) 

or Ck = (Ok -b 5k) -b {ck+i + l(ok ■ bk) - b (ok + 5fc)]} 

= (ok -b bk) • {ck+i + [(Ok • bk) + (ok -b bk)]) (9-6-12b) 

Our objective is to construct, using the logical components of Fig. 
9-6-1, a computer component with the least number of and, ob, and 
NOT gates which will form Sk and Ck from the inputs Ok, bk, and Ck+i. 

There are many equivalent Boolean expressions for any particular 
expression and general procedures for determining the expression which 
produces the minimum number of logical components for a given set of 
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FIG. 9-6-13. Construction of binary adder fronn AND, OR, and NOT gates. 


inputs have not been developed. Thus, the circuit given in Fig. 9-6-13 
may not be the best choice, but it is considered a reasonably good one. 
Engineering aspects, such as the number of levels of gates that have to 
be switched, are relevant when the speed of operation is considered. 
Figure 9-6-13 is constructed from Eqs. (9-6-106) and (9-6-lla). By 
comparing Eqs. (9-6-9o) and (9-6-126) with Eqs. 
(9-6-106) and (9-6-llo), one can see that another 
form of the logical binary adder can be con- 
structed with the same total number of gates. 
FIG. 9-6-14. Symbol for a A block Symbol for the logical binary adder 
binary adder. circuit is given in Fig. 9-6-14. The adder is 

used in aU digit positions, except the least 
signihcant, of the binary accumulator. 

Registers in a computer are used as temporary storage for computer 
words, or digits of a computer word. In the arithmetic unit, registers 
are used to hold one or both of the operands and the result of the arith¬ 
metic operation. In the control unit of the computer there is usually a 
register which holds the command that the- computer is performing and 
a register containing the address of the next command that the computer 
is to perform. Registers are often used for B-boxes and as buffer storage 
for input and output equipment for computers. A general requirement 
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for a register is that its contents are changed to that of a new word being 
entered, but the use of the information contained within the register does 
not change its contents. Each bit position of the register is composed of 
a computer component known sl flip-flop. In a computer, the flip-flop 
is a bistable component which stores not only the bit but also its comple¬ 
ment.^ A simple logical diagram for a flip-flop can be constructed from 
the computer components of Pig. 9-6-1. Such a logical diagram is given 
in Fig. 9-6-15 where the input digits, d and e, are transmitted simultane¬ 
ously to the flip-flop. In the operation of this flip-flop, it is assumed that 
d = e = 0 whenever a digit and its complement are not being read into 
the flip-flop. If a digit and its complement are not being read into the 
flip-flop and if the output of oe gate 1 is one, then the two inputs to 
OR gate 2 are 0 and its output is 0, which is inverted and fed back to 



d 0 e^d D 


FIG. 9-6-15. Logical construction of a flip-flop. 

OR gate 1. Thus, the flip-flop remains in tl^ state; i.e„ output D of or 
gate 1 is equal to one, and the output of D or gate 2 is equal to zero. 
Similarly, if d = e = 0 and if the output D of or gate 1 is zero, then the 
input to OR gate 2 from the inverter is equal to one and the output of 
OR gate 2 is equal to one, which is jfed back through an inverter to or 
gate 1 as zero. Thus, the flip-flop remains in this state; i.e., output D 
of OR gate 1 is equal to zero and output D of or gate 2 is equal to one. 
However, if the output of or gate 1 is equal to one when d = 1 and 
e = d = 0 are gated into the flip-flop, then the output D of or gate 1 
remains one, and the output D of or gate 2 remains zero;^but if d — 0 
and e = d = 1 are gated into the flip-flop, then the output D of or gate 2 
becomes one, and the two inputs to or gate 1 become zero, and its out¬ 
put D becomes zero. Similarly, if the output D of or gate 1 is zero then 
it remains so when d = 0 and 6 = 5=1 are gated into the flip-flop, but 
the output jD of gate 1 becomes one if d = 1 and e = 5 = 0 are gated 

»Some computers have storage elements capable of several discrete states; e.g., 
the Decatron has ten stable states. 
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into the flip-flop. The bit stored in the flip-flop may be read out at D 
and its complement read out at JD. Figure 9-6-16 represents a logical 
symbol for a flip-flop component where d and 3 are the 
^ d inputs and D and t) are the outputs. 



Using AND gates, not gates, flip-flops, a half-adder, 
and adders, we can illustrate in Mg. 9-6-17 the logical 
construction of that part of a binary accumulator 
which can perform the sum of the magnitudes of two 
words. In this figure the sum digits are given by 
through /S«, and if an overflow occurs then Co = 1. 
The input p is a gating (timing) pulse which is 1 for 


FIG. 9-6-16. Symbol the appropriate portion of the computation cycle at 
for a flip-flop. which time the sum is performed and p = 0 at all 


other times. 


Using an on gate, two and gates, binary half-adders and binary adders, 
a ample binary-coded decimal adder may be logically constructed. As 
demonstrated in the chapter on number representations, ten of the 16 
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possible combinations of four bits may be used to represent the ten deci¬ 
mal digits. That is, if ^4* is the fcth digit of a decimal word then 

Ak = Ajb82* + Ak22^ + Aki2 + Ako 

where the Ajti, t = 0, 1, 2, 3, are the bits. Consider the logical design of 
a binary-coded decimal adder which forms the binary-coded decimal sum 
digit Sk and the carry bit Ck from an augend digit A*, an addend digit J?*, 
and the carry bit Ck+i- We may construct a table showing Sk and Ck for 
all of the possible ways of performing the arithmetic sum Ak + Bk + Ct+i. 
Such a table would have the binary-coded representations for A*, Bjb, and 
Sjb. We have already seen in the chapter on number representations that, 
independent of the number base, C* and Cjb+i can only take on the values 
0 or 1. Such a table would have 200 entries and from it we would write 
an algebraic statement for each of Skz, Skz, Ski, and Skz, and Ck. To write 
each statement we would have to consider as many as 200 possible terms. 
Kather than perform this rather tedious task, we construct Table 9-6-3 

TABLE 9-6-3. Sums for Decimal and Hexadecimal Digit Addition 
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which, contains all of the possible combinations of the decimal sum digit 
St with its binary equivalent 3t», Sti, Sti, Stn and the carry bit C* show¬ 
ing the equivalent hexadecimal sum digit S'j,, with its binary equivalent 
S'tt, S'ti, Sii, S'to, and carry bit C*. From this table we observe that 
Ct = Cl and St = S't for 0 < Si < 9 and 0^ = 0; Ct == Ci = 1 and 
St = S't — a or equivalently 2* + St = Si+ 6 for a < Si < f; and 
Ct = Ci and & = jSi -1- 6 for 0 < Si < 3 and Ci = 1. Also from Table 
9-6-3, we see that Ct = Ci when and only when 

f Sm = 1 

Sit = 1 and I or (9-6-13) 

otherwise Ct = Ci. Furthermore, we may write in binary arithmetic 

2*etCt + SttSttSt^Sto = SitSitSitSit + OllOC* (9-6-14) 

Thus, a binary-coded decimal adder may be constructed by altering a 
binary-coded hexadecimal adder. 

A binary-coded hexadecimal digit adder is a binary accumulator con¬ 
taining four bits [see Eq, (3-9-6)] as shown in the top part of Fig. 9-6-18. 
“We make two alterations to this adder. The first is the formation of Ct 
by the algebraic statement 

Ct = Ci + Sit ■ Sit + Sit ■ Sit = C; -1- Sit-XSit + Sit) (9-6-15) 

which is equivalent to the condition of (9-6-13). The other alteration is 
to use Eq. (9-6-14) when C* = 1 and set St = Si when Ct = 0. The 
binary-coded decimal adder is given in Fig. 9-6-18. 

If we had attempted the design of the binary-coded decimal adder of 
Fig. 9-6-18 as a problem in the algebra of statements, we might find a 
computer very helpful. The computer would be programmed to execute 
the laws and operations of the algebra of statements so that it would 
create the statements for each of the output variables St» = 1, Stt == 1, 
Stt = 1, Sti = 1, Sti = 1, Sti = 1, Sto = 1, Sto = l,Ct = 1, and = 1 
as functions of Ct+t, Am, Sm, Att, Bti, Att, Bti, A*,, and Btt. The 
computer program wo\ild then perform a sequence of algebraic operations 
using the distributive law, the associative law, the commutative law, the 
idempotent law, etc., repeating the sequence until each expression could 
not be reduced further by the computer. Since there are no general 
mathematical techmques for obtaining algebraic statements which repre¬ 
sent a minim um number of logical computer components, the resxilts of 
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the computer might be further analyzed through human effort. ^ It is 
interesting to note, however, that the logical design of Fig. 9-6-18 was 
obtained through a knowledge of number representations in bases 2, 10, 
and 16 and of the algebra of statements. Although Fig. 9-6-18 may not 
be a minimal design, it is sufficiently compact to be used in the design 
for a binary-coded decimal adder. 

We have demonstrated how one might proceed in the logical design 
of an arithmetic unit of a computer and, although this knowledge is not 
essential for one primarily interested in coding and programming, it is 



FIG. 9-6-18. Binary-coded decimal digit adder. 


knowledge which may be useful to him. If in checking a particular pro^ 
lem the desired answers are not obtained, the error may occamon^y be 
one of the computer and not of the program. For example, m Fig. 9-6-18, 
if the top AND gate is malfunctioning and its output is always zero ihen 
a wrong answer may be one in which (7* is zero mst^d of one an t a 
base-16 number greater than or equal to c = 12io. For a decimal com¬ 
puter such a configuration is called an irwalid combination or invahd code. 
Often, check circuits are added to computers to stop its operation on the 
occurrence of invalid combinations. In Fig. 9-6-13, if the output of the 
top left AND gate is always zero, then c» will be zero instead of one wben- 


X A. Freilich, BUminating Diode Reduadwicy in Encoding and Decoding Matrices. 
Control Eng., pp. 110-114, June, 1960. 
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ever a* = 6* = 1. Other examples can be constructed by the reader; 
however, our purpose here is to demonstrate that if the programmer 
develops a knowledge of the computer, he will often be able to recognize 
a computer error and save himself the effort of trying to debug a correct 
program. 

Another important reason for the programmer to become acquainted 
with Boolean algebra is that the automatic compilers currently being 
developed, such as ALGOL, use Boolean expressions for the control of 
the computer sequence. 



10 

NUMERICAL ANALYSIS 


TO-1. Introduction 

The area of mathematics called numerical analysis is concerned with 
procedures for calculating numerical results for mathematically formu¬ 
lated problems and with the properties of these procedures. The objec¬ 
tive of obtaining numerical results distinguishes numerical analysis some¬ 
what from the other branches of mathematics' where the objective may 
be the determination of properties of solutions or the development of 
general theories. 

Numerical analysis is an old field with an extensive literature. 
Recently, however, there have been marked changes in emphasis and 
increased interest in numerical analysis resulting from both the wide¬ 
spread use of automatic computers, which greatly increases the amount 
of computation that is economically feasible, and the increased use of 
mathematics in technical applications. One such change is evidenced 
by the study of iterative procedures and other procedures requiring a 
large amount of computation, e.g., the inversion of large matrices. There 
is emphasis on the study of general procedures that are applicable to a 
variety of situations and emphasis on studies of the amount of approxi¬ 
mation error introduced by the numerical procedure. 

Since a general discussion of numerical analysis is beyond the scope of 
this book, this chapter discusses mainly the numerical analysis for a few 
of the examples used in this text. The chapter starts with a discusaon of 
rounding errors that are introduced during a computation. A bibliogra¬ 
phy of books on numerical analysis that are concerned with automatic 
computation concludes the chapter. 

* R. Bdlman, in James Glenn (ed.), “The Tree of Mathematics,” chap. 26, Digest 
Press, Paeoima, Oaiif., 1967. 
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The analysis of most problems for which digital computation is required 
falls into four interrelated phases: 

1. The formulation and analysis of the mathematical model 

2. Formulation of numerical methods 

3. Programming and coding of the numerical procedure for the computer 

4. Analysis of the results 

The completeness of the mathematical model may depend on the exist¬ 
ence of analytic and niimerical procedures and the speed and memory 
capacity of the computer. Ji several numerical procedures are available, 
the procedure is chosen for accuracy of the results, simplicity of program¬ 
ming, and speed of computation. The computation sequence frequently 
effects the accumulation of computational errors and thus may become 
an important part of the numerical analysis. The state of development 
of numerical analysis thus may influence all phases of a problem from the 
formulation to the programming details and analysis of the results. It is 
important that the programmer know the methods that are suitable for 
his problem and the properties of the methods he uses. 

For automatic computations it is generally necessary to have a more 
complete formulation of a problem than when automatic equipment is 
not used. For example, in addition to the mathematical process suf¬ 
ficient to determine a imique solution, it may be necessary to have infor¬ 
mation about the properties of the solution such as upper and lower 
bounds, rate of oscillation, rate of convergence, monotonicity, or asymp¬ 
totic behavior. Such information is useful in programming the compu¬ 
tations and providing numerical checks for the results. 

The formulation of problems and choice of numerical methods for a 
computer routine should provide for 4s much generality as is practicable. 
The reason for this generality is to allow for subsequent computations to 
produce additional results, or for use of part or aU of the computer 
routine in other problems. In automatic computation, complicated 
numerical procedures or methods involving human intervention are to 
be avoided whenever practicable. 


10-2. Significant Digits 
In the base b, where 
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is the digital approximation for a number x, the digit di, is called a ag- 
nificant digit or reliable digit if 

I® - x*| < 

The number of digits in an approximation that are reliable is called the 
number of significant figures or digits. 

The error « of an approximation is varioudy dAfined asx* — x x — x* 
or I®* — x\. The definition ’ ’ 

e — X — X* 

Tiyill be used here; that is, the error e in an approximation is the amount 
to be added to the approximation to obtain the exact value. 

The relative error p for an approximation will be defined as 



The number of significant digits n in an approximation is related to the 
magnitude of the relative error in that 

n - 1 < log6 2 ^ < n + 1 


10-3. Rounding 

In digital computing, storage space and computing time (e.g., multi¬ 
plication and division times depend on the number of digits in the multi¬ 
plier and quotient) may be saved by reducing the number of digits used 
in intermediate results. When successive operations are exact, the num¬ 
ber of digits in the result may increase rapidly. For example, raising a 
10-digit mimber to the fifth power produces a result from 46 to 60 digits 
in length. Division of a 10-digit number by another 10-digit number 
may produce an unending sequence of digits. Beducing the number of 
digits generally increases the approximation error and these approxima¬ 
tion errors in general propagate throughout the computation. Thus the 
number of digits retained in a computation is usually a compromise 
between accuracy and computing capacity. Most electric desk calcu¬ 
lators have 10-decimal-digit keyboards and many automatic computers 
have 10-decimal-digit storage registers. For these computers, retention 
of more than ten digits in all intermediate results usually far more than 
doubles the computation time. It has been repeatedly recommended 
that the digit length be increased with increasing speed and memory 
capacity of computers so that as the computation complexity increases 
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there is provision for additional precision to compensate for the additional 
propagation of error. 

There are several procedures for reducing the number of digits in the 
approximation for a number. In the process called chopping^ all 
imwanted digits are merely deleted. In most of the processes called 
rounding a new approximation x* for the number x is obtained such that 

\x — x*\ < Oi)b^ 

where is the base raised to the power associated with the last digit 
kept in the new approximation oj*. In commercially manufactured auto¬ 
matic computers and in the newer electric desk calculators, the round 
operation (also called half-adjust in some computer manuals) is accom¬ 
plished by adding to the magnitude of x and then dropping the 
unwanted digits. For uniformly distributed values of x the rounded 
approximation x* produced by this process has an average magnitude 
slightly larger than that of re, the amount of the dijBFerence of the averages 
of the true numbers and their rounded approximations being one-half 
umt in the most significant digit dropped. The chopping process pro¬ 
duces approximate values with average magnitudes less than those of x, 
the amount of the difference in average values for uniformly distributed 
numbers being about one-half unit in the last digit kept. The more 
complicated rounding process commonly used by people produces a 
rounded approximation for which the average of the magnitudes of x* 
and X are equal. The result of this rounding process differs from that 
for computers only when 

- ^*1 = 

in which case the computer rounded values is \x*\ == |a;| + in 

the more complicated rounding \x*\ = \x\ ± the sign being chosen 

so that the last digit of x* is even. 

In many computations using a single-address computer, a smaller 
region of uncertainty for the result can be obtained by rounding after a 
sequence’ of arithmetic operations rather than in each operation without 
any loss in computation time. 

10-4. Generation and Propagation of Error 

In automatic computations, digital approximations are used for num¬ 
bers such as TFj e, etc. The computer operations such as multiply, 

B. Hildebrand, "'Introduction to Numerical Analysis,” p. 8, McGraw-Hill 
Book Company, Inc., New York, 1966. 
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divide, floating point add, and shifts introduce additional errors into the 
mathematical computation due to the limitation on the number of digits. 
Following Householder,* the computer operation approximating a given 
mathematical operation <o will be called a pseudo operation and will be 
denoted by «*. The pseudo operation is defined by the particular com¬ 
puter and is defined therefore only for numbers of a particular digital 
form. Thus the desired mathematical result may be x<o^ while the result 
produced by the computer is x*a*y*, where x* and y* are the digital 
approximations for x and y. The error in this result is then 

xay — x*u*y* 

This error can be decomposed in several ways, a particularly useful 
decomposition being 

(xuy — x*o)y*) -f (x*o>y* — x*w*y*) 

The quantity in the first parentheses is the error that would be propa¬ 
gated if the operation were exact. The second parentheses contains the 
error generated by the pseudo operation «*. 

These errors may be of the same or diflering signs. In either case 
the magnitude of total error is not greater than the sum of the mag¬ 
nitudes of these two errors, i.e., \xuy — a:*co*j/*| < |®wy — x*uy*\ -1- 
\x*(iyy* — x*u*y*\. 

For illustration, consider the multiplication of two fixed point num¬ 
bers on a 10-digit decimal computer, the decimal point being at the left 
of the first digit in the multiplier x, multiplicand y, and product z. In 
the computer the distal approximations 

X* — ±.x XXX XXX XXX y* = ±.y yyy yyy yyy 
are multiplied together and ro\mded to form the pseudo product 

2 * = ± .a zzz zzz zzz 

Here subscripts for the digits in the representation are understood 
but not included for convenience only. An upper bound for the error 
z — z* = xy — X* •* y*, where •* denotes computer multiplication, can 
be obtained from 

xy — X* •* y* = xy — x*y + x*y — x*y* -f x*y* — x* •* y* 

= (x- x*)y +iy- y*)x* + (,x*y* - x* ■* y*) 

If X* and y* are correctly rounded digital approximations for x and y, 

* A. S. Householder, "Priaciples of Numerical Analysis," McGraw-Hill Book Com¬ 
pany, Ino., New York, 1963. 
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then \x — a:*l < 5 X \y — y*\ < 5 X 10-“. The computer 

rounded product co* ’* y* differs not more than 5 X 10"^^ from x*y*. 
Thus the error \z — z*\ does not exceed 1.5 X 10-^°. 

In fixed point addition the sum of the digital approximations is exact 
providing that the partial sums are in range. The magnitude of the 
computer sum for the digital approximations x* == .x xxx xxx xxx, 
y* = ,y yyy yyy yyy for two numbers x^y will then differ by less than 
10-1° fj^om the absolute value of the true sum x + y. If — 1 < a:* + 
y* < ly the approximate sum is in range; otherwise the sum may exceed 
the capacity of the machine, and this overflow must be considered. In 
floating point computations the computer sum of two digital approxi¬ 
mations in floating point notation may differ from the true arithmetic 
sum of these approximations. For nonzero numbers in the decimal 
floating point form 

X* == ±, 6162 , xxxx xxxx = ± (,xxxx xxxx) 

2 /* = ± yyyy yyyy = ± {-yyyy yyyy) 10 ^^*”*° 

where ,1 < ,xxxx xxxx, .yyyy yyyy < 1, the sum of the numbers being 
approximated differs from the sum of the approximate numbers by 

25 + 2/ — (a?* +* y*) - (x — X*) + {y — y*) + (x* + t/*) — (x* +* y*) 

Since 

la; — < 5 • 10-°la;*|, \y -- y*\ < 5 • 10-°ly*l 

for correctly rounded floating point numbers, and 

Kx* + y*) — (x* ■+* 2 /*)l .< 6 -10-® max {|x*l, \y*\] 

it follows that the difference between the sum of the exact numbers and 
the sum of the approximate numbers does not exceed 16 • 10-® • max { \x% 
ly*!}. The maximum relative error for the approximate sum is largest 
when X and y are of opposite signs and nearly the same magnitude. Some 
computers designed by government laboratories have had provision for 
automatically keeping track of the loss of precision in intermediate 
results.i 

In general, an inspection of intermediate results in a floating point 
computation does not reveal as much information about loss of signifi¬ 
cant digits as is revealed by the intermediate results in a similar fixed 
point computation. That is, in fixed point operations, the accumulation 

1 For examples see the recent articles and reviews, in the Journal and the Comr 
munications of the Aaaotnation for Computing Machinery, on range arithmetic and 
those on unnormalized floating point arithmetic. 
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zeros in the leading digit positions indicates a loss of significant digits; 
it in floating point operations, the leading precision digit is always non- 
>ro unless the number is identically zero. 

For a general function which has continuous derivatives, the Taylor 
jries expansion can frequently be used in an error analsrsis. This series 
itpansion is derived in most calculus texts. For a function of two vari- 
bles/(a:,y), the Taylor series is 




K 


2y dx^ 


+ 2^ 


a*/ 


dx dy 


a _L gts- ■ 

' a** ^ ’ aa!% 


+ ay* 
a»/ 






dxdy* dy* 


dy*) 


+ 


vhere { =» x — 

II m, y - y* 

SVTien both { and ij are small and the second and higher partial denv- 
itives are not large, then 




udf(x*,y*) ■ d fix*,y*) 
^ dy 


For multiplication, f(x,y) — xy, two second partial derivatives are zero, 
and the complete Taylor series expansion is 

xy — x*y* = |y* + + €>» 


which may be easily verified by substitution. 

For division, /(»,y) = x/y and when 5 and ij are small when compared 

with y 

y y* y* y*^ 

This approximation error can be expressed exactly as • 


* _ e!! — ^ ~ 

y y* S* 


where « = x* + «« and y = y* + i’? aad t is a number in the interval 

° met two or more operations are involved in 
of operations may effect the error in the result of 

fact is particularly evident from the examination of the pomt calci^^ 
lation of xy/z. Since the result of a computer product of two numbers 
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iudependent of ■which factor is the multiplier, ■this quantity xy/x can be 
approximated by one of the following three numbers which, in geneial, 
will not be equal 

(a:* •* y*) -i- * 2 * (x*-h* z*) ■* y* (y* -s- * z*) •* »* 

An analysis using the same procedures as in the preceding discussion for 
one operation can be used to derive error bounds for these three approxi¬ 
mations for xy/z. The reader is referred to Chap. 1 of Householder’s 
“Principles of Numerical Analysis”* for a detailed discussion of the error 
bounds for this and other short computations and a complete error analy¬ 
sis for a square-root computation and the computation of sin x and cos x. 


10-5. Function Approximation 

Since a significant percentage of computations involve one or more 
mathematical fimctions, a discussion of function approximation may be 
considered a desirable part of a book on programming. The computation 
steps performed by most digital computers are the basic operations of 
addition, subtraction, multiplication, division, and rounding of digital 
numbers. The first four of these operations are called the rational oper¬ 
ations of algebra. Some computers have an operation which approxi¬ 
mates the square root of a number (an irrational algebraic operation). 
Very few computers have operations for the approximation of other irra¬ 
tional algebraic functions or of the transcendental functions of analysis. 

In nonautomatio computations, tables are used for evaluation of func¬ 
tions. This procedure may not be practical for automatic computation 
because of memory requirement for the table, time to read the table, or 
computation time required to find the correct argument in the table. In 
automatic computations, functions are evaluated by several techniques, 
each evaluation invol'ving a sequence of computer operations. As far 
as the computer is concerned, these can be viewed as rounded rational 
approximations. Mathematically, the approximation techniques for 
function evaluation are quite distinct and can be separated into cate¬ 
gories including: iterative procedures such as successive approximations, 
polynomial approximations, rational approximations, and table look-up. 
When successive functional values are needed, a functional equation, 
e.g., a differential equation or recursion relation, may be used for calcu¬ 
lating the successive values of the function. 

Polynomial approximations for functions have received considerable 
attention by mathematicians. Ohebyshev polynomials are frequently 

* Op. eit. 



NUMERICAL ANALYSIS 


213 


used to reduce the number of terms used in truncated po-wer-eeries 
approximations.^ Before the advent of automatic computation, how¬ 
ever, little attention was given to the practical aspects of the approxi¬ 
mation of functions by other rational expressions. Lately, however, this 
field has received some attention, several papers have been published, 
and the book “Approximations for Digital Computers” by C. Hastings* 
has received considerable attention by computer users. These approxi¬ 
mations are often derived by semiempirical methods. The clasdcal 
continued fractions frequently yield very good approximation formulas. 
Many of the approximations are published or reviewed in the journal 
Mathmalical Tables and Other Aids to Computation. 

The following example derived by H. J. Maehly illustrates the sim¬ 
plicity of a rational approximation for 2®, a function frequently used in 

computation with a binary computer: 

where T = Cix + cs®* + ctx^ 

Cl = .17328 679471 
c, =-.00173 448962 
a = .00002 072333 

The error in this approximation is less than 2 X 10““. A power-series 
approximation for 2* requires nine terms for the same accuracy as the 
above rational approximation and would require about 25 per cent more 
computation time for each evaluation. In general, the approximation 
of a function by a truncated power series wiE not give as accurate an 
approximation as can be achieved by an approximation polynomml with 
the same number of terms. Similarly, a rational expression with the same 
number of terms may provide an even more accurate apprommahon. 

The interest in approximation has increased to the extent that a “ath^ 
matical meeting at the University of Wisconsin in the summer of 1958 
was devoted entirely to function approximation. 


10-6. Interpolation and Differencing 

Since interpolation is one of the most basic and frequently used P™® 
esses in numerical computation, it is essential for most programmers to 

> M. V. Wilkes, D. J. Wheeler, and S. Gill, “Programs 
Computer" (revised), Addison-Wesley Publishing ^mpaay, 

«0 Hastings, Jr., “Approximations for Digital Computers,” Prmceton Umversity 

Press, Princeton, N.J., 1965. 
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be acquaiiited with, some of the general theories of interpolation. In this 
section, however, only the use of polynomial interpolation is discussed 
and a few formulas are reviewed. Interpolation is used in automatic 
computation for function approximation and checking results, as a part 
of many numerical procedtires such as procedures for finding solutions to 
equations and for finding the maximum of a function, and for developing 
numerical procedures such as numerical integration formulas and pro¬ 
cedures for obtaining approximate solutions to differential equations. In 
processing numerical data, interpolation may be used to average, i.e., 
smooth, errors in the data. 

The basis of interpolation is the approxunation of functions by combi¬ 
nations of appropriate simpler functions. Polynomials, rational fimc- 
tions, trigonometric functions, and exponential functions are the most 
frequently used approximation fimctions. Polynomial and rational func¬ 
tions are particularly well adapted for computation, although in some 
cases they may not be suitable. 

Differences of functional values occur in polynomial interpolation 
form\ilas, and it is desirable to have a notation for these differences. 
Let f(x) be a fimction of a real variable x. The first-order difference of 
fix) is the difference of two function values, i.e., /(oi) — /(oo). The^r«<- 
order divided difference, /(oi,ao), for fix) is 


tti — ao 

The second-order difference for fix) is the difference of two contiguous 
first-order differences, e.g., fiat) — 2/(oi) + fiat) (this difference is par¬ 
ticularly useful when os — Oi = ai — at) and the second-order divided 
difference is 

/(a.,Oi,ao) = /(gW -/(oi.ao) 

(l2 — ttO 


similarly, the third-order divided difference for/(as) is 

/(a„02,ai,ao) = ^ 

dz ““ cto 

and so on. 

The divided difference of a linear coinbinatioii of two functions is equal 
to the same linear combination of the corresponding divided dilBference of 
each function. The nth divided difference of a polynomial of degree n is 
constant and the (n + l)th divided difference is zero. 
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The Newton divided difference interpolation formula for an «th-degree 
polynomial approximation p(x) to the function f(x) is 

p(x) = /(oo) + (x - Oo)/(Oi,Oo) + (a: - aa)(x - ai)/(o 2 ,ai,Oo) 

+ (x- ao)(x - ai)(x - Oj)/(a,,Os,oi,oo) + • ■ • 

+ (» — ao)(x — ai) • • • (» — a„_i)/(a», a*.!, . . . , oi, oo) 

This interpolation polynomial p(x) has the same values as J(x) when 

X = ctoj • • • f 

As Booth illustrdftos in his book JVumertcal Methods polynomial inter¬ 
polation must be used with caution. Erroneous results may be obtained 
when the high-order differences used in the interpolation formula are 
large. 

The above interpolation is applicable for either direct or inverse inter¬ 
polation as the arguments need not be equally spaced. It can also be 
used to find an approximation for a maximum occurring between tabular 
values. Here the maximum of the interpolation polynomial is used for 
the approximation of the function maximum. 

Divided differences are frequently used to detect errors in tables of 
results. In this check the divided differences are checked for an abrupt 
change caused by the error in the table. A smooth function, i.e., one 
with slowly changing derivatives, will have slowly changing divided differ¬ 
ences. An error in one function value will affect adjacent differences in 
opposite directions and, in general, the error will appear as a larger rela¬ 
tive change in the differences than in the function. 

10-7, Iterative Methods for Solving Equations 

In many cases iterative procedures for calculation of values defined 
by a functional relation are computationally much simpler than direct 
methods. In scientific computations this is particularly evident. Thus 
there is considerable practical interest in iterative procedures. Iterative 
methods are also used to reduce the error in results obtained by direct 
methods. A large number of iterative procedures for solving linear and 
nonlinear equations and systems of equations are described in the liter¬ 
ature. Books on numerical methods such as Householder's “Principles 
of Numerical Analysis" and Hildebrand's “Introduction to Numerical 
Analysis" describe some of these methods in detail and indicate where 
additional methods are described in mathematical journals. Two other 
bibliographies by A. S. Householder on numerical analysis may be found 

1 A. D. Booth, ‘'Numerical Methods,” Academic Press, hic.. New York; Butter- 
worth's Scientific Publications, London, 1955. 
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in the Journal of the Association for Computing Maohineryy vol. 3, pp. 
85-100, 1956, and the report, ORNL-1897, published by Oak Ridge 
National Laboratory. In the remainder of this section some aspects of 
iterative procedures for determining the square root of a number are dis¬ 
cussed to supplement the square-root example previously considered. 

A general class of iterative procedures for solving the equation/(x) = 0 
is obtained by reformulating the relation to the form x = F(x), If the 
sequence xq, xi = F(a;o), X2 = F(xi)y . . . , Xn+i = F(xn) converges to a 
finite limit X, then this limit is, in general, a solution to the equation 
x = F{x), This process is illustrated in Fig. 10-7-1. These figures con¬ 
tain the two graphs y — x and y = F(x) for two examples. The sequence 



FIG. 10-7-1. Illustrations of an iterative process for x»+i = F(xn)- 

xoy xi, X2, ... found by successive evaluation of the function F(x) 
as shown by the dotted lines. Part (a) of Fig. 10-7-1 demonstrates an 
example where the sequence converges, and part (b) demonstrates an 
example of divergence. Other examples could be constructed for cases 
where convergence or divergence of the sequence would depend on the 
value of the initial approximation xo. Clearly, the usefulness of such an 
iterative procedure depends on the nature and speed of the convergence 
of the successive iterates. It is also of import in computation that practi¬ 
cal estimates for the solution error be known in terms of the successive 
iterates, Xn, iCn+i, .... From Fig. 10-7-1 (a) and (6) it is evident that a 
sufficient condition for convergence of the sequence is that 

| F(x) -F(X) ^ ■ 

1 x-X ^ * 
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for all « in the iteration region. This condition is satisfied if the magni¬ 
tude of the derivative, dF/dx, is less than 1 for all x in the iteration region. 
By definition F{xn) = ®n+i and F{X) = X, thus the preceding suflicient 
condition may be written in the form 

|a:»+i — Z| < |*» — Z| 

The determination of the square root of a number by an iterative 
process was discussed in Chaps. 1 and 3. An equation for the square 
root a: Qf a number a may be written as x* — a = 0. This equation can 
be reformulated to the form x = F(x) in many ways. Three examples are 


(o) 



obtained by dividing (x® — a = 0) by x; 

(6) X = H (* + f) 

obtained by writing x* = o as 2x* = x* -I- a and dividing by 2x; and 


(c) 


x(3o — X*) 
2a 


obtained by writing 0 = o — x® as 2ax = 3ax — x’ and dividing by 2a. 
The sequence xo, xi = F(xo), xj = F(xi), . . . does not converge for the 
form (o), but converges for the remaining two forms. Form (c) has 
computational advantages for a computer without a division operation. 

It is of interest to examine the value of — - ^^ for the last two 

X — Jl 


forms. If 


then 


F(x) 

F(x) - F{X) ^ Fix) - F(Vo) ^ X- Vo 

X — Xi 35 — 


This quantity has a magnitude less than 1 when x > yfajZ. Thus,if xo is 
greater than s/oiJZ, then jxo — Vo| > l®i “ Vol > lx* — Vol* etc. 
Also, since F(x») = Xn+i for any Xn> 0 

x»+i Vo _ x» — Vo 
x» — Va 
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or - Va = 5^ (*« - Va)* a positive quantity and Xi — x/o > 

xs — Va > xz — Vo > • • • > 0. Therefore the successive iterates 
(except perhaps the initial approximation xo) are all greater than the 
square root and form a sequence which converges to Vo monotonically 
from above. The sequence converges rapidly. 

For form (c), Fix) = x(3a — x*)/2o; thus 

Fix) - FiD ^ Fix) - FiVa) ^ __ jx - V5)(g + 2 Vo) 

X — X X — Vo ^ 

and x^i - Vo = - (»„ - Vo)* 


Comparing this with the similar expression for the form ( 6 ), the compari¬ 
son of the convergence rate for the two methods depends on the relative 
size of the factors (®» + 2 Vo)/ 2 o and l/ 2 *». When x» is near V^> this 


• 3 1 

first factor is about -— 7 = and the second factor about-Thus, the 

2 Vo 2 Vo 

iteration for form ( 6 ) converges somewhat faster than the iteration for 
form (c). The sequence of iterates for form (c) converges to y/a when 

0 < X < ^ (Vl7 — 1 ). For xo in this region the iterates Xi, x», , 


converge monotonically to Vo from below. 

The form ( 6 ) above can be derived by Newton's method. This method 
is applicable for the solution of equations and has recently been extended 
and applied to functional equations including nonlinear integral equations. 
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ORGANIZATION OF A COMPUTER 
INSTALLATION 


11-1. Introduction 

In computer installations used primarily for accounting, tlie major 
effort in programming and coding is often performed before the acqui¬ 
sition of the computer. Such installations have regularly scheduled 
operations. For example, the computer may generate certain payroll 
reports once a year, others semiannually, others once a month, others 
semimonthly, and still others each week. The same computer may be 
used to produce for each department of the company a similar set of 
budget reports, inventory reports, etc. Thus, a specified schedule for 
processing each report will be assigned for the computer. Enough of 
the aforementioned routines are programmed, coded, and checked before 
the computer is installed so that these routines may be used in the 
acceptance tests of the computer and so that the computer can justify its 
existence immediately after it has been installed. As soon as possible 
the remaining routines are added to the schedule of the computer. 
Except for improving existing routines, changing existing routines to 
meet changes in the policies of the company, and the writing of routines 
for special reports, the major programming and coding effort for account¬ 
ing installations occurs during the early life of the computer and may be 
considered as a part of the initial cost of the installation. 

When the computer running time for a problem is large due to the 
repeated processing of new input information, the problem is referred to 
as a jiroduction problem. Usually, the ratio of man-hours of program¬ 
ming time to computer running time for production problems is not 
m.uch greater than one to one for medium-speed computers. Examples 
of production problems are those associated with calculations for payroll, 
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inventory, engineering design, market analysis, and routine survey prob¬ 
lems in the social and political sciences. 

In computer installations used for scientific computation, many prob¬ 
lems require less computing time than the time required to program and 
code the problem. Often, the ratio of man-hours of programming time 
to computer time for a problem is greater than forty to one. Further¬ 
more, most of the programming is done as the problems arise, and only 
a small amount may be done before the computer is installed. For such 
an installation, more than 20 programmers may be required to keep a 
medium-speed computer busy 8 hours per day. 

For a particular computer installation, the programming requirements 
after the computer is installed may fall somewhere between the limits for 
the two types of installations described above. In general, the amoimt 
of programming time required after installation is inversely related to 
the ratio of computer time required for production problems to total 
computer time used for problems. 

A description of the organization of and operation of a computer instal¬ 
lation in which the ratio of programming time to computer time is large 
displays the organizational and operational problems of most computer 
installations. These organizational and operational problems usually 
revolve around the economics of the computer. That is, since the com¬ 
puter is usually an expensive piece of equipment, one attempts to use 
the computer as much as possible for productive work by being sure that 
the problems to be computed are properly stated, that the computer 
schedule is efficient, and that program debugging procedures use a mini¬ 
mum of computo time. In this chapter we will discuss possible organizar 
tions for scientific computer installations, some reasonable procedures for 
debusing programs, and good operational procedures for the computer. 


11-2. Scientific Automatic Digital Computer Installation 

An automatic digital computer for scientific computation may be 
located m an applied mathematics and statistics department. Such a 
department may include one or more of the following groups: an analysis 
group, a statistics group, a hand computing group, an analog computer 
group, and an automatic digital computer group. The applied mathe¬ 
matics and statislacs department may be part of a mathematics division 
or some other division. The place of an automatic digital computer 
^oup witl^ the organization of a university, a company, or a laboratory 
^ depend to alwge extent upon the administrative policies of the par¬ 
ticular govemmg body which established the computing center 
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A desirable mode of operation is to have problems first considered by 
the analysis group or statistics group to determine that they are properly 
stated and to determine whether or not the only available and appropri¬ 
ate method of solution is by computational methods. If computational 
methods are required, the group should also determine the most desira¬ 
ble method of computation for the problem, i.e., the numerical method 
and the mathematical statement of the problem for that numerical 
method. 

Let us assume that a problem has been determined to be one of the 
class which is appropriate for an automatic digital computer. Then the 
analysis or statistics group should, in addition to stating the problem 
mathematically for the computer, determine the accuracy of the numeri¬ 
cal answers and the computational methods for determining this accu¬ 
racy and also specify numerical tests to be used in checking the routine 
as coded for the computer. After the problem has been programmed, 
coded, and run on the computer, the answers should be returned to the 
analysis or statistics group so that they may be checked for errors. In 
this manner additional reliability may be placed on the answers for the 
originator of the problem. 

After the problem has been programmed and coded and exanoined for 
programming and coding errors, the programmer should noake a list of 
instructions for debugging the routine on the computer. This list should 
be sufficient in detail that a computer operator not familiar with the 
problem may run the problem on the computer. This list of instructions 
should be accompanied by a list of estimated computer running times for 
each phase of the problem. After the routine has been debugged, a cor¬ 
rect list of instructions for the routme should be collected along with the 
actual computer running times for each phase of the problem. 

The preceding remarks are equally valid whether one person carries 
the problem all of the way from the analysis through the ru^ng of the 
problem on the computer, or whether different people are involved for 

each phase of the work. _ . 

Several existing computer installations follow the organization 
described above, and all problems processed on a digital computer 
must enter the organization through the analysis group and be proc¬ 
essed by the mathematics department. Such processing of problems is 
usually referred to as a “closed shop” operation of the distal computer. 
For economic, administrative, or other reasons, scientific coinputing 
installations often are not attached to such a complete mathematics and 
statistics department. For example, the value attached to a numerical 
solution may not justify the cost of a complete investigation, or the prob- 
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lem originater may be able to determine from the answers whether or not 
the problem has been run successfully. Often, the problem originator 
desires complete control over all phases or certain of the phases of the 
work and wishes to assume responsibility for this part of the work. 
Thus, many computer installations are part of an organization which 
offers assistance in mathematics, statistics, programming, coding, and 
computer operation to its customers and allows them to . choose the 
assistance they desire. Such installations are usually referred to as 
having “open shop” operation. Obviously, under such operation the 
answers to some problems wiU be computed which have already been or 
could be solved by more suitable methods and other problems will be 
computed incorrectly. Such occurrences are usually justified on an eco¬ 
nomical basis and attention is drawn to the fact that open shop operation 
may afford some of the benefits of closed shop operation when desired 
by the problem originator. 

11-3. Records of Computer Problems 

By specifying the contents of the file that should be kept for each 
problem solved on a digital computer by the mathematics and statistics 
department, many of the procedures for programming and coding will 
become apparent. Before stating how records should be kept, we point 
to the necessity of keeping accurate and intelligible records. Often after 
a problem as originally specified has been completed, the originator 
desires further calculations based on changes of certain parameters in the 
problem. If adequate records have been kept, then one may determine 
if the existing routine may be used with the new parameters or, because 
the existing scaling of the problem does not permit calculations using 
parameters in the range of the new set, one may determine which parts 
of the routine will have to be recoded. Often the detailed analysis of 
answers requires months of effort, and it is not until some time after the 
computing has been completed that an error is detected. After the detec¬ 
tion of such an error, it is desirable to determine if the cause was mathe¬ 
matical, programming, or computational before rerunning that part of 
the problem in which the incorrect answer was calculated. Again, an 
adequate record of the problem may be advantageous. Often some of 
the computational procedures involved in a problem to be calculated 
have already been programmed as a part of another problem. Thus, an 
adequate record of the previous problem may save duplication of effort. 
We assume that these brief remarks are sufficient indication of the neces- 
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sity for maintaining adequate records of problems solved with the aid of a 
digital computer and now turn to what should be included in these records. 

Let us assume that the problem entered the mathematics and statistics 
department through the statistics or mathematics analysis group. In 
one of these two groups the problem was stated mathematically, and it 
was determined that the solution should be by numerical procedures on 
an automatic digital computer. It was then analyzed to determine what 
numerical procedures would be involved. The problem was then restated 
in numerical analysis form for the ranges of variables and parameters 
desired. As a result of this work the problem file should contain a mathe¬ 
matical or statistical statement of the problem including the ranges of 
variables and parameters to be used by the computer. This part of the 
file should include the name of the person who performed this work and 
the date of completion. By identifying the person who did the analysis 
a source of knowledge is located for future problems of a similar type or 
for future discussions involving the same problem. The date is neces¬ 
sary so that one may determine if better methods of solution have been 
developed since the problem was analyzed. 

The statement of the problem by the analyst for the computer was 
next used to construct the detailed flow chart and coding for the problem. 
After the code has been debugged on the computer, the problem file should 
contain a correct copy of the flow chart, coding, iastructions for operating 
the computer, the names of the persons who performed this work, and 
the date the programming and coding was completed. The names are 
helpful since it is desirable to have the person who did the original work 
make changes when the problem is changed. The date is necessary since 
computers may undergo alterations which imply changes in command 
codes, or since changes may be made for the subroutines used. Thus a 
routine coded before a certain date may no longer run on the computer 
until parts of its code have been brought up to date. 

After the routine has been debugged and the problem has been run on 
the computer, the problem file should contain a copy of input data and 
answers for a typical set of parameters. This information may be used 
as a computer checking routine for the program, data, and operation pro¬ 
cedures for that particular problem for future runs. Also, a copy of the 
program on punched cards, on punched paper tape, or on magnetic tape 
should be stored for future use. Since this type of information is usually 
stored separately, a cross reference to its location should become part of 
the problem file. 

Finally, for those problems which may be used as subroutines, abbrevi- 
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ated records, as already outlined in the chapter on subroutines, should be 
made for the library of subroutine abstract descriptions. 


11-4. Programming and Coding 

As already indicated in the previous section a correct copy of the flow 
diagram and coding is a part of the problem file. The file is constructed 
for reference purposes and often will be used by persons not originally 
associated with the problem. Thus, the flow diagrams and code should 
be in intelligible form. One way of having flow diagrams and coding in 
intelligible form is to have all members of the programming staff use the 
same rules for coding. A major portion of this book has been devoted to 
exposing the reader to a systematic set of rules for constructing each. 

Aside from providing the latest (and most correct) version, a reason 
for inserting the flow diagram and coding in the problem file after the 
routine has been debugged is that either or both may originally contain 
subroutines, the sole purpose of which is to assist the programmer in 
debugging, and these debugging routines may be eliminated from the 
problem file leaving a clearer description of the problem. The manner 
in which the debugging routines are inserted and how they are used will 
be discussed in the next section. 


11-5. Debugging of Routines 

A useful, albeit time-consuming, routine for automatic digital com¬ 
puters is a trace routine. Such a routine is used to record the perform¬ 
ance of another routine. The trace routine is supplied with beginning- 
of-trace and end-of-trace memory locations for the routine to be tested, 
and it follows and records the operations of the other routine from the 
designated begmning-of-trace to the designated end-of-trace location. 
The trace routine lists the command at the begmning-of-trace location 
and lists the data required by that command. The computer, under the 
control of the trace routine, then performs that command and the trace 
routine lists the result. The next command of the routine being tested 
is then executed under the control of the trace routine. Again, the data 
required by that command and the results for that computer operation 
(e.g., contents of the relevant arithmetic and control registers) are listed 
by the trace routine. Similarly, the trace routine follows each command 
of the routine being tested and lists it and the pertinent information until 
the command located at the end-of-trace memory location has been 
traced. There are several ways in which a trace routine may be used in 
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debugging. We will discuss one of these after we have exhibited several 
general rules for debugging. 

Trace routines are often modified so that they do not record each, com¬ 
mand and the data associated with it but record only a subset of these 
commands and the data required by them. This subset might consist of 
all commands of a single type (i.e., all transfer commands or all store 
commands) or it might consist of all commands which have been specially 
tagged (i.e., since the Mi address is ignored in the three-address com¬ 
mand IICD, a specially tagged command might be those ,UCD commands 
with Ml = 001). Such trace routines are referred to as selective trace 
routines. 

We remind the reader that the large high-speed automatic digital com¬ 
puters are expensive to operate. We will discuss debugging procedures 
for these computers since they may also be used for medium and amfl. ll 
automatic digital computers. The reasoning is that the programmer 
should learn habits which do not have to be changed as he switches from 
one computer to another. A habit the programmer should develop, 
insofar as debugging is concerned, is that the debugging should be per¬ 
formed, as much as possible, automatically by the computer and without 
intervention by the operator or the programmer. Such intervention is 
usually time-consuming and is susceptible to human error. 

Although many computers have special commands or console switches 
designed to aid the programmer in debugging routines, these commands 
vary from one computer to another. We will assume no special com¬ 
mand or switches for this purpose. First, let us look at the mechanics 
of testing a computer routine. For this, we assume a check problem 
exists for the routine to be debugged and that intermediate results have 
been calculated at desired points in the problem. Let these results be 
designated by pi, i = 1, 2, . . . , n. The computer is expected to calcu¬ 
late a set of intermediate results = pt + €< where the bounds Ei for the 
magnitude of the calculation errors for |e»l are known. Just after the 
calculations for each intermediate result Pi, an imconditional transfer 
command is inserted in the problem routine which transfers control to 
the next command of the routine. Designate these unconditional trans¬ 
fer commands by U(,ai), 1 < i < n, where a,- is the address of that next 
command. When the problem routine is to be debugged, instead of 
entering the routine at its initial command, designated by ao, it is entered 
through a debugging routine which replaces each U{ai) by U{0) and then 
transfers control to the command ao. The essential part of the debugging 
routine is given in Fig. 11-6-1. Debugging routines such as these auto¬ 
matically check the intermediate values as the problem proceeds and 
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dumps only that part of the memory which is involved in an error. The 
debugging routine is furnished with a list of the p,-, Ei, and a* and a list of 
M(Pi) or extracts the M(Pi) from the store command in cell — 2. 
When the debugging routine is initially loaded, £ = 1. 

An alternative procedure may be one that incorporates the trace 
routine. This debugging routine is the same as the preceding except 



If / = 2 then the test of box 2.1 is bypassed 


FIG. 11-5-1. A flow diagram for a debugging routine. 


that the trace routine is used in place of the memory dump routine. Let 
6 be the location of the entry to the trace routine. The essential part of 
the flow diagram for the debugging routine using the trace routine is 
given in Fig. 11-5-2. After an error occurs, this routine causes the prob¬ 
lem to be recalculated for the test problem up to the last correct inter¬ 
mediate result and then to be traced from there through the calculations 
which involve the error. 

Sometimes, either the error bounds determined from a numerical 
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analysis of the problem, are so large as to be meaningless, or the problem 
is too complicated for the computation of a set of p» to be practicable. 
In such cases, one must rely on the programmer to determine by an 
inspection of the Pi if the Pi have been properly calculated. By setting 
py = p 2 in the coding for the flow diagram of either Fig. 11-5-1 or Fig. 
11-5-2, a complete listing of the partial answers will be obtained. 



FIG. 11-5-2. Chonges to flow diagram of Fig. 11-5-1 to incorporate o trace routine. 

The preceding discussions exhibit the basic mechanism of testing a 
routine; however, they do not form a complete picture. Suppose, for 
example, the computer correctly calculates the intermediate result P<_i 
but does not perform the calculation for P<, i.e., it either stops because of 
an illegitimate command, an overflow, or some other error, or the com¬ 
puter performs a set of commands over and over without exiting from the 
set, i.e., the computer gets into a closed loop. Having time estimates for 
each phase of the problem enables one to determine if the computer is 
in a closed loop. For errors which cause the computer to calculate Pi_i 
correctly but not to reach Pi, the computer is stopped if it has not already 
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stopped. In debugging by the scheme of Fig. 11-5-1 (and Fig. 11-6-2), 
Oi-i and at are furnished for the debugging routine, the unconditional 
transfer command U(y) is placed in the control register of the computer, 
and the computer is restarted. In this manner, for Fig. 11-5-1 (and 
Fig. 11-5-2) the debugging routine is entered at 7 , and that part of the 
memory is listed (that part of the memory is traced) in which the error 
has occurred. 

The choice of intermediate results of the check problem to be used 
for comparison with the intermediate results P< of the computer should be 
made by the programmer to satisfy his needs. If the problem routine is 
compiled in part from the library of subroutines, then another set of inter¬ 
mediate results are the quantities used as inputs to the subroutines and 
the results of the subroutines. 

Other types of debugging routines include ''memory dump'' and 
"address check." These routines are usually used after an unantici¬ 
pated error has occurred and is recognized while a program is being 
processed on the computer. For example, the program (which had been 
successfully checked on the computer for the test case) is being used in 
the computation for a desired problem when an error is detected. Such 
an error might be recognized in several ways: an overflow might occur 
and cause the computer to stop, a result listed by the on-line listing unit 
might be an impossible answer for the problem, or the computer process¬ 
ing of the program might not be progressing according to its proper time 
schedule. Memory dump routines are designed to be located in any part 
of the memory. Thus, one memory dump routine may be used for many 
problems by locating the dump routine in a portion of the memory not 
used by the problem routine, Dump routines are usually flexible to the 
extent that they allow a choice of output units and a selection of formats 
for each output umt. For example, if the on-line printer is used, from 
one to eight consecutive words in the memory and the address of the 
first word may be listed per line. Since dumping all of the memory 
associated with a problem routine may require appreciable time, the 
dump routine is usually selective in nature, that is, it may be asked to 
dump the contents of arbitrary sections of the memory of varying length. 
OperationaUy, a simple way of accomplishing this is by designing the 
routine to request a beginning-of-memory and end-of-memory dump loca¬ 
tions. After this information is supplied by the computer operator, the 
dump routine lists the contents of each consecutive memory location 
between the specified limits and then asks for a new set of limits. Thus, 
when an error occurs, the memory dump routine need only be used to list 
the contents of the memory locations associated with that error. 
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An error -which occurs frequently enough, that a special debugging 
routine has been designed for detection of its location is that of the com¬ 
puter trying to carry out an order located in a part of the memory not 
used by the problem routine. Since the unused parts of the memory 
are usually filled with STOP commands, such an error causes the com¬ 
puter to stop computation. Errors of this type are often traced to a 
computer error in the loading of the problem routine. The debugging 
routine used to track do-wn the error in this case is usually called an 
“address check” routine. The address check routine is pro-vided with 
the address of the erroneous STOP command and the memory locations 
of the commands of the problem. It then checks all transfer commands 
for those containing the address of the erroneous STOP command and 
lists the possible culprits and their addresses. Transfer commands whose 
transfer addresses are modified by the routiae or by the contents of a 
B-hox might not be detected by the address check routine. A selective 
trace routine which tests the program in a dynamic manner, however, 
would be capable of detecting the exact location of the error. 

11-6. Operation of the Computer 

Before a routine is debugged or run, the programmer diould make a 
complete list of instructions for processing the routine on the computer. 
These instructions should be used by the computer operator or by the 
programmer if he runs the problem himself. They should include the 
manner in which the problem is loaded into the computer, the setting of 
switches on the console, and any special requirements for the listing, 
punching, or tape units. Computer miming times should be given for 
each phase of the problem and a description of the listing should be given 
for each listing that will occur during the computation. Detailed instruc¬ 
tions for restarting the problem with the last set of partial answers should 
be included for long problems. Similarly, instmctions should be stated 
for dumping the necessary parts of the memory should the computation 
not be completed either because of an error or because the available 
computer time is inadequate to finish the computation. 

The operator or programmer when running a routine on a computer 
should keep a log of his actions and the performance of the computer. 
This log should show the times of loading the routine, of starting and 
ending of computation, and should indicate the settings of all switches 
and registers on the console at these times. Should an error occur, the 
time of occurrence and the settings of all switches and registers should be 
recorded before restarting the computer or before obtaining a listing of 
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the contents of the memory. The operator’s log may be used both in 
determining causes of errors and in evaluating the performance of the 
computer. 

Routines which will automatically start large computers on one com¬ 
putation after another are used in some computer installations. These 
routines are called supervisory routines. ^ Problems to be ru n are arranged 
sequentially on a magnetic tape along with information on how they are 
to be initiated. The supervisory routine starts each problem routine. 
After the problem routine is completed, a transfer is made to the super¬ 
visory routiue which then starts the processing for the next problem 
routine. If the computer has a clock and commands for reading the 
clock, the supervisory routine can also prepare the billings for the com¬ 
puter time used. The human operator is only required to observe any 
unusual events and to change magnetic tapes and paper. 


11-7. Initial Installation of a Computer 

After the choice of computer has been made, sufficient time before its 
delivery should be allowed for preparing floor plans for the computer and 
auxiliary equipment, for preparing a library of routines and subroutines, 
and for the training of personnel. 

It is desirable to separate the computer from the auxiliary equipment 
to remove as many distractions as possible from the computer operator. 
If possible, preparation equipment such as keypunches, verifiers, repro¬ 
ducers, sorters, card-to-paper-tape and paper-tape-to-card equipment, 
magnetic-tape preparation equipment, and off-line listing equipment 
should not be placed in the computer room. If there is a lot of this 
auxiliary equipment, it, too, should be housed in separate rooms accord¬ 
ing to function. By having a separate room for the computer, the com¬ 
puter operator should normally be the only person in the computer room 
while a problem is being processed on the computer. 

In addition to the rooms for the computer and auxiliary equipment, 
there should be a storage room for cards, listing paper, paper tapes, and 
magnetic tapes, a maintenance room adjoining the computer room, and a 
programmer ready-room where the programmer may assemble his routine 
before going to the computer room or giving his routine to the computer 
operator and where he may analyze the results of a computation immedi¬ 
ately after the computation results have been listed. 

The layout of the computer in the computer room should be such that 

In this context rnonitor routine is also frequently used as synonym for ^vervisory 
rcviine. 
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the input and output units and the console are accessible to the com¬ 
puter operator without the operator moving from a central position. 
That is, he should be able to read the listing of the on-line printer from 
the console, and he should be able to load an input deck of cards or 
withdraw an output deck of cards and load or remove a paper or mag¬ 
netic tape without leaving the area of the console. 

The preparing of the library of routines and subroutines and the train¬ 
ing of personnel may be undertaken concurrently. The flow diagrams 
and codes for assembly routines, compiler routines, memory dump rou¬ 
tines, trace routines, and the subroutines for the nth root, matrix inver¬ 
sion, roots of polynomials, polynomial fitting of data, and elementary 
functions, such as exponentials, logarithms, and trigonometric fmctions, 
may be used for training class examples as they are developed. In this 
manner the training may be undertaken with routines the trainees will be 
using in the near future. Also the programming and coding of the rou¬ 
tines are checked thoroughly by the trainees since they must understand 
each step in the process in order to learn the procedures for programming 
and coding and to learn the computer. 


11-8. Remarks 

The reader may find additional references to articles on Administration 
and Operation of Computation Centers and reviews of other computer 
articles in the new journal Computing Reviews, published by the Associaf* 
tion for Computing Machinery, and in Computers and Automation, 
Techniques of computer utilization, construction, and theory are changing 
and improving rapidly. This contributes to making the field of computer 
sciences one of the most challenging and interesting of our time. 
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THREE-ADDRESS DECIMAL COMPUTER 
COMMAND LIST 


In the description of each order, the three addresses are ilf i, consisting 
of the digits dididz; Mt, consisting of the digits dzdtdt', and Mt, consist¬ 
ing of the digits d^dgiz. The contents of the memory cell addressed is 
rru, i = 1, 2, 3. The operation is designated by the sign digit s and the 
digit do. The contents of the control counter (abbreviated CC) is the 
address of the next order to be executed. 

A J5-boxed order is indicated by replacing the normally even sign digit 
8 by 8 -1- 1. This instructs the computer that the word following this 
order is included in the order and indicates which addresses are to be 
modified by which 5-boxes. For example, let L be the address of the 
B-boxed order 

sdo didjds dzidzdz dzdzdz 

Operation Mi Mt Mz 

where 8 is an odd digit. Then the following word 
8 cfo didjcfs didzdz didzdz 
Bjti Bxt Bji, 

in location 5-1-1, gives the following interpretation to the order addressed 
L. The address Mi is modified by adding the digits bibjbj in the B-box 
addressed the address M 2 is likewise modified by the digits hihi>i in 
B-box addressed Bm,', and similarly the address M$ is modified by the 
digits bibtbt in the B-box addressed Bu,. The contents b of a B-box is 
assumed to be a data word with digits 

"l-bo bibtbs bj)fbt bibtbt 

Address Test 

modifier address 
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TABLE A-M 



Stop operation of computer. If Afi =* 000 , ignore Ms; if 
Ml «= 001 , change CC to ilf j. Ignore Af2- 

wb ** wii -1- ma; i.e., the result mj = + m*. 

tmb ®= Ml — ma. 

Mz = Wima, where mj is the rounded product. 

High-order digits of mim% are stored in memory location Mz and 
the low-order digits are stored in memory location Mz + 1 . 

Mz «= Mi/Mi, where Mz is the rounded quotient. 

Mz « mi/m-a, where mz is the unrounded quotient and the 
remainder times 10^® is stored in memory location ilf s 4- 1 . 

Mz — \mi\ -J- \mi\, 

Mz - \mi\ — jma|. 

Ignore Mi and Mz. Next order is taken from memory loca¬ 
tion Mz. 

If mi < ma, next order is taken sequentially; if mi > ma, next 
order is taken from memory location Mz. 

Ignore ikfi and Mz. If an overflow occurred as the result of 
the preceding order, take the next order from memory loca¬ 
tion Mz. If an overflow did not occur, take next order 
sequentially. 

Replace the digits of mz as designated by ma with the corre¬ 
sponding digits of mi. If in ma, « or dr, r « 0 , 1 , . . . , 9 , 
is a 0, the corresponding sign or digit of mz is not changed; 
and if a or dr is a 1, the corresponding sign or digit of m® is 
replaced by the corresponding sign or digit of mi. 

wiB - mi X 10-^». 

Mz ^ MiX 10 ^»- 

Set R-box with initial value Mi and final value Mz. The 
memory cell addressed ilfa is the R-box. This order causes 
the digits hihzbz of the R-box addressed Ma to be those of Mi 
and the digits bjhzbz to be those of Mb, and sets the digits 
bo =* 64 =■ 6 b =“ fte *= 0 and s » -f. 

Increment the R-box addressed Ma by the amount Mi. This 
causes (bibibg-h Mi) (mod 1 , 000 )bibabj. Next, a test is 
performed to see if bihzhz < h^hzh. If bihzhz < bibzbz, the 
next order is taken from memory location Mb. If bibabB > 
bibzbz, the next order is taken sequentially. 

Decrement the R-box addressed Ma by the amount Mi. This 
causes [bibjb, + (1,000 - Mi)](mod 1,000) -► bibzbz. Next, 
a test is performed to see if bibaba > 676860. If 61626^ > 676369, 
the next order is taken from memory location Mb. If 616261 < 
676869, the next order is taken sequentially. 
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TABLE A-l-1 {Continued) 


Symbol 

Operation 

code 

Description 


B 

do 


LOD 

4 

1 

Load Ml words from input unit into memory starting at 
address M2 and, when finished, change GO to Ma. 

PRT 

4 

2 

Print Ml words from memory starting at address Mt and, 
when finished, change GC to Ma. 

SWL 

4 

3 

Connect input unit designated by Mi to computer and, when 
finished, change GG to Ma. Ignore M2. 

SWP 

4 

4 

Connect output unit designated by Mx to computer and, when 
finished, change GG to Ma. Ignore Ma. 

BKP 

4 

5 

If the break-point switch indicated by Mi is in the on position, 
the next order is taken from memory location Ms; i.e., change 
CC to Ms. If this switch is in the off position, the next 
order is taken sequentially. Ignore Ma. 

REW 

6 

1 

Rewind tape on tape unit addressed Mi and change GG to Ms. 
Ignore Ma. 

FAD 

8 

1 

ma « mi -f ma where ms is the rounded sum and mi, ma, and 
ms are in floating point notation. 

FSB 

8 

2 

ms mi — ma where ms is the rounded difference and mi, ma, 
and ms are in floating point notation. 

FMR 

8 

3 

ms » mima where m$ is the rounded product and mi, ma, and 
ms are in floating point notation. 

FDR 

8 

5 

ms *“ mi/ma where ma is the rounded quotient and mi, ma, and 
ms are in floating point notation. 

FAA 

8 

7 

ms -» Imil -h Imaj where ms is the rounded sum and mi, ma, and 
ms are in floating point notation. 

FSA 

8 

8 

ms »“ Imil — Imal where ms is the rounded difference and mi, 
ma, and ms are in floating point notation. 
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Table A-I-1 is in sequence by numeric operation code. For finding 
the definitions of orders Table A-I-2 supplies the necessary alphabetic 
cross reference: 


TABLE A-1.2 


Order 

Order 

Order 

Symbol 

Code 

Symbol 

Code 

Symbol 

Code 

ADA 

07 

FSA 

88 

SET 

27 

ADD 

01 

FSB 

82 

SHL 

26 

BKP 

45 

INC 

28 

SHR 

25 

DEC 

29 

LOD 

41 

STP 

00 

DIV 

06 

MLR 

03 

SUB 

02 

DVR 

05 

MLT 

04 

SWL 

43 

FAA 

87 

OVW 

23 

SWP 

44 

FAD 

81 

PRT 

42 

TRA 

22 

FDR 

85 

REW 

61 

UCD 

21 

FMR 

83 

SBA 

08 

XTR 

24 
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TWO-ADDRESS DECIMAL COMPUTER 
COMMAND LIST 


In the description of each order, the two addresses are Mi, consisting 
of the digits and Ma, consisting of the digits dtdtdgdt. The 

operation is designated by the sign di^t s and the digits dadi. The con¬ 
tents of the memory cell addressed Mi is mi. The contents of the upper 
accumulator Av is au and the contents of the lower accumulator Al is a^. 
The contents of the total accumulator A is o. The contents of the quo¬ 
tient register Q is g. The contents of memory location 0000 is always 
zero, and this location can be read from, but not read into. The rounded 
floating point sum, difference, and product are in Air. The commands 
FCA and FCS are interchangeable with CATJ and CSU, respectively. 

In those orders for which Ms is not the address of the next order, or if 
Ms = 0, then the next order is taken sequentially. 

A j5-boxed order is indicated by negating the normally positive sign 
digit. This instructs the computer that the word following this order is 
included in the order and indicates which addresses are to be modified by 
which £-boxes. For example, let L be the address of the B-boxed order 

sdodi dsdtdids dtdidsdt 

Operation Mi Mt 

where s = —, then the following word 

sdodi dsdgdidg dedjdsdt 

Bjif, Bit, 

in location L -1- 1, gives the following interpretation to the order addressed 
L. The address Mi is modified by adding the digits in the B-box 

addressed Bn,, and the address Ms is likewise modified by the digits 
& 2 &S& 4&6 in B-box addressed Bit,. The contents & of a B-box is assumed 
to be a data word with digits 

-l-bo&i bsbjbgbg bt&i&s&v 

Address Test 
modifier address 
239 
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TABLE A-ll-1 


Symbol 

Operation code 

Description 

8 

m 

m 

STP 

+ 

0 

0 

Stop computing. List Mi and mi on console type¬ 
writer; when computing is started again, next order 
is taken from memory location Miii M2 9^ 0. 

CAU 

-f 

0 

1 

mi —► au and 0 ai; next order taken from M2 if 
M2 9^ 0. 

HAXJ 


0 

2 

a -f mi-^ a; next order taken from M2 if Af3 3^ 0. 

CMU 

+ 

0 

3 

lmi| av and 0 ol; next order taken from M2 if 
Ml 7^ 0. 

HMU 

+. 

0 

4 

a -h Imil a; next order taken from iW2 if M2 5^ 0. 

CAL 

+ 

0 

5 

mi Ol and 0 av) next order taken from M2 if 
Ml 7^ 0. 

HAL 

+ 

0 

6 

a -f 10"i® mi 0; next order taken from M2 if M2 7^ 0. 

CML 

+ 

0 

7 

[mil ql and 0 av] next order taken from Ms if 
Ms 7^ 0. 

HML 

+ 

0 

8 

a -f- 10 “”^® Imil —a; next order taken from Ms if Af 2 5*^ 0. 

CSU 

+ 

1 

1 

—mi—an and 0—► ai; next order taken from Ms if 
Ms 0. 

HSIJ 

+ 

1 

2 

a — mi a; next order taken from Ms if Ms 5*^ 0 . 

CSL 

+ 

1 

3 

—mi—► ah and 0^ au] next order taken from Ms if 
Ms 7^ 0. 

HSL 

+ 

1 

4 

a — lO"^® mi —» a; next order taken from Ms if Ms 7^0, 

CAQ 

+ 

2 

1 

q; next order taken from Ms if Ms 5*^ 0. 

CMQ 

+ 

2 

2 

Imil —> q] next order taken from Ms if Ms 0 . 

GSQ 

+ 

2 

3 

— mi —► q; next order taken from Ms if Ms 7^ 0 . 

MLR 

+ 

3 

1 

r -j- qmi-^ a, r = ±00 0000 0000 50 0000 0000 where 
r > 0 if qmi > 0 and r < 0 if qmi < 0; next order 
taken from Ms if Ms 7^ 0. 

MLT 

+ 

3 

2 

qmi —► a; next order taken from Ms if Ms 7^ 0- 

DVR 

+ 

3 

3 

a/mi— > q, where q is the rounded quotient; next order 
taken from Ms if Ms 0. 

DIV 

+ 

3 

4 

a/mi — »• g, where g is the unrounded quotient and, at 
end of operation, au contains 10^° times the remainder 
and ai, » 0; next order taken from Ms if Ms 0 . 

SHR 

+ 

3 

5 

10“^'a a; next order taken from Ms if Ms 7^ 0. 
Digits shifted out of A are lost. 

SHL 

+ 

3 

6 

IQUia -¥ a; next order taken from Ms if M2 9^ 0. 
Digits shifted out of A are lost. 

STU 

+ 

4 

1 

air— » mi; next order taken from Ms if Ms 7^ 0 . 

STL 

+ 

4 

2 

ol— » mi; next order taken from Ms if Ms 0. 

STQ 

+ 

4 

3 

g -► mi; next order taken from Ms if Ms 7^ 0. 

TAP 

+ 

5 

1 

If a > 0, next order taken from Mi; if a < 0, next order 
taken from Ms if Ms 0. 
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TABLE A-ll-1 (Continued) 


Symbol 

Operation code 

Description 

8 

do 

di 


+ 

5 

2 

If a < 0, next order taken from Mi; if a >0, next order 
taken from Ma if Ma 9 ^ 0. 



5 

3 

If a ** 0, next order taken from Mi; if a 7 »^ 0, next order 
taken from Ma if Ma 5*^ 0. 


+ 

5 

4 

If an overflow occurred in the result of the previous 
command, take next order from Mi. If an overflow 
did not occur, take next order from Mj if M2 0. 

XTR 

+ 

6 

5 

Replace the sign and digits of av as designated by q 
with the sign and corresponding digits of mi. If in g, 
s - + or «= 0, the sign or corresponding digit of av 
is left unchanged; if in g, s = - or «= 1, the sign or 
corresponding digit of av is replaced by the sign or 
corresponding digit of mi. The next order is taken 
from M2 if M2 5 ^ 0. 

SBI 

+ 

5 

6 

Set j 5 -box addressed Mi with initial value M2. This 
order causes the digits, habibjbsf of the B-box to be 
those of M2, a “ H-, 60 = 5 i =» 0, and leaves the 
remaining digits unchanged. The next order is taken 
sequentially. 

SBF 

+ 

5 

7 

Set jB-box addressed Mi with flnal value M2. This 
order causes the digits, bohibahat of the B-box to be 
those of M2 and leaves the remaining digits unchanged. 
The next order is taken sequentially. 

INC 

+ 

6 

8 

Increment the B-box addressed Mi by the amount M2. 
This causes [hababAh + M2](mod 10 , 000 ) babtbiba. 
Next, a test is performed to see if hahabjbi < hjbibaba. 
If 626864&» < 6«&7&82>9, the next order is taken sequen¬ 
tially. If bababiho > bohbaba, the next order is taken 
from the memory location next after the sequential 
location, i.e., skip the next sequential command. 

DEC 

+ 

5 

9 

Decrement the B-box addressed Mi by the amount M2. 
This causes 

Ibibabiba 4 - ( 10,000 - Mi)](mod 10,000) -> habzbAbt- 
Next a test is performed to see if bahabiba > bobihaba. 
If bababjba > babyhabof the next order is taken sequen¬ 
tially. If hababAha ^ bMaho, the next order is taken 
from the memory location next after the sequential 
location, i.e., skip the next sequential command. 

UCD 

+ 

6 

1 

Take next command from memory location Ma. 
Ignore Mi. 

LCD 

+ 

7 

1 

Load Ml words from input unit into memory starting at 
address Ma, Ma 9 ^ 0 . Next order is taken sequentially. 
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TABLE A-ll-1 (Continued) 


Symbol ■ 

Operation code 

Description 

s 

do 

dt 

PRT 

+ 

7 

2 

Print Ml words from memory starting at address Ma. 
Next order is token sequentially. 

SWL 

+ 

7 

3 

Connect input unit designated by Mi to computer. 
Next order taken from Mi if Ma 0. 

SWP 

+ 

7 

4 

Connect output imit designated by Mi to computer. 
Next order taken from Ma if Ma 9 ^ 0. 

BKP 

+ 

7 

5 

If the break-point switch indicated by Mi is in the on 
position, the next order is taken from memory location 
Ma. If this switch is in the off position, the next 
order is taken sequentially. 

FCA 

+ 

8 

1 

mi au, where mi and au are in floating point notation. 
Next order taken from Ma if Ma 0. 

FHA 


8 

2 

au -H |mil —> axT, where mi and au are in floating point 
notation. Next order taken from Ma if Ma 0. 

FMA 

+ 

8 

8 

au -f- |mi| —► aut where mi and au are in floating point 
notation. Next order taken from Ma if Ma 0. 

FCS 

+ 

8 

4 

—mi acr, where mi and ou are in floating point 
notation. Next order taken from Ma if Ma p^ 0. 

FHS 

+ 

8 

5 

otr — mi —> au, where mi and au are in floating point 
notation. Next order taken from Ma if Ma p^ 0. 

FMR 

+ 

8 

6 

mig —► au, where au is the rounded product and mi, q, 
and au are in floating point notation. Next order 
taken from Ma if Ma p^ 0. 

FDR 

+ 

8 

7 

au/mi —> g, where q is the loxinded quotient and au, mi, 
and q are in floating point notation. Next order taken 
from Ma if Ma p^ 0. 

REW 

+ 

9 

1 

Rewind tape on tape unit addressed Mi. Next order 
taken from Ma if Ma p^ 0. 
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Table A-II-2 provides an alphabetic cross reference for the two-address 
orders. 


TABLE A-II-2 


Order 

Order 

Order 

Symbol 

Code 

Symbol 

Code 

Symbol 

Code 

BKP 

+76 

FHA 

+82 

REW 

+91 

OAL 

+06 

FHS 

+85 

SBF 

+57 

CAQ 

+21 

FMA 

+83 

SBI 

+56 

CAU 

+01 

FMR 

+86 

BHL 

+36 

CML 

+07 

HAL 

+06 

BHR 

+36 

CMQ 

+22 

HAU 

+02 

STL 

+42 

OMU 

+03 

HML 

+08 

STP 

+00 

CSL 

+13 

HMU 

+04 

STQ 

+43 

CSQ 

+23 

HSL 

+14 

STU 

+41 

csu 

+11 

HSU i 

+12 

SWL 

+73 

DEO 

+59 

INC i 

+68 

SWP 

+74 

DIV 

+34 

LOD 

+71 

TAN 

+62 

DVR 

+33 

MLR 

+31 

TAP 

+61 

EGA 

+81 

MLT 

+32 

TAZ 

+63 

FCS 

+84 

ovw 

+64 

UCD 

+61 

FDR 

+87 

PRT 

+72 

XTR 

+66 
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Accumulator (see Arithmetic unit) 

Add (see Arithmetic operations) 

Adder, binary-coded decimal, 200-204 
diagram for, 203 
binary word, 200 
diagram for, 200 
logical bit, 196-198 
diagram for, 198 
symbol for, 198 
logical bit half-adder, 194-196 
diagram for, 195 
symbol for, 196 
Addition, 10 
floating point, 65 

(See also Arithmetic operations, addi¬ 
tion) 

Address, 6 
absolute, 166-162 
definition of, 6 
equivalent, 161 
indirect, 102-103 
mnemonic, 156-162 
modification, 102-103 
Address Modification Register, 93 
(See also B-hox) 

Address register, 22 
Algebra, Boolean, 172-174 
binary operation, 172 
consistency principle of, 173 
laws of, 173 
unary operation, 172 
Venn^s diagram, 173-174 
of statements, 172, 174-176 
ALGOL, 116, 204 
AND gate, 192 
network for, 191-192 
Arithmetic operations, 29-44 
addition, 10, 23, 30-38 
absolute value, 68 
carry digit, 33 
floating point, 55 
digit addition tables, 29-31 


Arithmetic operations, division or 

quotient, 10, 23, 42-44, 62-63 
remainder, 43 

multiplication or product, 10-11, 23, 
39-42, 51-62 
shift, 41 

subtraction, 29, 33-38 
complementation, 34r-35 
Arithmetic unit, 3, 5, 10 
accumulator, 22, 49 
lower, 22, 49 
upper, 22, 49 

Assembly routine (see Routine, assembly) 
Assertion box, 66 
Assignment table, 134 
Atta, E. E., 112 

Automatic programming, 156-170 


B-box, 93, 97-100 
commands, 98 
Base, number, 3 

also Number representation) 
Bessel functions, 112 
Bibliography, of assembly routines, 169 
of compilers, 169-170 
of other automatic programming tech¬ 
niques, 170 

of recent books on numerical analysis, 
218-220 

Binary-coded decimal, 66-69, 88 

Binary computer, 88-92 

Binary representation, baBe-2, 28-29, 89 

Boolean algebra (see Algebra, Boolean) 

Booth, A. D., 215 

Buffer memory, 126-126 

Burks, A. W., 61 


Calling number, 116 
Calling sequence, 106 
Carr, J. W., Ill, 136 


245 
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Carry, 33 
CeU, 6 

(See also Memory) 

Chebyshev polynomial, 212 
Coding, automatic, 155 
deflation of, 2 

minimum access or optimum, 127-136 
assignment table, 134 
optimum coding or timing clxart, 
129-130 

semioptimized, 136-136 
three-address, 74-76 
two-address, 78 

Coding chart, optimum, 129-130 
Coding sheet, 17 
Command, 8 
pseudo, 110-111 
(See also Order) 

Command list, three-address computer, 
235-238 

two-address computer, 239-243 
Command modification, 69-70 
Comparison, 1 
Compiler, 163-170 
Complementation, 34-35 
Computer, arithmetic unit, 3 
(See also Arithmetic unit) 
binary, 88-92 
console, 9-10 

mode of operation switch, 12 
control unit, 8,10 
address register, 22 
control counter, 8 
control register, 8 
hexadecimal, 88-92 
high-speed, 4-5 
input and output units, 9 
medium-speed, 6 
memory, 4 

(See ciso Memory) 
modified sin^e-address, 22 
modified two-address, 22 
octal, 88-92 

one and one-half address, 22 
operation, 231-233 
parallel, 121-123 
serial, 121-122 
start button, 13 
initial, 24 
three-address, 7-13 
two-address, 21-24 
Computer components, 185-204 
Computer installation, 221-222 
initial, 232-233 
records for, 224-226 


Computer installation, scientific, 222-224 
Coimector, 63 
fixed, 63 
variable, 63 

(See also Multiple branching) 

Console, 9-10, 12 
Control unit, 8, 10, 22 


Decrement, 98 
Definition card, 169 
Delay line, 123, 126-127 
lump constant, 127 
Difference, 214-216 
divided, 214-215 
Differencing, 213-216 
Digits, base-2, 27 
base-8, 28 
base-16, 28 
decimal, 2-3, 27 
defiboition of, 27 
significant, 206-207 
(See also Number representation) 
Diode, crystal, 190 
forward resistance and backward re¬ 
sistance, 190 
Divide, 62-53 
floating point, 56 
(See also Arithmetic operations) 
Dynamic storage chart, 41, 44, 80 


Equality card, 161 
Error, detection, 226-231 
generation and propagation, 208-212 
rounding, 207-208 
Error message, 107 
Exponent, 45 
overflow, 47 
pseudo, 45 

E:ionential, e* problem flow diagram 
for, 67 
Extract, 46 


Fixed point, 49, 63 
Handers, D. A., 61 
Flip-flop, 199-200 
diagram for, 199 
symbol for, 200 
Flow diagram, 13-16 
assertion box, 66 
computer, 25, 65-73 
calculation part, 66 
initiation part, 66 



INDEX 


247 


Flow diagram, computer, interrogation 
part, 66 

numbering of boxes, 69 
substitution part, 66 
termination part, 66 
detailed, 25, 78-82 
problem, 25, 62-65 
symbols for, 13-14 
for two-address computer, 76-77 
FORTRAN, 169, 170 
Function approximation, 212-213 


Gamma functions, 112 
Gate, AND, 187 

network for, 191-192 
NOT, 187 
network for, 194 
OR, 187 

network for, 192-193 
GUI, S., 105 
Goldstine, H. H., 61 


Hastings, C., Jr., 113, 213 
Header word, 82 

Hexadecimal representation, base-16, 
28-29, 88, 90 
HUdebrand, F. B,, 215 
Householder, A. S., 209, 212, 215 
Hypergeometric functions, 113 


Increment, 98 
Index register, 93 
(Sec oZso F-box) 

Indirect addressing, 102-103 
Input-output unit, 9 
magnetic tape, 151-153 
Instruction, 6-7 
Intermediate program, 167 
International Algebraic Language, 170 
(See aZso ALGOL) 

Interpolation, 213-215 
polynomial, 215 
Intersection, 173 

(See oZso Algebra, Boolean) 

Invalid combination, 203 
Inverter, 194 
IT, 169-170 
Iteration, 66 

Iterative methods, 215-218 


Junction, 188 


Keirstead, R. E., Jr., 155 
Kirchbofi’s first law, 188 


Laguerre jmlynomials, 112 
Load, 11, 24 
routine, 82-84 
Location, 6 
Logical product, 172n. 

Logical sum, 17271. 

Loop, 17 

Maehly, H. J., 213 
Magnetic cores, 122-123 
Magnetic drum, 123-127 
Magnetic tape, as auxiliary memory, 
145-146 

as input-output unit, 151-158 
units, 137-145 
MATHMATIC, 169 
Memory, capacity of, 2 
ceUs or storage renters, 6 
address or location, 6 
computer, definition of, 4 
random-access, 4 

electrostatic or WUliams tube, 123 
magnetic cores, 122-123 
serial, buffer, 125-126 
delay line, 123,126-127 
magnetic drum, 123-126 
Memory chart, dynamic, 19, 80 
partial, 6 
static, 18 

Minimum access coding, 127-136 
Mode of operation switch, 12 
Multiple branching, 183-185 
Multiply, 51-52 
floating point, 47-48, 55-56 
(See also Arithmetic operations) 


Neumann, John von, 61 
Newton's formula, divided difference, 215 
Newton's method, 15, 84-88 
NOT gate, 187-194 
network for, 194 
Number, length of, 3 
magnitude of, 3 
scaling of, 44-56 

scientific notation or representation o^ 
44-45 

power or exponent, 45 
precision digits, 45 
sign of, 3 
size of, 3 
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Number representation^ 27-29 
base of| 3, 27 
base-2, 28-29, 89 
base-8, 28^29, 89 
base-10, 28^29 
base-16, 28-29, 88, 90 
binary-coded decimal, 66-69, 88 
binary point, 28 
conversion of, 65-59 
base-8 to base-2, 89 
base-16 to base-2, 90 
decimal point, 28 
digits of, 27 
fixed point, 49, 53 
floating point, 46 
pseudo exponent, 45 
radix of, 27 
radix point, 28 
scientific, 44r-45 
Numerical analysis, 205-220 
bibliography, 218-220 


Octal representation, base-8, 28-29, 89 
Ohm’s law, 188 
Operand, 7 

Optimum or minimum access coding, 
127-136 

OB gate, 187-194 
network for, 192-193 
Order, 7-8 
code, 20-21 

examples of, three-address, 10-11 
two-address, 23-24 
hexadecimal, 91-92 
octal, 90-91 
symbol, 20-21 
(jSee also Word, order) 

Output unit, 9 
magnetic tape, 151-163 
off-line, 163 
Overflow, 49 
exponent, 47 


Parallel mode of operation, 121-123 
Power, 27, 45 
Precision digits, 45 
Preset paramet^, 107 
Print, 11, 24 

Program (see Routine; Subroutine) 
Program library, 107 
Program parameters, 108 
Programming, definition of, 2 
Pseudocommand, 110 


Quotient (see Arithmetic operations) 
Quotient register, 60-53 


Radix, 27 

Register, control, 8 
index, 93 
storage, 6 

Remainder, 43, 236, 240 
Residue, 129 

Resistors, in parallel, 189-190 
in series, 189 
Rewind, 144 
Rounding, 207-208 
Routine, assembly, 156-163, 169-^170 
defijoition card, 159 
equality card, 161 
compiler, 163-170 

REPEAT THROUGH statement of, 
164 

debugging, 226-231 
adless check, 231 
with memory dump, 228 
with trace, 229 

diagnostic, memory dump, 155 
snapshot, 155 
tracing, 155 

example of payroll, 176-183 
executive, 106 
load, 82-84 
main, 105, 106 

automatic return to, 109-110 
calling sequence, 106 
merge or Bucharest sort, 147-151 
(See also Subroutine) 


Sangren, W, C., 112 
SAP, 169 
Scaling, 48 

Serial mode of operation, 121-123 
Set, 98 
Shift, 41 

Significant digits, 206-207 
SOAP, 169 
Sort, 146-161 
Space aissignments, 166 
Square root, 15-16, 84-88, 217-218 
code for, 20 
Step register, 93 
Stop, 11, 24 
Storage (see Memory) 

Storage chart, 44, 80 
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Storage register, 6 
Store, 23 

Subroutine, 105-120 
closed, 108-109 
description of, 116-120 
interpretive, 110-112 
levels of, 113-114 
library, 105, 107, 114-116 
open, 106-107 
parameters, 107-108 
Subtraction, 10, 23 
absolute value, 68 
floating point, 55 
(See also Arithmetic operations) 

Sum of n numbers, 13-15, 62-65, 93-96 
code for, 17, 74-78, 94, 95, 100 


Taylor series, 66, 211 
Temporary storage, 21 
Timing chart, 140 
optimum, 129-130 
Trace routine, 226-227 
(See also Routine) 
Transfer, 10, 23 
Triode, cathode, 194 


Triode, conducting and nonconducting 
state of, 194 
cutoff potential, 194 
grid, 194 

plate or anode, 194 


Unary operation, 172 
Union, 173 
Unit, 3 

magnetic-tape, 137-145 


Venn's diagram, 173-174 


Wheeler, D. S., 105 
Wilkes, M. V., 105 
Williams, S. B., 123 
Word, 4 
digits of, 5 
order, 7 

address or location, 6 
instruction or operation, 6 
(See also Order) 
sign digit of, 5 



